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PREFACE. 



The Treatise on Algebra, by Bourdon, is a work of sin- 

^ gular excellence and merit. In France, it is one of the 

^ leading text books, and shortly after its publication, had 

4*N passed through several editions. It has been translated, in 

^ part, by Professor De Morgan, of the London University, 

and it is now used in the University of Cambridge. 

A translation was made by Lieutenant Ross, and published 
in 1831, since which time it has been adopted as a text book 
in the Military Academy, the University of the City of New- 
York, Union College, Princeton College, Geneva College, 
and in Kenyon College, Ohio, 

The original work is a full and complete treatise on the 
subject of Algebra, and contains six hundred and seventy 
pages octavo. The time which is given to the study of 
Algebra, even in those seminaries where the course of 
mathematics is the fullest, is too short to. accomplish so 
voluminous a work, and hence it has been found necessary 
either to modify it, or abandon it altogether. 



IV PREFACE. 



The work which is here presented lo the public, is an 
abridgment of Bourdon, from the translation of Lt. Ross ; 
with such modifications, as experience in leaching it, and a 
very careful comparison with other standard works, have 
suggested. 

It has been the intention to unite in this work, the scien- 
tific discussions of the French, with the practical methods 
of the English school ; that theory and practice, science and 
art, may mutually aid and illustrate each other. Many of 
the examples have been selected from the Algebra of 
Bonnvcastle. 

It has been thought best, in the present edition, to transfer 
the general discussion of the Common Divisor to Chapter 
VII, and to arrange the subject of Proportions and Progres- 
sions directly after Equations of the second degree. It is 
hoped that these alterations may be regarded as improve- 
ments. 

Hartford, September 1, 1838: 
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CHAPTER I. 



Preliminary Definitions and Remarks, 

1. Quantity is a general teim embracing every thing which 
admits of increase or diminution. 

2. Mathematics is the science of quantity. 

3. Algebra is that branch of mathematics in which the quanti- 
ties considered are represented by letters, and the operations to be 
performed uj^on them are indicated by signs. 

4. The sign +, is called plus ; and indicates the addition of two 
or more quantities. Thus, 9+5 is read, 9 plus 5, or 9 augmented 
by 5. 

In like manner, a+b is read, a plus b ; and denotes that the quan* 
tity represented by a is to be added to the quantity represented 
hyb. 

5. The sign — , is called minus ; and indicates that one quantity 
b to be subtracted from another. Thus, 9 — 5 is read, 9 mimis 5, 
or 9 diminished by 6. 

In like manner, a— &, is read, a minus 3, or a diminished by h. 

6. The sign X» b called the sign of multiplication; and wh^ 
placed between two quantities, it denotes that they are to be multi- 
plied together. The multiplication of two quantities is also fre- 
quently indicated by simply placing a point between them. Thus, 
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13 AtOfiBRA. 

36x25, or 36.25, ij read, 86 multiplied by 25, or the product of 
36 by 25. 

7. The multiphcation of quantities, which are represented by let. 
ters, is indicated by simply writing them one after the other, without 
interposing any sign. 

Thus, a6 signifies the same thing as ax^ or as a,b; and abc 
the same as aX^X^> or as a,h,c. It is plain that the notation 
ab, or ahcj which is more simple than axb, or axbXc, cannot be 
employed when the quantities are represented by figures. For 
example, if it were required to express the product of 5 by 6, and 
we were to write 5 6, the notation would confound the product with 
the number 56. 

8. In the product of several letters, as abc^ the single letters, a, b 
and c, are caWed factors of the product. Thus, in the product ab, 
there are two factors, a and b ; in the product acd, there are three, 
a, c and d 

9. There are three signs used to denote division. Thus, 

a-T-b denotes that a is to be divided by i, 

— denotes that a is to be divided by b, 
b ^ 

a\b denotes that a is to be divided by b. 

10. The sign =, is called the sign of equality, and is read, is 
equal to* When placed between two quantities, it denotes that they 
9xe equal to each other. Thus, 9— 5=4 : that is, 9 minus 5 is 
equal to 4 : Also, a+b=Cf denotes that the sum of the quantities 
a and b is equal to c. 

. 11. The sign >, is called the s?ign of inequality, and is used \o 
express that one quantity is greater or less than another. 

Thus, a>& is read, a greater than b ; and a<Cb is read, a less 
than b ; that is, the opening of the sign is turned towards the greater 
quantity. 

12. If a quantity is added to itself several times, as a+a+a+a 
+a, we generally write it but once, and then place a number before 
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it to express how many times it is taken. Thus, 

a+a+a+a+a=6a* 

The number 5 is called the co-efficient of a, and denotes that a is 
taken 5 times. 

Hence, a co-efficient is a number prefixed to a quantity, denoting 
the number of times which the quantity is taken ; and it also indi- 
cates the number of times plus one, that the quantity is added to 
itself. When no co-efficient is written, the co-efficient 1 is always 
understood » 

13. If a quantity be multiplied continually by itself, as ax^X^i 
X«X<2J, we generally express the product by writing the letter 
once, and placing a number to the right of, and a little above it : thus, 

aX«X«XaX«=a' 

The number 5 is called the exponent of a, and denotes the number 
of times which a enters into the product as a factor. 

Hence, the exponent of a quantity shows how many times the 
quantity is a factor ; and it also indicates the number of times, plus 
one, that the quantity is to be multiplied by itself. When no expo- 
nent is written, the exponent 1 is always understood. 

14. The product resulting from the multiplication of a quantity 
by itself any number of times, is called the power of that quantity : 
and the exponent, which always exceeds by one the number of mul- 
tiplications to be made, denotes the degree of the power. Thus, a^ 
is the fifth power of a. The exponent 5 denotes the degree of the 
power ; and the power itself is formed by multiplying a four times 
by itself. 

15. In order to show the importance of the exponent in algebra, 
suppose that we wish to express that a number a is to be multiplied 
three times by itself, that this product is to be multiplied three times 
by b, and that this new product is to be multiplied twice by c, we 
would write simply fl* ¥ &. 

If, then, we wish to expess that this last result is to be added to 
itself six times, or is to be multiplied by 7, we should write, l€fi¥&. 






14 ALGEBRA. 

Thi? gives an idea of the brevity of algebraic language. 

16. The root of a quantity, is a quantity which being multiplied 
by itself a certain number of times will produce the given quantity. 

The sign ^ ^ is called the radical sign, and when prefixed to 
a quantity, indicates that its root is to be extracted. Thus, 

Vfl or simply ^^ a denotes the square root of a. 

V a denotes the cube root of a. 

V a, denotes the fourth root of a. 

The number placed over the radical sign is called the iniex of the 
root. Thus, 2 is the index of the square root„ 3 of the cube root, 
4 of the fourth root, &c. 

17. Every quantity written in algebraic language, that is, with 
the aid of letters and signs, is called an algebraic quantity, or the 
algebraic expression of a quantity. Thus, 

is the algebraic expression of three times the 
number a ; 

c is the algebraic expression of five times the 
i square of a ; 

c is the algebraic expression of seven times the 
\ product of the cube of a by the square of h ; 
c is the algebraic expression of the difference be- 
< tween three times a and five times o ; 
r is the algebraic expression of twice the square 
20*— 3a54-4i^< of a, diminished by three times the product of a 

f by h, augmented by four times the square of i, 

18. When an algebraic quantity is not connected with any other 
by the sign of addition or subtraction, it is called a monomialj or a 
quantity composed of a single term, or simply, a term. 

Thus, 3a, 5a\ 7a'^l^, are monomials, or single terms. 

19. An algebraic expression composed of two or more parts, 
separated by the sign -f- or —, is called a polynomial^ or quantity 
involving two or more terms. 
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DEFINITIONS AND REMARKS. 15 

For example, 3a— 5d and 2a'— 3cJ+4i^ are polynomials. 

20. A polynomial composed of two terms, is called a binomial ; 
and a polynomial of three terms is called a trinomiaL 

21. The numerical value of an algebraic expression, is the number 
which would be obtained by giving particular values to the letters 
which enter it, and performing the arithmetical operations indicated. 
This numerical value evidently depends upon the particular values 
attributed to the letters, and will generally vary with them. 

For example, the numerical value of 2a^=54 when we make 
a=S ; for, the cube of 3— 27, and 2x27=54. 

The numerical value of the same expression is 250 when we 
makea=5; for, 5^=125, and 2x125=250. 

22. We have said, that the numerical value of an algebraic ex- 
pression generally varies with the values of the letters which enter 
it : it does not, however, always do so. Thus, in the expression 
a— i, so long as a and b increase by the same number, the value 
of the expression will not be changed. 

For example, make a=7 and 3=4 : there results a— 5=3. 
Now make a=7+5=12, and J=4+5=9, and there results 
a— 5=12— 9=3, as before. 

23. The numerical value of a polynomial is not affected by 
changing the order of its terms, provided the signs of all the terms 
be preserved. For example, the polynomial 4a'— 3a^5+5ac"= 
5ac*— 3a^5+4a^=— 3a'^5+5ac^+4a^ This is evident, from the 
nature of arithmetical addition and subtraction. 

24. Of the different terms which compose a polynomial, some 
are preceded by the sign +> aJ^d the others by the sign — . The 
first are called additive terms, the others, subtractive terms* 

The first term of a polynomial is commonly not preceded by any 
sign, but then, it is understood to be affected with the sign +. 

25. Each of the literal factors which compose a term is called a 
dimension of this term ; and the degree of a term is the number of 
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these fiietors or dimensions. Thus, 

da is a term of one dimension^ or of the first degree. 
6ah is a term of two dimensions, or of the second degree* 
lc?h&=laacLbcc is of six dimensions, or of the sixth degree. 
In general, {he degree^ or the number of dimensions of a term, ia 

estimated by taking the sum of the exponents of the letters which enter 

this term. For example, the term Sa^bcd^ is of the seventh degree, 

since the sum of the exponents, 2+1+1+3=7. 

26. A polynomial is said to be homogeneous^ when all its terms 
are of the same degree. The polynomial 

3a— 2i+c is of the first degree and homogeneous, 
— 4ai+5^ is of the second degree and homogeneous. 

bd?c — 4c''+2c^d is of the third degree and homogeneous. 
8a^— 4ai+c is not homogeneous. 

27. A vinculum or bar , or a parenthesis ( ), is used to 

express^that all the terms of a polynomial are to be considered to- 
gether. Thus, a+b+cxh ot (a+^Xc)X^ denotes that the 

trinomial a+h+c Is to be multiplied by h ; also a-\-b'\-cxc-\-d'\-J 
or (a+^+c)x(c+ci+/) denotes that the trinomial a+b+c is to 
be multiplied by the trinomial c+d+f 

When the parenthesis is used, the sign of multiplication is usually 
omitted. Thus (a+5+c)x* is the same as (a+J+c) J. 

The bar is also sometimes placed vertically. Thus, 



+a 
+c 



X 



is the same as (a+i+c) x or a-\-b+cXx 



28. The terms of a polynomial which are composed of the same 
letters, the same letters in each being affected with like exponents, 
are called similar terms. 

Thus, in the polynomial lab+^ab—^aW+bc^l^f the terms 7ah 
and 3a5, are similar; and so also are the terms— 4a^^ and 5a^^, 
the letters and exponents in each being the same. But in the bino- 



» 



DEFINITIONS AND REMARKS. 17 

mial Qa^h+lal^f the terms are not similar ; for, although they are 
composed of the same letters, yet the same letters are not affected 
with like exponents, 

29. When a polynomial contains several similar terms it may 
often be reduced to a simpler form. 

Take the polynomial Aa^Sc^c+lc^c—^c^h^ 
It may be written (Art. 23), 4a^3— 2a^J+7a?c— 3a^c. 
But 4:a^b—2c^b reduces to 2c^b, and la^c—Zc^c to 4a^c. 
Hence, ^tc^h - 3a^c + la^c ~ 2a% =2d?b+ 4lc?c. 
When we have a polynomial with similar terms, of the form 
+2d'b<?'-'^(eb(^+%a^b<?-^%d'b(?+lWb&, 
Find the sum of the additive and subtractive terms separately, and 
take their difference : thus. 

Additive terms, Subtractive terms, 

+ 2d^bc' — Ac^bc" 

+ de^bc" —* Sa'bc' 

+ lla^b(^ Sum —I2a^b<^ 



Sum +19a^c^ 

Hence, the given polynomial reduces to 

Ida^bc"— I2a'bc^=7a^bc', 

It may happen that the sum of the subtractive terms exceeds the 
sum of the additive terms. In that case, subtract the positive co- 
efficient from the negative, and prefix the minus sign to the 
remainder. 

Thus, in the polynomial, 3a^3+2a^3— 5a'3— 3a^^, in which the 
sum of the additive terms is 5a^J, and the sum of the subtractive 
terms —8a^^, we say that the polynomial reduces to —3^3, 

For, since —Sa^b is equal to — 5a^3— 3a*^, we shall have, 

ba^b''Sa'bz=da'b-6a'b—da'b= -30^3. 
Hence, for the reduction of the similar terms of a polynomial we 
have the following 
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19 ALGEBRA. 

RULE. 

I. Form a single additive term of all the terms preceded by the sign 
phis : this is done by adding together the co-efficients of those terms, 
and annexing to their sum the literal part, 

II. Form, in the same manner, a single subtractive term, 

III. Subtract the less sum from the greater^ and prefix to the 
result the sign of the greater. 

Remark. — It should be observed that the reduction affects only 
the co-efHcients, and not the exponents. 

BXAMPLES. 

1. Reduce the polynomial Ad^b—Sc^b-^da^b+llM to its sim- 
plest form. Ans, --2a^i. 

2. Reduce the polynomial 7a&c"— aJc"— 7aic?— 8aJ(r*4-6a3c^ to 
its simplest form. Ans, — Sabc^, 

3. Reduce the polynomial dcP—Bai^+lbcb^+eca+dac^—^^cF 
to its simplest form. Ans, ac^+Sca, 

The reduction of similar terms is an operation peculiar to algebra. 
Such reductions are constantly made in Algebraic Addition, Sub* 
traction, Multiplication, and Division, 

30. Jt has been remarked in Definition 3, that the quantities con- 
sidered in algebra are represented by letters, and the operations to 
he performed upon them, are indicated by signs. The letters and 
signs are used to abridge and generalize the reasoning required in the 
resolution of questions, 

31. There are two kinds of questions, viz. theorems and problems. 
If it is required to demonstrate the existence of certain properties 
relating to quantities, the question is called a theorem ; but if it is 
proposed to determine certain quantities from the knowledge of 
others, which have with the first known relations, the question is 
called a problem. 

The given or known quantities are generally represented by the 
first letters of the alphabet, a, b^ c, d, &;c. and the unknown or re- 
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quired quantities by the last letters, x^ y, z, &c« 

32. The following question will tend to show the utility of the alge- 
braic analysis, and to explain the manner in which it abridges and 
generalizes the reasoning required in the resolution*of questions. 

Question, 

The sum of two numbers is 67, and their difference 19; what are 
the two numbers ? 

Solution, 

We will begin by establishing, with Ihe aid of the conventional 
signs, a connexion between the given and unknown numbers of the 
question. If the least of the two required numbers was known, we 
would have the greater by adding 19 to it. This being the case, 
denote the least number by x : the greater may then be designated 
by a;+19 : hence their sum is a:+^+19, or 2a;4-19. 

But from the enunciation, this sum is to be equal to 67, There- 
fore we have the equality or equation 

2a:+ 19=67. 

Now, if 2a? augmented by 19, gives 67, 2x alone is equal to 67 
minus 19, or 2a;=67— 19, or performing the subtraction, 2j;= 48. 

Hence x is equal to the half of 48, that is, 

a;='^8=24. 

The least number being 24, the greater is 

a?+19=24+19=43. 

And indeed, we have 43+24=67, and 43—24=19. 

Table of the Algebraic Operations, 

Let X be the least number. 

«+19 will be the greater. 
Hence, 2ar+19=67, and 2a?=67— 19 ; therefore a;= V =24 and 
consequently a?+19=24-|-19=43. 

And indeed, 43+24=67, 43-24=19. 

Another Solution, 
Let X represent the greater number, 
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ic— 19 will represent the least. 
Hence, 2a?— 19=67, whence 2aj=67+19 ; 
therefore, a?= 8J» = 43 

and consequently, x— 19=43— 19=24. 

From this we see how we might, with the aid of algebraic signs, 
write down in a very small space, the whole course of reasoning 
which it would be necessary to follow in the resolution of a prob- 
lem, and which, if written in common language, would often require 
several pages. 

General Solution of this Problem. 

The sum of two numbers is a, their difference is h. What are 
the two numbers 7 

Let X be the least number, 

x-^-h will represent the greater. 
Hence,2a:+i=a, whence 2a;=a— i, 

a—h a b 



therefore, x=z. 



2 2 JH 



and consequently, ar+ 3= 1-^= — + — 

As the form of these two results is independent of any particular 
value attributed to the letters a and b, it follows that, knowing the 
sum and difference of two numbers, toe obtain the greater by add- 
ing the half difference to the half sum, and the less, by subtracting the 
half difference from half the sum. 

Thus, when the given sum is 237, and the difference 99, 

237 . 99, 237+99 336 ,^^ 

the greater is — or = =168 ; 

^ 2 2 2 2 

^ ^ , 237 99, 138 ^^ 

and the le^st or =69, 

2 2 2 

And mdeed, 168+69=237, and 168—69=99. 

From the preceding question we perceive the utility of repre- 
senting the given quantities of a problem by letters. As the 
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arithmetical operations can only be indicated upon these letters, 
the result obtained, points out the operations which are to be per- 
fornied upon the known quantities, in order to obtain the values of 
those required by the question. 

The expressions 1 and obtained in this prob- 

^ 2 2.22 

lem, are called formulas^ because they may be regarded as com- 
prehending the solutions of all questions of the same nature, the 
enunciations of which differ only in the numerical values of the 
given quantities. Hence, a formula is the algebraic enunciation of 
a general rule. 

From the preceding explanations, we see that Algebra may be 
regarded as a kind of language, composed of a series of signs, by 
the aid of which we can follow with more facility the train of ideas 
in the course of reasoning, which we are obliged to pursue, either to 
demonstrate the existence of a property, or to obtain the solution of 
a problem. 

ADDITION. 

33. Addition, in Algebra, consists in finding the simplest equiva- 
lent expression for several algebraic quantities, connected together 
by the sign plus or minus. Such equivalent expression is called 
their sum, 

fSa 



The result of the addition is Sa+db+2c 



an expression which cannot be reduced to a more simple form. 

2c^IP n 

The result, after reducing (Art. 29), Is . . 13^ . 
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Let it be required to find the sum J 990 ^ • u 

of the expressions. 1 * "a^j.gj, 



Their sum, after reducing (Art. 29), is . . 5a"— 5a3— -4i^ 

35. As a course of reasoning similar to the above would apply to 
all polynomials, we deduce for the addition of algebraic quantities 
the following general 

RULE. 

L Write down the quantities to he added so that the similar terms 
shall fall under each other, and give to each term its proper sign. 

IL Reduce the similar terms, and annex to the results, those terms 
which cannot he reduced, giving to each term its respective sign. 

EXABIPLES. 

!• Add together the polynomials, 3a^— 2^— 4ai, bc^—V^+^ah, 
and 3a*-3c'— 2J». 



The term 3a'' being similar to bd^, we C 3^^— 4a3— 25^ 

write 8a? for the result of the reduction J 5a^-{-2ai— ^ 
of these two terms, at the same time | +3a3— 2J'--3c^ 

slightly crossing them, as in the first term. (^ 8a"+ ah—b}^—Z& 



Passing then to the term — 4ai, which is similar to +2ai and 
+3ai, the three reduce to +ai, which is placed after 8a^ and the 
terms crossed like the first term. Passing then to the terms involving 
^, we find their sum to be— 53", after which we write —3c". 

The marks are drawn across the terms^ that none of them may 
be overlooked and omitted. 

(2). (3). 

7x+Zah+ 2e l6aH^+ hc'-2(^ 

—3x—3ah^ 5e — Aa^h^—dhc+eabc 

5a:— 9a5— 9c — 9a^Z>^+ hc + abc 

Sum. 9a:— 9aft— 12c 3aV^—7bc+5ahc. 
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(4). (5). 

fl+ ah— cd+ f 6ai+ cd+rf 

3a+5a6— 6cJ— / 3a6+ 5cd+y 

— 5a— 6a6+6c(f— 7/ — 4o5+ Qed+x 

— 2o+ a6+0 —3/ --0 + H-«+(f 

*^ . ■ ■■ 

6. Add together 3a+5, 3a+36, — 9a— 7&, 6a+96, and 
8a+35+8c. Ans, lla+9i+8c. 

7. Add together 3aa:+3ac4-/, — 9aa:4-7a+rf, +6aa;+3ac+3/, 

8aa;+ 1 3ac + 9/, and — 1 4/+ 3ac. 

-An^. llajp+19ac— /+7a+<f. 

8. Add together the polynomials, 3a^c+bah, la^c — 3a6+3flk;, 
^a^c—Qah'\-9ac and — 8a^c+ai— 12ac. Ans. laH—2ah, 

9. Add the polynomials l^a^oi^b^ i2a^eh^ ba^!x^h-\-\5a^ch-^l0ax^ 
^2a2a?35— ISa^c^ and —l^a^s^b-^l^c^ch+dax, 

Ans. 4a^a^b — 22a^cb — ax, 



10. Add together 3a+6 + c, 5a+25 + 3ae, a-f c+ac, and 
— 3a— 9ac— 8J. Ans, 6a— 56+2c— 5ac. 

11. Add together 'ba%-\-Qcx-\^9bc^j 7cx—8a^, and — 15ca? 
— 9ftc2+2a26. Ans, — a^*— 2cjc. 

12. Add together 8aa?+5a5+3a262c2, — 18aa?+6a2+10a6, and 
I0ax—l5ab--6a^^c^, Ans, —3a^^c^+6a^, 

13. Add together 3a^+5a^'^c^—9a% la^^BaWc^^lOa^x, 
1 Oa*+ 1 6a262c2+ 1 9a3a?. Ans, 1 Oa^ + 1 3a%'^c'^+ 1 Oab, 

14. Addtogether7a2*— 3aJc— 852c— 9c3+ci2, 8aJc— Sa^Z^+Sc^ 
— 462c+C£p, and 4a26— 8cH9*2c--3(?3. 

Jl/i^. 6a25+5a5c— 352c— 14c3+2cd2— 3(^3. 

15. Add together — I8a35+2a5*+6a252__8a5*+7a36— 5a2i2 

—ba^b+^ab^+UaW. Ans, '-'l6a^+l2aW, 

16. What is the sum of ^^^b'^c—lQa^x—^ax'^d, +^(^¥c 
r-6aa;3(f+17a4j?, +16aa?3(i— a*a?— 8a352c. Ans, aWc+aa^d, 

Note. — ^It is found most convenient in algebra to arrange the letters of each 
^rm in alphabetical order, from the left to the right. 
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SUBTRACTION. 

36. Subtraction, in algebra, consists in finding the simplest ex- 
pression for the difierence between two algebraic quantities. 

The result obtained by subtracting 4b from 5a is expressed by 
5a— U, 

In like manner, the difference between 7a^ and Aa^b is ex- 
pressed by 7a^—4a^=:3a^, 

Let it be required to subtract from - - - 4a 

the binomial 2b— -Sc 

In the first place, the result may be written thus, Aa—(2b — 3c) 
by placing the quantity to be subtracted within the parenthesis, 
and writing it after the other quantity with the sign —. But the 
question frequently requires the difference to be expressed by a 
single polynomial ; and it is in this that algebraic subtraction 
principally consists. 

To accomplish this object, we will observe, that if a, b, c, were 
given numerically, the subtraction indicated by 2b — 3c, could be 
performed, and we might then subtract the difference from 4a. 
But as this subtraction cannot be effected in the actual condition of 
the quantities, 2b is first subtracted from 4a, which gives 4a— 2b. 
Now in subtracting the number of units contained in 2b, the num- 
ber taken away is too great by the number of units contained in 
3c, and the result is therefore too small by 3c; the remainder 
4a— 2ft must therefore be corrected by adding 3c to it. Hence, 
there results from the proposed subtraction 4a—2b+3c, 

37. Hence, for the subtraction of algebraic quantities, we have 
the following general 

RULE. 

I. Write the quantity to be subtracted under that from which it is 
to be taken, placing the similar terms, if there are any, under each 
other. 
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II. Change the signs of all the terms of the polynomial to he sub^ 
tracted, or conceive them to be changed, and then reduce the polyno-^ 
mial result to its simplest form. 



From - - 
Take - - 
Remainder 


Qac — 5ab-{-c^ 

3ac+3ab—7c 

3ac-8fl*+c2+7c. 


The same with 
he signs of the 
ower line changed. 


6ac— 5a6+c2 
— 3ac— 3a6+7c 
3«c— 8aft+c2+7c 


From - - 
Take - - 


(2). 

16a2-. bbc+7ac 

14fl2+ 6bc+Sac 

2a2 106c ac 




(3). 

19a5c— 16aa?— Saay 
17a6c+ 7ax^\baxy 


Remainder - 


2abc—23ax'\- IQaxy 


From - - 


(4). 




(5). 
4ai— cd+Za^ 


Take - - 


-2a3+3a2J- Bb^c 
7a^-7a%+nh^c 




5o*— 4crf+3a2+562 


Remainder - 


- a6-f 3c^+0-6^. 



6. From 3a^x^l3abc+7a^, take Oa^j?— 13aic 

Ans, — 6a^a;+7a^. 

7. From Sla^i^c— ISaic— Ha^y, take 4\aWc—27ahc--\^^y, 

Ans. \0c^l^c+9abc. 

8. From 27a5c— 9a6+6c2, take 9a6c+3c— 9flfa?. 

Aiw. 18a6c— 9a6+6c2— 3c-f9aa?. 

9. From 8aic— 1263a -f5ca;—7a?y, take 7cjj— ary— 136%. 

A/i^. 8fl6c+6% — 2ciB — ^xy. 

10. 8a2c^,14a6y+7a262, take Oa^c—Uaby+ldaH^, 

Ans, ^^a^c^Sa^h^, 

38. By the rule for subtraction, pol)nioraials may be subjected 
to certain transformations. 



For example 
becomes 
In like manner 
becomes 
or, again. 



6a2— 3a6+262— 26c, 

6a2— (3a6— 262+26c). 

7a3-.8fl26— 462C+663, 

7a3_(8a2j+452c— 663) . 

7a3~8a26-.(462c— 663). 
3 
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Abo, .... 8<y^— 6a2^+5<i»i3, 
becomes • . . Sa*— (Ga^ft^— Sa^^s), 

Also, .... OaV— 8a*+&2— c, 
may be written . . 9aV— (80'*— i^-f-c), 
or, it may be written . 9a^c^+b^'—{8ai^+c), 

These transformations consist in decomposing a polynomial 
into two parts, separated from each other by the sign — . They 
are very useful in algebra. 

39. Remark. — ^From what has been shown in addition and sub- 
traction, we deduce the following principles. 

1st. In algebra, the words add and sum do not always, as in 
arithmetic, convey the idea of augmentation ; for a — 6, which re- 
sults from the addition of —5 to a, is properly speaking, the arith- 
metical difference between the number of units expressed by a, 
and the number of units expressed by b. Consequently, this re- 
sult is numerically less than a. 

To distinguish this sum from an arithmetical sum, it is called 
the algebraic sum. 

Thus, the polynomial 2c^ — 3a^-{-3h^c is an algebraic sum, 
so long as it is considered as the result of the union of the mo- 
nomials 2c^,~^3a^b,+3b''^c, with their respective signs ; and, in 
its proper acceptation, it is the arithmetical difference between the 
sum of the units contained in the additive terms, and the sum of 
the units contained in the subtractive terms. 

It follows from this, that an algebraic sum may, in the numerical 
applications, be reduced to a negative number, or a number affected 
with the sign — . 

2d. The words subtraction and difference do not always convey 
the idea of diminution, for the difference between +a and — b 
being a+b, is numerically greater than a. This result is an alge- 
braic difference, and can be put under the form of a— (— 3)=a+&. 
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MULTIPLICATION. 

40. Algebraic multiplication has the same object as arithmeti- 
cal, viz., to repeat the multiplicand as many times as there are 
units in the multiplier. 

It is generally proved, in arithmetical treatises, that the product 
of two or more numbers is the same, in whatever order the multi- 
plication is performed ; we will, therefore, consider this principle 
demonstrated. 

This being admitted, we will first consider the case in which 
it is required to multiply one monomial by another. 

The expression for the product of . Ta^ft^ \yj 4^2^ 
may at once be written thus . . 7a3&2x4a2ft=s28a*63. 

But this may be simplified by observing that, from the preced- 
ing principles and the signification of algebraic symbols, it can be 
written . . . 7x^aaaaabbL 

Now, as the co-efficients are particular numbers, nothing pre- 
vents our forming a single number from them by multiplying them 
together, which gives 28 for the co-efiicient of the product. As to 
the letters, the product aaaaa, is equivalent to a^, and the product 
bhb^ to h^ ; therefore, the final result is . . . 2Qa^l^. 

Again, let us multiply .... \2a%^c^ by Ba^h^d^. 
The product is 12 X 8aaaaabbbhbbccdd=z96a^h^c^€p. 

41. Hence, for the multiplication of monomials we have the 

following 

RULE. 

I. Multiply the cO'efficients together, 

II. Write after this product all the letters which are common to the 
multiplicand and multiplier^ affecting each letter with an exponent 
equal to the sum of the two exponents with which this letter is affected 
in the two factors* 

III. If a letter enters into hut one of the factors, write it in the 

product with the exponent with which it is affected in the factor. 
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The reason for the rule relative to the co-efficients is evident. 
But in order to understand the rule for the exponents, it should be 
observed that, in general, a quantity a is found as many times a 
factor in the product, as it is in both the multiplicand and multi- 
plier. Now the exponents of the letters denote the number of 
times they enter as factors (Art. 13.) ; hence the sum of the two 
exponents of the same letter denotes the number of times it is a 
factor in the required product. 

From the above rule, it follows that, 



(1) • 

(2) . 

(3) . 

Multiply 
by . 



21a^^dc X 8a5c3= 1 68a*6VJ. 
4abcX7df =28ahcdf. 



(4) 

2ba^ 
6^ 



(5) 
12a2T 
12a?2y 



I44a^a!^y Qaxy^z 



(6) 

Qxyz 
ay^z 



(7) 
€?'xy 
2xy^ 

2c^x^y^. 



Ans, 56a^Wc^d. 

Arts, 60abcd^. 

Ans. la^h^dh^. 



8. Multiply Sc^l^c by la^b^cd. 

9. Multiply 5abd^ by I2cd^, 

10. Multiply laf^hd?-(^ by abdc, 

42. We will now proceed to the multiplication of polynomials. 
Take the two polynomials o+5+c, and (?+/> composed entirely 
of additive terms ; the product may be presented under the form 
(a-f 5+c) X [d-\-f). It is now required to take the multiplicand as 
many times as there are units in d and/. 

Multiplicand 



Multiplier 
taken d times, 
taken /times 
entire product 



ad-\-bd-^cd 
+af+bf+ef 



ad-\-bd+cd+af-^bf-\-cf. 

Therefore, in order to multiply together two polynomials com- 
posed entirely of additive terms, multiply successively each term of 
the multiplicand by each term of the multiplier , and add together aU 
the products. 
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If the terms are affected with co-efficients and exponents, ob- 
serve the rule given for the muUiplication of monomials (Art. 41). 



For example, multiply 

by . • . 

The product, afier reducing, 
becomes 

(2). 
X +y 


. 3a2+4a6+d3 
. 2a +5b 

6o34- 8a^'\-2ab^ 

+ I5a^+20ab^+5b^ 
. 6a3H-23a2i+22fl62+5&3. 

(3). 
x^+xy^+7ax 
ax+5ax 


a^-\-xy^ 
+x^y+y^ 


aa^+aa^y^'\-7a^x^ 
6aa?«-f 6air2y6 4. ^2a^x^. 



4. Multiply x^+2<ix+a^ by x+a, 

Ans. x^+3ax^+3a^x+a\ 

5. Multiply x^+y^ by «+y. 

Ans. «3+ay2+aj2y4.y3, 

6. Multiply 3ab^+6i^'^c^ by 3052+3^2^2. 

Ans. 9fl2J*+27a3i2c2+18oV. 

43. In order to explain the most general case, we will suppose 
the multiplicand and multiplier each to contain additive and sub-*^ 
tractive terms. They may then be written under the form a— i 
and C'^d; a denoting the sum of the additive terms and b the 
sum of the subtractive terms of the multiplicand, c and d express* 
ing similar values of the multiplier. We will now show how the 
multiplication expressed by (a— 5)x(c-*-rf) can be effected. 

The required product is equal to a— 5 a — b 

taken as many times as there are units c — d 

in c —d. If then we multiply by c which ac — be 

gives ac — 6c, we , have got too much by — arf+ W 

a-^b taken d times; that is, we have ac'^bc ^ad+bd. 
ad-^db too much. Changing the signs and sublxacting this from 
the first product (Art. 37.), we have 

(a— 6) X (c— J)=:ac— k— a(^+ W : 

3* 
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If we suppose a and c each equal to 0, the product wSi reduce 
to +hd. 

44. By considering the product of a— 6 by c— J, we may de- 
duce the following rule for the signs, in the multiplication of two 
polynomials. 

When two terms of the multiplicand and multiplier are affected 
tdth the same sign, the corresponding product is affected with the 
sign +, and when they are affected with contrary signs^ the product 
is affected with the sign — . 

Again, we say in algebraic language, that 4- multiplied by +r 
or — multiplied by — , gives -f ; — multiplied by -h, or -h mul- 
tiplied by — , gives — . But this last enunciation, which does not 
in itself offer any reasonable direction, should only be considered 
as an abbreviation of the preceding. 

This is not the only case in which algebraists, for the sake of 
brevity, employ incorrect expressions, but which have the advan- 
tage of fixing the rules in the memory. 

Hence, for the multiplication of polynomials we have the fol- 
lowing 

RULE. 

Multiply all the terms of the multiplicand by each term of the mul- 
tiplier, observing that like signs give plus in the product, and unUke 
signs mmus. Then reduce the polynomial result to its simplest form. 

EXAMPLES. 

1. Multiply 4a3— 5a2A— 8a&2+2^3 
by 2a2— 3a3 —4^2 



8a« — 1 Oa** -- 1 6a3JS-4a2p 
— 12a*6 +l5a^b^+2Aa^^'-6ab^ 
— 16a3&2_|.20fl2j3+32a** --8J» 

Sa^^22a^b-^\7a^^+48a^^+2eab^-'8b^. 

After having arranged the polynomials one under the other, 
multiply each term of the first, by the term 2a^ of the second ; 
this gives the polynomial Sc^'-^iOa^b-^lSePb^+iai^P, the signs of 
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which are the same as those of the multiplicaiid. Passing then to 
the term —Sab of the multiplier^ multiply each term of the mtilti* 
plicand by it, and as it is affected with the sign -*-, affect each 
product with a sign contrary to that of the corresponding term in 
the multiplicand; this gives ^l2a^h+l!ia^V^+24a^b^-^6ab^ for 
a product, which is written under the first. 

The same operation is also performed with the term 4^^, which 
is also subtractive; this gives, ^l6a^b^+20a^b^+32ab*^Sb^. 
The product is then reduced, and we finally obtain, for the most 
simple expiession of the product, 

8a^^22a^b^l7a^b^+4Sa^P+26ab^^Sb^, 

2. Multiply 4a?2-.2y by 2y. Ans. Sx^y-^Ay^. 

3. Multiply 2ic+4y by 2(r— 4y. Ans. 4x^—16^2. 

4. Multiply fc^+ac^y+acy^-i-yS jjy ^ — y ^;,^, x*— y*. 

5. Multiply x^+ary+y^ by x^^xy+y'^. Ans. o^+x^y^-j-y*. 

6. Multiply 2a2-,3ax4-4a;2 by Sa^— Gox— 2x2. 

Ans. 1 Oa*— 27tf3a;+ dAa^x^-^ 1 Sox^— 8x*. 

7. Multiply 3x2— 2xy+5 by x2+2xy— 3. 

Ans. 3x*+4x^y — 4x2— 4x2y2+i0xy-^16. 

8. Multiply 3x3+2x2y2+3y2 by 2x3— 3x2y2+5y3. 

A i 6x^— 5xy— 6x*y*+6x^y2+ 
i 1 5x3y 3 — 9x2y* + 3 0x2y5 + 1 5y*. 

9. Multiply Bax-^dab-^c by 2ax+ab+c. 

Ans. I6a^x^^4a^bx'-'6a^b'^+6acx'^7abc-^^. 

10. Multiply 3a2— 5^2+3^2 by a2— ^2. 

Ans. Sa^Sa^b^+Za^c^+db^^Sb^c^. 

11. 3a2— 5W+c/ 

— 5fl2+4^J— 8c/ 

Prod. red. — 1 5a^+37a^bd^29a^cf'^20b^cP+A4bcdf'-Scy\ 

_,, - ■ I ■ ■ _ ■ r -Ml- . . , . - - - ^ 

12. 4a^'^^5a^b^c+SaHc^-'3a^(^—7ahc^ 

2ab^ --iabc — 25c2 +c3. 

, 8M^ — 10a3^*c+28a363c2-^34a362c3 
Prod, red. ^— 4a2^3c3— 16a*53c+12a36c* +7a262|:4 
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45. We will make some important remarks upon algebraic muU 
tiplication. 

1st. If the polynomials proposed to be multiplied by each other 
are homogeneous, the product of the two polynomials will also he 
homogeneous. Moreover, the degree of each term of the product 
will be equal to the sum of the degrees of any two terms of the 
multiplier and multiplicand. Thus, in example 12, all the terms 
of the multiplicand being of the second degree, as well as those 
of the multiplier, each term of the product will be of the fourth 
degree. This remark serves to discover any errors in the addi* 
tions of the exponents. 

2d. When, in the multiplication of two polynomials, no two of 
the several products are similar, the total number of terms in the 
entire product will be equal to the product of the number of terms 
in the multiplicand, multiplied by the number of terms in the mul** 
tiplier. This is evident from the rule (Art. 44). Thus, when 
there are five terms in the multiplicand, and four in the multiplier, 
there are 5 X 4, or 20, in the product. When some of the terms 
are similar, the total number of terms in the product, when re- 
duced, may be much less. 

3d. Among the different terms of the product, there are always 
some which cannot be reduced with any others. These are, 
1st. The term produced by the multiplication of that term of 
the multiplicand, containing the highest exponent of a certain let- 
ter, by the term pf the multiplier, affected with the highest expo- 
nent of the same letter. 2d. The term produced by the multipli- 
cation of the terms affected with the lowest exponents of the same 
letter. For, these two partial products will contain this letter, 
affected with a higher and lower exponent than either of the other 
partial products, and consequently they cannot be similar to any 
of them. This remark, the truth of which is deduced from the 
rule of the exponents, will be very useful in division. 
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46. We shall finish the subject of algebraic multiplication by 
making known a few results of frequent use in algebra. 

1st. Let it be required to form the square or second power of 
the binomial, {a-{-b). We have, from known principles, 

(a+bY={a+b) {a+b)=:aa^+2ab+b\ 

That is, the square of the sum of two quantities is equal to the square 
of the first, plus twice the product of the first by the second, plus the 
square of the second. 

Thus, to form the square of ba^-^-Sa^b, we have, from what has 
just been said, 

{5fl2+8a25)25=25a4+80a45+64a462, 

2d. To form the square of a difference, a — b, we have 

(a— 5)2=(a-5) (a— 5)=a2— 2a^-M2: 

That is, the square of the difference between two quantities is equal 
to the square of the first, minus twice the product of the first by the 
second, plus the square of the second. 

Thus, f7a2ft2_i2flJ3)2--49a4j4_i68a3*5+144a2J^ 

3d. Let it be required to multiply a-\-b by a — b. 
We have {a+b) X (fl— 5)=a2— S^ : 

Hence, the sum of two quantities multiplied by their difference, is 
equal to the difference of their squares. 

Thus, (8a3+7fl&2) (8a3—7a&2)-.6 4^6.49^2^4; 

47. By considering the three last results, it will be perceived 
that their composition, or the manner in which they are formed 
from the multiplicand and multiplier, is entirely independent of 
any particular values that may be attributed to the letters a and b 
which enter the two factors. 

The manner in which an algebraic product is formed from its 
two factors, is called the law of this product ; and this law re- 
mains always the same, whatever values may be attributed to the 
letters which enter into the two factors. 
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48. Lastly, a polynomial being given, it may sometimes be de- 
composed into factors merely by inspection. 

Take, for example, the polynomial ah^c+5ab^+ac. 

It is plain that a is a factor of all the terms. Hence, we may 
write ab^c+5aP+ac=:a{Pc + dP+c), 

Take the polynomial 25ct^^30a^b+15a^b\ it is evident that 5 
and a^ are factors of each of the terms. We may, therefore, put 
the polynomial under the form 5a'^{5a^—6ah+3b^), 

1. Find the factors of Sa^b+da^c+lSa^xy. 

Ans. 3a^(b+3c + exi/). 

2. Find the factors of 8a^cx^l8aca^+2ac^y::-30a^c^x, 

Ans. 2ac(4ax — 9a;^+c*y — 15a^c^x). 

3. Find the factors of 24a^b^cx^30a^^c^j/+3ea'^b^cd+6abc, 

Ans. 6abc{4abx — 5a'^b^c^y+6€fib''d+ 1 ). 

4. Find the factors of a^+2ab+b\ Ans. {a+b)X{a+b). 

5. Find the factors of a^-^b^. Ans. {a+b)x{a^b). 

6. Find the factors of a^^2ab+b\ Ajis. (a— ^)X («—*). 

DIVISION. 

49. Algebraic division has the same object as arithmetical, viz., 
having given a product, and one of its factors, to find the other 
factor. 

We will tirst consider the case of two monomials. 

72c^ 
The division of 72a^ by Sa^ is indicated thus : ^r-^; 

and it is required to find a third monomial, which, multiplied by 
Sa^, will produce 72tf*. The co-efficient of a in the quotient 
must be such a number as being multiplied by 8 shall give 72, the 
co-efficient of a in the dividend ; and the exponent of a in the 
quotient added to 3, must give 5, the exponent of a in the divi- 
dend. Hence, we find the co-efficient by dividing 72 by 8, and 
the exponent by subtracting 3 from 5, 
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which gives -— ^=9a^. 

Also, .... -r—i =5a3~^i2-l^=r5^2^g. 

lab 
for, 7a&x5a25c=:35(|352c. 

50. Hence, for the division of monomials, we have the following 

RULE. 

I. Divide the co-ejicient of the dividend by the co-efficient of the 
divisor, 

II. Write in the quotient, after the co-efficient, all the letters com* 
mon to the dividend and divisor, and affect each vnth an exponent 
equal to the excess of its exponent in the dividend over that in the 
divisor. 

III. Annex to these, those letters of the dividend, with their re' 
spective exponents, which are not found in the divisor. 

From these rules we find, 

ASa^Pc^d ^ ,^ ^ UOa^Pcd^ ^ ,,, ^ 
=4a'*oco ; =Da^b^cd, 

1. Divide I6x^ by 8a?. Ans, 2x. 

2. Divide I5a^xy^ by 3ay. Ans, 5axy^, 

3. Divide S4aPx by 12R Ans. 7abx. 

4. Divide 96a^Pc^ by I2a^c, Ans. Sa^bc^. 

5. Divide lUa^^c'^d^ by 36tf*5«c«d. Ans. Aa^b^cd*. 
G. Divide 256a^c^x^ by IGa^coc^. Ans. IBabcx. 
7. Divide 300a^¥c^x^ by SOM^c^x. Ans. lOabcx. 

51. It follows from the preceding rule that the division of mo- 
nomials will be impossible, 

1st. When the co-efEcients are not divisible by each other. 

2d. When the exponent of the same letter is greater in the 
divisor than in the dividend. 

3d. Wheir the divisor contains one or more letters which are 
not found in the dividend. 

When either of these three cases occurs, the quotient remains 
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under the form of a monomial fraction, that is, a monomial ex- 
pression, necessarily containing the algebraic sign of division, 
but which may frequently be reduced. 

Take, for example, I2a^h'^cd to be divided by Qa^hc^. 

Here an entire monomial cannot be obtained for a quotient; 
that is to say, a monomial which does not contain the sign of di- 
vision ; for 12 is not divisible by 8, and moreover, the exponent 
of c is less in the dividend than in the divisor ; therefore, the quo- 
tient is presented under the form ; but this expression 

can be reduced, by observing that the factors 4, a^, b and c are 

common to the two terms of the fraction. We then have, 

2a%d - , , 

for the result. 

2c 

In general, to reduce a monomial fraction it is necessary 

1st. To suppress the greatest factor common to the two co^jfi" 
cients. 

2d. Subtract the less of the two exponents of the same letter, from 
the greater, and write the letter affected with this difference, in that 
term of tlie fraction corresponding with the greatest exponent . 

3d. Write those letters which are not common, with their respec- 
tive exponents, in the term of the fraction which contains them. 

From this new rule, we find, 

ASa^b^cd^ Aad^ ^ 37aPc^d 37b^c 
_^____„__^__ — — . and — • 

36a^^c^de Sbce da^c^d^ ea^d' 

7a^b _ 1 
^^^^' T4^3p""2^' 

In the last example, as all the factors of the dividend are found 
in the divisor, the numerator is reduced to unity ; for, in fact, both 
terms of the fraction are divided by the numerator. 

52. It often happens, that the exponents of certain letters, are 
the same in the dividend and divisor. 

For example, divide 2AaW, by Sa^b'^ ; as the letter b is affected 
with the same exponent, it should not be contained in the quo- 
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24^3^2 

tient, and we have ^ oto =3o. But it is to be remarked, that 

this result, 3a, can be put under a form which will preserve the 
trace of the letter b, this letter having disappeared in consequence 
of the reduction. 

For, if we apply the rule for the exponents (Art. 50.), to the 

b^ b^ 

expression — , it becomes —=52 -a-- fto . this new symbol ft®, in- 
dicates that the letter enters times, as a factor in the quotient 
(Art. 13.) ; or, which is the same thing, that it does not enter it; 
but it indicates, at the same time, that it was in the dividend and 
divisor, and that it has disappeared in consequence of the opera- 
tion. This symbol has the advantage of preserving the trace of 
a quantity which constitutes a part of the question, that it has 
been our object to resolve, without changing the value of the re- 

b^ 
suit ; for since b^ is equivalent to — , which is, moreover, equiva- 
lent to 1, it follows that 3aft®=3aX l=3a. In like manner, 

1 5a^Pc^ 



SaHc^ 



=z5a%^c^=5b\ 



53. As it is important to have clear ideas of the origin and sig- 
nification of the symbols employed in algebra, we shall show that 
in general every quantity a affected with the exponent 0, is equiva* 
lent to 1 ; that is, that a®=l. 

For this expression arises, as has just been said, from the fact 
that a is affected with the same exponent in the divisor and divi- 
dend. 

To make the case general, let m denote the entire number 



a"* 



^which is the exponent of a. We shall then have, -^=zaP. But 



a^ 



the quotient of any quantity divided by itself, is 1. Hence, — =1 ; 

therefore, we also have o®=l. 

4 
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We observe again, that the symbol a^ is only employed con- 
ventionally, to preserve in the calculation the trace of a letter 
which entered in the enunciation of a question, but which may 
disappear in consequence of a division ; and it is often necessary 
to preserve this trace. 

Division of Polynomials, 

64. The object of division, is to find a third polynomial called 
the quotient, which, multiplied by the divisor, shall produce the 
dividend. Hence, the dividend is the assemblage, after reduc- 
tion, of the partial products of each term of the divisor by each 
term of the quotient, and consequently the signs of the terms in 
the quotient must be such as to give proper signs to the partial 
products. 

Since, in multiplication, the product of two terms having the 
same sign is affected with the sign +, and the product of two 
terms having contrary signs is affected with the sign — , we may 
conclude, 

1st. That when the term of the dividend has the sign +, and 
that of the divisor the sign of +> the term of the quotient must 
have the sign +. 

2d. When the term of the dividend has the sign +> and that of 
the. divisor the sign — , the term of the quotient must have the 
sign — , because it is only the sign ^, which, combined with the 
sign — , can produce the sign -f of the dividend. 

3d. When the term of the dividend has the sign — , and that of 
the divisor the sign 4-, the quotient must have the sign — . 

That is, when the two terms of the dividend and divisor have 

the same signj the quotient will be affected with the sign + , and 

when they are affected with contrary signs, the quotient will be 

affected with the sign — ; again, for the sake of brevity, we say 

that 

+ divided by +, and — divided by — , give + ; 

— divided by +> ^^^ + divided by — , give — . 



» m 
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1. Divide a^— 2fla7 -f-ac^ by a— a:. 

It is found most convenient, Dividend. Divisor, 

in division in algebra, to place a^ — 2ax+9^ \ a— a? 

the divisor on the right of the a^ — ax I a — x 
dividend and the quotient di- — cur-f-x^ Qaotient» 
rectly under the ^di visor. — ax-{-x^. 

We first divide the term a^ of the dividend by the term a of the 
divisor, the partial quotient is a which we place under the divisor. 
We then multiply the divisor by a and subtract the product d^ — ax 
from the dividend, and to the remainder bring down x^. We then 
divide the first term of the remainder, — ax by a, the quotient is 
— X. We then multiply the divisor by — a?, and, subtracting as 
before, we find nothing remains. Hence, a — x is the exact quo- 
tient. 

In this example we have divided that term of the dividend which 
is aflfected with the highest exponent of one of the letters, by that 
term of the divisor affected with the highest exponent of the same 
letter. Now, we avoid the trouble of looking out the term, by taking 
care, in the first place, to write the terms of the dividend and divisor 
in such a manner that the exponents of the same letter shall go on 
diminishing from left to right. This is what is called arranging the 
dividend and divisor with refierence to a certain letter. By this 
preparation, the first term on the left of the dividend, and the first 
on the left of the divisor, are always the two which must be divided 
by each other in order to obtain a term of the quotient 

55. Hence, for the division of polynomials we have the following 

RULE. 

I. Arrange the dividend and divisor with reference to a certain 
letter^ and then divide the first term on the left of the dividend hy the 
first term on the left of the divisor j the result is the first term of the 
quotient ; multiply the divisor by this term, and subtract the product 
from the dividend. 
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II. Then divide the first term of the remainder hy the first term 
of the divisor^ which gives the second term of the quotient ; multiply 
the divisor by this second term, and subtract the product from the 
result of the first operation. Continue the same process, and if you 
obtain Ofor a remainder, the division is said to be exact. 

FIRST EXAMPLE. 

Let it be required to divide 5la^b^+l0a^—48c^b—l5b^+4ab^ 
by 4a3— 5a2+352. 

Dividend arranged. Divisor, 



+ 10a^— 8a^— ^aW — 2o2+8o^— 56^ 

— 40a3J+57a2J24. 4a63— 15&* Quotient, 

— 40a3&+ 32a^^+24a^^ 

25a2J2__20c&3__i5j4 

25a^^—20ab^'-l5b^ 

Remark. — ^When the first term of the arranged dividend is not 
exactly divisible by that of the arranged divisor, the complete divi- 
sion is impossible ; that is to say, there is not a polynomial which, 
mtdtiplied by the divisor, will produce the dividend. And in gene- 
ral, we shall find that a division is impossible, when the first term 
of one of the partial dividends is not divisible by the first term of 
the divisor. 

56. Though there is some analogy between arithmetical and 
algebraical division, with respect to the manner in which the ope- 
rations are disposei^nd performed, yet there is this essential dif- 
ference between them, that in arithmetical division the figures of 
the quotient are obtained by trial, while in algebraical division the 
quotient obtained by dividing the first term of the partial dividend 
by the first term of the divisor is always one of the terms of the 
quotient sought. 

From the third remark of Art. 45, it appears that the term of the 
dividend affected with the highest exponent of the leading letter, 
and the term affected with the lowest exponent of the same letter, 



. b 



DIVISION. 41 

may each be derived without reduction, from the multiplication of 
a term of the divisor by a term of the quotient. Therefore nothing 
prevents our commencing the operation at the right instead of the 
left, since it might be performed upon the terms affected with the 
lowest exponent of the letter, with reference to which the arrange- 
ment has been made. 

Lastly, so independent are the partial operations required by the 
process, that after having subtracted the product of the divisor by 
the first term found in the quotient, we could obtain another term 
of the quotient by dividing by each other the two terms of the new 
dividend and divisor, affected with the highest exponent of a dif- 
ferent letter from the one first considered. If the same letter is 
preserved, it is because there is no reason for changing it, and be* 
cause the two polynomials are already arranged with reference to 
it ; the first terms on the left of the dividend and divisor being 
sufficient to obtain a term of the quotient ; whereas, if the letter 
is changed, it would be necessary to seek again for the highest 
exponent of this letter. 

SECOND EXAMPLE. 

Divide . . . 21a:y+25a?V+68iry*— 40y«— 56a;5— 18rc*y by 
by^—^x^ — Qocy. 

— 40y^+68ay^+25a;y+21a;y— 18a;*y--56a^|| 5y^— 6a?y->-8a^ 

— 40y^+ 48a:y^+ 64a;y — 8y3+4a7y2— 3a?2y+7a;3 

1st. rem. 20a:y*— 39a;2y3+21a;3y2 
20a:y*— 24aj2y3 — 32a?3y2 
2d. rem. — 1 5a?2y3 + 53a;3y2 — 1 8a?*y 

— 15a;y+18a?3y2+24a?*y 

35a:3y2_42a:4y_56a;6 

35a^yg— 42a:^y— 56a?^ 
Final remainder 0. 

57. Remark. — In performing the division, it is not necessary to 

bring down all the terms of the dividend to form the first remain- 

4* 




4d ALGEBRA. 

der, but they. may be brought down in succejssion, as in the 
example. 

As it is important that beginners should render themselves fami- 
liar with the algebraic operations, and acquire the habit of cal- 
culating promptly, we will treat this last example in a different 
manner, at the same time indicating the simplifications which 
should be introduced. These consist in subtracting each partial 
product from the dividend as soon as this product is formed. 

~-40y^+68a;y^4-25a;y+21a?y— 18a?*y--56a?5 || 5yg->-6a?y— 8jr^ 
1st. rem. 20a?y^-~39a?y+21j?y ^8y^+4xf--3x'2y+7x^ 

2d. rem. — I5x^y'^ +53x^1/^— I8a^y 



3d. rem. — 35a;3y2— 42a?*y— 56aj^ 

Final rem. 0. 

First, by dividing --40y^ by Sy^, we obtain . — 8y3 for the quo- 
tient. Multiplying Sy^ by -— 8^^, we have — 40y*, or by chang- 
ing the sign, +40y^, which destroys the first term of the dividend. 

In like manner, — Socyx —Sy^ gives +48a?y* and for the sub- 
traction — 48acy*, which reduced with +68a;y*, gives 20xy^ for 
a remainder. Again, —&x^x —Sy^ gives +> and changing sign, 
— 64a;2y3, which reduced with 25a?2y3^ gives — 39x^y^, Hence 
the result of the first operation is 20a:y^--39a;2y3 followed by 
those terms of the dividend which have not been reduced with 
the partial products already obtained. For the second part of the 
operation, it is only necessary to bring down the next term of the 
dividend, separating this new dividend from the primitive by a 
line, and operate upon this new dividend in the same manner as 
we operated upon the primitive, and so on. 

THIRD EXAMPLE. 

Divide 95«— 73«2-[-56a*-25~59a3 by -3a2-[-5— 11a— 7flr\ 
56o*— 59a3~73«2+95a— 25||7a3— 3o2— lla+5 



J St. rem. — 35g3+15gg-f 55g— 25 8a — 5 

2d. rem. 0. 
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GENERAL EXAMPLES. 

1. Divide ISa;^ by 9a?. Ans. 2a?. 

2. Divide lOa:^ ^y — 5aj2y^ Ans. — 2y. 

3. Divide —Qaar^y^ by Ox^y. -A>w. —ay. 

4. Divide — Sac^ by —2a?. Ans, +4x, 

5. Divide I0ab+I5ac by 5a. -4n^. 2i+3c. 

6. Divide SOaa;— 54a: by 6x, Ans, 5a— 9. 

7. Divide lOoj^y— ISy^— 5y by 5y. Ans. 2a^*— 3y— 1. 

8. Divide 12a+3aa;— 18oa?2 by 3a. Ans. 4+a:— 6a?2. 

9. Divide 6a(x^+9a^x+a^oc^ by ax. Ans. 6x+9a+ax. 

10. Divide a^-{'2ax+x'^ by a-\-x. Ans. a-\-x. 

11. Divide a^— 3o2y+3ay2__y3 by a-^j/. 

Ans. a^ — 2ay+y*. 

12. Divide 240^6-^ I2a^cb^'"6ab by -^eab. 

Ans. — 4a+2a2c6+l. 

13. Divide 6a;*— 96 by 3a?— 6. Ans. 2a?3+4a?2+8a?+16. 

14. Divide .... a^^5a^x+l0a^x^—l0a^x^+5(ix^-^x^ 
by a2_2aa?+a;2. Ans. a^—Sa^x+dax^^x^. 

15. Divide 48a?3— 76aa;2— 64a2a?+105a3 by 2a:— 3a. 

Ans. 24a;2—2aa?— 35a2. 

16. Divide y^— 3y*a:2+ 3^2^,4 ^^.e by y3— 3y^a;+3ya;2— a?3. 

Ans. y3+3y2x+3ya:2+ap3. 

17. Divide e4a^b^^25a^b^ by Sa^b^+5abK 

Ans. 8a2i3— 5ai*. 

18. Divide 6a3+23a2*+22ai2+563 by 3a^+4ab+b^. 

Ans. 2a4-5&. 

19. Divide 6aa:^+6aa?2y®+42a^a;2 by aa?+5aa?. 

Ans. oc^+xy^-^-lax. 

20. Divide . — 15a*+37a2M-29a2c/-2052^4-445crf^-8c2/2 
by 3a2— 5W+c/. Ans. — 5a2+45(f-8c/. 

21. Divide a:*+a:2y2+y* by x^^xy+y^. Ans. x^+xy+y^. 

22. Divide x*—y^ by x—y. Ans. ci^+oc^i/+xt/^+y\ 

23. Divide 3a* -8a263+3aV+ 5^^-362^2 by a^^-b^. 

Ans. 3a2— 562+3c«. 
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24. Divide eafi--5x^y^--'6x*j/*+6oi^y^+l5x^f--9x^y^+lOx^f 
+ 15y» by 3x^+2x^y^+3f, Ans. 2x^'-3x^f+5f, 

59. Among the different examples of algebraic division, there is 
one remarkable for its applications. It is so often met with in the 
resolution of questions, that algebraists have made a kind of theorem 
of it. 

We have seen (Art. 46), that 

hence, r^=a+b. 

a — b 

If we divide a^—ft^ by fl__5 -^y.^ jj^ve 



a -6 



= a^+ab+h^: 



also r— = 0^ + 0^5 + 0^^+*^ 

a — b 

by performing the division. 

These are results that may be obtained by the ordinary process 
of division. Analogy would lead to the conclusion that whatever 
may be the exponents of the letters a and b, the division could be 
performed exactly ; but analogy does not always lead to certainty. 
To be certain on this point, denote the exponent by m ; and pro- 
coed to divide a^—h^ by a—b. 



c^^b"^ 



a — b 



1st. rem oT-^b—b"' 

or &(a"'-^— 5'"-^). 

Dividing a"* by a the quotient is a"*~\ by the rule for the expo- 
nents. The product o( a—b by a^^ being subtracted from the 
dividend, the first remainder is a"*~*6— -Z^"*, which can be put under 
the form ^{a"*~*— &"~^). Now, if ««-*— 3**-* is divisible by a—b, 
then will d^^-b^ also be divisible by a—b ; that is, if the differ- 
ence of the similar powers of two quantities of a certain degree^ is 
exactly divisible by the difference of these quantities, the difference 
of the powers of a degree greater by unity ^ is also divisible by it. 
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But it has already been shown that «*-— J* is divisible by a—b: 
hence, a* — b^ is also divisible by a — b. Now, if a* — b^ is divisi- 
ble by a— 'by it must follow that a^—b^ is also divisible by a—b. 
In the same way it may be shown that the division is possible when 
the exponent is 7, 8, 9, &c. 

Hence, o"*— &"* is divisible by a—b. 

The beginner should reflect upon the method of demonstrating 
this proposition, as it is frequently employed in algebra. 

60. We have given (Art. 51, and 55,) the principal circum- 
stances by which it may be discovered that the division of mono- 
mial or polynomial quantities is not exact ; that is, the case in 
which there does not exist a third entire algebraic quantity, which, 
multiplied by the second, will produce the first. 

We will add, as to polynomials, that it may often be discovered 
by mere inspection that they cannot be divided by each other. 
When the polynomials contain two or more letters, before arrang- 
ing them with reference to a particular letter, observe the two 
terms of the dividend and divisor, which are affected with the high- 
est exponent of each of the letters. If for either of these letters, 
one of the terms with the highest es^ponent is not 4ivisible by the 
other, we may conclude that the total division is impossible. This 
remark applies to each of the operations required in the process 
for finding the quotient. 

Take, for example, I2a^—bd^b-\'lab'^—llb^, to be divided by 
4a2— 8a5+3R 

By considering only the letter a, the division would appear pos- 
sible ; but regarding the letter J, the division is impossible, since 
— 11^3 is not divisible by 3i^. 

One polynomial A, cannot be divided by another B containing 
a letter which is not found in the dividend ; for, it is impossible 
that a third quantity, multiplied by B which contains a certain let- 
ter, should give a product independent of that letter. 

A monomial is never divisible by a polynomial, because every 



46 ALGEBRA. 

polynomial multiplied by either a monomial or a polynomial gives 
a product containing at least two terms which are not susceptible 
of reduction. 

61. Remark. — If the letter, with reference to which the divi- 
dend is arranged, is not found in the divisor, the divisor is said to 
be independent of that letter ; and in that case, the exact division 
is impossible, unless the divisor will divide separately the co-efficient 
of each term of the dividend. 

For example, if the dividend were 35a*+ 95^^+125, arranged 
with reference to the letter c, and the divisor 3J, the divisor would 
be independent of the letter a ; and it is evident that the exact divi- 
sion could not be performed unless the co-efficient of each term of 
the dividend were divisible by 35. The exponents of the leading 
letter in the quotient would be the same as in the dividend. 

1. Divide 18a3a?2— 36aV— 12aaj by 6a:. 

^ Ans. Sa^a?— 6aV — 3a. 

2. Divide 25a*6— 30a2J-[-40a5 by 55. 

Ans. 5a*— 6a2+8a. 

OF ALGEBRAIC FRACTIONS. 

62. Algebraic fractions should be considered in the same point 
of view as arithmetical fractions, such as |^, -J-J, that is, we must 
conceive that the unit has been divided into as many equal parts 
as there are units in the denominator, and that one of these parts is 
taken as many times as there are units in the numerator. Hence, 
addition, subtraction, multiplication, and division, are performed 
according to the rules established for arithmetical fractions. 

It will not, therefore, be necessary to demonstrate those rules, 
and in their application we must follow the procedures indicated 
for the calculus of entire algebraic quantities. 

63. Every quantity which is not expressed under a fractional 
form is called an entire algebraic quantity. 
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64. An algebraic expression, composed partly of an entire quan- 
tity and partly of a fraction, is called a mixed quantity. 

65. When a division of monomial or polynomial quantities can- 
not be performed exactly, it is indicated by means of the known 
sign, and in this case, the quotient is presented under the form 
of a fraction, which we have already learned how to simplify, 
(Art. 51). With respect to polynomial fractions, the following are 
cases which are easily reduced. 

Take, for example, the expression -r — ^ , . ^„ . 

a^ — 2ao-\-o^ 

This fraction can take the form -^ — 7— ^,t:^ — - (Art. 46). 

(a — by 

Suppressing the factor a—b, which is common to the two terms, 

a+b 



we obtain 



a^y 



, . , ^ . 5o3— 10a2&4-5a*2 
Again, take the expression ^-^ — jr-^r . 

^v * 1 1 1 u 5a(a2~2a5-f-^*) 

This expression can be decomposed thus : — hriTi r^ — - > 

'^ Sa\a^b) 

ba(a—bY 
or — • "^ 

Sa\a-b) 

Suppressing the common factor, aija—b), the result is 

b{a—b) 

The particular cases examined above, are those in which the 
two terms of the fraction can be decomposed into the product of 
the sum by the difference of two quantities, and into the square of 

m 

the sum or difference of two quantities. Practice teaches the man- 
ner of performing these decompositions, when they are possible. 

But the two terms of the fraction may be more complicated poly- 
nomials, and then, their decomposition into factors not being so 
easy, we have recourse to the process for finding the greatest com- 
mon divisor, - 
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CASE I. 

Of the Greatest Common Divisor. 

66. The greatest common divisor of two polynomials, is the 
greatest polynomial, with reference to the exponents and co-effi- 
cients, that will exactly divide the proposed polynomials. 

67. Two polynomials which have not a common factor are said 
to be prime with respect to each other. 

68. The subject of the greatest common divisor is fully dis- 
cussed under the general theory of equations. We shall here 
state two principles, which are there proved. 

1st. The greatest common divisor of two polynomials contains as 
factors all the particular divisors of the polynomials, and does not 
contain any other factors. 

2d. The greatest common divisor of two polynomials is the same 
as that which exists between the least polynomial and their remainder 
after division. 

From these two principles we have the following 

RULE. 

I. Take the first polynomial and suppress all the monomial factors 
common to each of its terms. Do tJie same with the second polyno- 
mial, and if the factors so suppressed have a common divisor, set it 
aside a^ forming a part of the common divisor sought. 

II. Having done this, prepare the dividend in such a manner that 
its first term shall he divisible by the first term of the divisor ; then 
perform the division, and suppress in the remainder all the factors 
that are common to the co-ejficients of the different powers of the 
principal letter. Then take this remainder as a divisor, and the 
second polynomial as a dividend, and continue the operation with 
these polynomials, in the same manner as with the preceding. 

III. Continue this series of operations until a remainder is oh* 
tained which will exactly divide the preceding divisor: this last divisor 
mil be the greatest common divisor ; hut if a remainder is obtained 
which is independent of the principal letter, and which will not divide 



OF ALGEBRAIC FRACTIONS. 49 

the eo*effieients of each of the proposed polynomicUs, it shotcs that the 
proposed polynomials are prime with respect to each other ^ or that they 
have not a common factor, 

EXAMPLES. 

69. 1. Find the greatest common divisor of the polynomials 
a^^a^b+3al>^-^3P, and a^-^oab+ilP. 

First Operation. 



a^^a^+Sab^-SP 



4a^b — aft2_3^3 



a^-^5ab+4b^ 
a +4b 



Istrem. - - - - IdaP—ldb^ 
or 1952(a-fc). 

Second Operation, 



a^^5ab+4b^ 



^4ab+4P 



a— 46 



0. 

Hence, a—b is the greatest common divisor. 

We begin by dividing the polynomial of the highest degree by 
that of the lowest degree ; the quotient is, as wq see in the above 
table, a+4&, and the remainder is I9ab^—I9b^, 

But l9aP—i9b^ can be put under the form I9b%a'^b), Now 
the factor 196^, will divide this remainder without dividing 

a^^5ab+4b^, 

hence, the factor must be suppressed, and the question is reduced 
to finding the greatest common divisor between 

o^— 5ai+462 and a— 6. 

Dividing the first of these two polynomials by the second, there 
is an exact quotient, a^4b ; hence a—b is the greatest common 
divisor of the two proposed polynomials. To prove this, let each 
be divided by a —6. 
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70. Ex. 2. Find the greatest common divisor of the polynomials 

3a^^5a^^+2ab^ and 2a^'-3a^b^+b\ 

We first suppress a, which is a factor of each term of the first 
polynomial, we then have 

We now find that the first term of the dividend will not contain the 
first term of the divisor, we then multiply the dividend by 2, which 
merely introduces a factor not common to the divisor, and hence 
does not afiect the common divisor sought. We then have 

2af^^3a^b^+b^ 



6a*— 10^2^2+4^1 
6a*— 902*24.3^4 



— a2^2+ ^4 

We find, after division, the remainder ^ab^+b^, which we put 
under the form —b^(a^—b^). We then suppress —b\ and divide 

2a^—3a^b^+b^\ a^—b'^ 
2a*— 2^252 



2a2— ^2 



— a2&2+^>4 

Hence, a^—b'^ is the greatest common divisor. 

3. Find the greatest common divisor of a?*— 1 and x^-\-c^. 

Ans. 1+^^' 

4. Find the greatest common divisor of 4a3— 2a2— 3a-f-l and 
3c2 — 2a — 1. Ans. a — 1. 

5. Find the greatest common divisor of a^—x^ and a^ — a2a? 
— aa72+a?3. Ans. a^ — o^, 

6. Find the greatest common divisor of 36a6— 18a^— 27a*+9a5 
and 27a5J2_i8a*52— 9a3*2. j^^g. 9a3(a— 1). 

7. Find the greatest common divisor of 

qnp^ + 3wj>2^2 — . 2npg3 — 2nq^ and 2mp^(f — 4«ip* — mp^q + 3mp^, 

Ans. p—q. 
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8. Find the greatest common divisor of the two polynomials 

Ans. Sa^+2alf--b\ 
CASE II. 
71. To reduce a mixed quantity to the form of a fraction. 

RULE. 

Multiply the entire part hy the denominator of the fraction : then 
connect this product mih the terms of the numerator by the rules for 
adduioh, and under the result place the given denominator. 

EXAMPLES. 

(a^—a^) 

1. Reduce x to the form of a fraction. 

X 

X = = . Ans. 

XXX 

2. Reduce x to the form of a fraction. 

2a 



Ans. 

2x— 7 

3. Reduce 5H r to the form of a fraction 

ox 



or-— a* 



2a ' 



17ic-7 



X — a — 1 

4. Reduce 1 to the form of a fraction. 

a 



' 2a— a?+l 
Ans. 



a 



37—3 

5. Reduce l+2a?— -r — to the form of a fraction. 

ox 



10a;»+4a;+8 

Ans* " - « 

bx 
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CASE in. 
72. To reduce a fraction to an entire or mixed quantity. 

RULE. 

Divide the numerator by the denominator for the entire part^ and 
place the remainder f if any^ over the denominator for thefnu^ional 
part, 

EXAMPLES. 

ax+a^ 

1. Reduce to a mixed quantity. 

ax+a^ a* 
=a-] — Ans. 

X X 

ax — a:* 

2. Reauce to an entire or mixed quantity. 

X 



Ans, a~ap 



a J— 2a* 
8. Reduce — r — to a mixed quantity. 



2a* 
Ans, a— -^• 





a^—sf^ 



4. Reduce to an entire quantity. 

a^^x 



Ans, a-f-x 



a;*— y* 

5. Reduce to an entire quantity. 

X'—y 



Ans, x^+xy+y\ 

10a?*— 5a?+3 

6. Reduce to a mixed quantity. 

ox 

3 

Ans, 2a;— 1+r— . 

5a; 

CASE IV. . 

73. To reduce fractions having different denominators to equiva- 
lent fractions having a common denominator. 
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RULE. 

Multiply each numerator into all the denominators except its azon, 
for the new numeratorSf and all the denominators together for a com^ 
num denominator. 

EXAMPLES. 

a h 

1. Reduce -r and — to equivalent fractions having a com- 
mon denominator. 

axc^'O'C ) , 

, , ,, C the new numerators. 

and . . &xc=^c the common denominator. 

a a'\-h 

2. Reduce -r- and to fractions, having a common de- 

ac ai+5' 

nomuiator. Ans. t- and 



he he 

^aa 23 

3. Reduce — , — , and rf, to fractions having a common de- 

9cx Aab Qacd 

nommator. Ans. -r — , -r — and -z — . 

DOC bac oac 

3 2a? 2x 

4. Reduce — , — , and a-\ , to fractions halving a com- 

9a &ax 12a*+24jr 

mon denominator. Ans, -^ , ,^ , and — ;; . 

12a 12a 12a 

1 a* a^+si^ 

5. Reduce -zr. -r- and — ; , to fractions having a com- 

2 3 a+x ^ 

mon denominator. 

3a+3a: 2a«+2a'a: 6a*+6a;« 

6a+6x' 6a+6x ' 6a+6x ' 

CASE V, 
74. To add fractional quantities together. 

6* 
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RULE. 

Reduce thefracHanSf jf necessary f to a comnum denomtMUyr : (hen 
add the numerators together and place their sum over the common de- 
nominator^ 

SXAMFLE8. 

a c e 

\. Find the sum of -7-, -7-, and —p* 

b a J 

Here, . axdxf^adf^ 

cX^Xf=chf \ the new numerators. 
ex^Xd=^ebdj 

And • . hxdxf=^>df the common denominator. 

^^''^^W'^W^W — w — 



2. To a r- add h-\ 



^ 2dbx—*6cx' 
Ans. a+o-\ — 



be 

XXX X 

3. Add — , — and — together. Ans, a? +7^. 

a?— 2 . 4a? . 19a;— 14 



4. Add and — together. Ans, 

x^2 2a?— 3 

5. Add a?H — -— to 3a?H — . 

10a?- 17 
Ans, 4a? 4 



12 

5a?* x-{'a 

6. It IS required to add 4a?, — — , and -^— together. 

5a?'+aa?+a' 



Ans, 4a?4- 



2ad; 



2x 7* 2a?4-l 

7. It is required to add — , — , and — - — together. 

49a?+12 
Ans, 2a?+- 



60 
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8. It ia required to add 4a^ -^, and 2+— together. 

44C+90 



Ans 4c-(- 



45 



2jr 8a; 

0. It is required to add 3«+— and x — jr- together. 

o 9 

23« 
Ans* 2x'\ — 7=—. 
45 

CASE VI. 

75. To subtract one fractional quantity from another. 

RULE. 

1. Reduce the fractions to a common denominator. 

II. Subtract the numerator of the fraction to he subtracted from the 
tmmerator of the other fraction^ and place the difference over the com^ 
man denominator. 

EXAMPLES. 

X — a 2a — 4x 

1. Find the difference of the fractions ^- and — r 

2d 3c 

Here, (a:— a)X 3c=3ca;— 3ac ) . 

/ ^ , , , f the numerators 

(2a— 4i!)x23=:4a5— 83a; ) 

And, 2b x3c=63c the common denominator. 

3caj — Sac Aalf—&bx 3ca?— 3ac— 4a3+85a? 

^^^' —Qbi 66r~= 6bi • ^'"- 



12d; do; 

2. Required the difference of --«r- and — , 



Ans. 



S9x 
"36"' 



3^ 
3. Required the difference of 5y and -z-* 



Ans. 



Sly 
8 
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So; 2x 

4u Required the difference of — dnd — . 

Ans, 



63 • 



x+a c 

5. Required the difference between —r — and — . 



dx-\-ad—hc 
Ans. — 



bd 



^+a ^ 2x+7 
6. Required the difference of — rr — and — - — 



24x+Sa—10bx-'^bb 
Ans. 



Hi 

7, Required the difference of ^+-r and x- 



AOb 
a:— a 



Ans. 2x-{- 



c 
cx+bx-^ab 



be 
CASE VII. 

76, To multiply fractional quantities together, 

RULE. 

If the quantities to be muUijiiied are mixedy reduce them to a frac- 
tional form ; then muUiply the numerators together for a numerator 

and the denominators together for a denominator, 

EXAMPLES. 

bx c 

1. Multiply aH — by -j. 



bx a^4-bx 
a+— =• 



a a 



a^+bx c a^c+bcx 

Hence, X-j-= 3 • Ans\ 

a d ad 



Sx Sa 

2. Required the product of — and -r-. 



9ax 
Ans, 



2d 
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3. Required the product of — and r—. 

Ans. -^-. 
6a 

2x Sah Sac 

4. Find the continued product of — » f and , . 

Ans, Qax. 

bx a 

6, It is required to find the product of h+ — and — , 

ah+bx 
Ans, . 

X 

6, Required the product of — r and , — . 

a*— J* 
Ans, 



b^c+bc*' 

X-\-l X — 1 

7. Required the product of x-^ , and — -r. 



Ans» 



a^+ab 



ax a' — o(^ 

8. Required the product of a-^ by -. 

a^^x X ~j~««> 



Ans» 



CASE VIII. 

77, To divide one fractional quantity by another. 

RULE. 

Reduce the mixed quantities^ if there are any, to a fractional form : 
then invert the terms of the divisor and mulfiply thejractions together 
as in the last case. 

EXAMPLES. 

I. Divide .... a— ;r- by — . 

2c ' g 

h 2ac^b 






2c 2c 
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Hence, 



2c' g 2c "^f 2cf 

7x 12 . Ola? 

2. Let -r- be divided by -rrr. Ans. —^fT-* 

5 •'IS ov 

4a:» 4a: 

3. Let ^ be divided by 5a;. -An*. — . 

a?+l 



4. Let — r— be divided by -r-. iln*. 



— = — De aiviaea oy 


UX. 


aj+1 

be divided by 


2a; 
3- 


a; 

r be divided by 

a?— 1 


a; 
2" 



4a; 
2 



5. Let r be divided by -:r. Ans. -. 

a;— X 

5a; 2a 55« 

6. Let — be divided by •^. Ans. '"oT'* 

a;— ft 3ca; a;— 3 

7. Let ^ ■■ be divided by . , . -An*. ^ , . 

8ca . "^ 4a oc a; 

a;*— ft* a;*+fta? 

®-^^* ;c'->2fta;+ft' be divided by ^^3^. 

ft» 
iln*. a;H — . 

X 



78. We will add but a single proposition more on ^the subject of 
fractions. It is this. 

If the same number he added to each of the terms of a proper fraction j 
the new fraction resulting from this addition will he greater than the 
first ; hut if it he added to tlie terms of an improper fraction, the re - 
suiting fraction will he less than the first. 

a 

Let the fraction be expressed by — , and suppose a<ft. 

Let m represent the number to be added to the terms : the 

a+m 
fraction then becomes r— — . 

b+m 

In order to compare the two fractions, they must be reduced to the 

J • X i- 1 . dh+am ... , ah-{-hm 

same denommator, which gives , , . , for the first, and -rz — ;— 

ft'+ftm h^+bm 

for the second. 
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Now,- the denominators being the same, that fraction will be the 
greatest which has the greater numerator. But the two numera- 
tors, ab-^-am, and ab+hm, have a common part ab ; and the part hn 
of the second is greater than the part am of the first, since 3>a. 
Hence the second fraction is greater than the first. 

If the given fraction is improper, or a>3, it is plain that the nu- 
merator of the second fraction will be less than that of the first, 
since bm would be less than am. 



CHAPTER II. 



Of Equations of the First Degree^ 

79. An Equation is the expression of two equal quantities with 
the sign of equality placed between them. Thus, x^=a-\-b is an 
equation, in which x is equal to the sum of a and b. 

80. By the definition, every equation is composed of two parts, 
separated from each other by the sign =. The part on the left of 
the sign, is called the^r^^ member ^ and the part on the right, is called 
the second member ; and each member may be composed of one or 
more terms. 

81. Every equation may be regarded as the enunciation, in alge- 
braic language, of a particular problem. Thus, the equation 
a;+a;=30, is the algebraic enunciation of the following problem; 

To find a number which, being added to itself, shall give a sum 
equal to 30. 

Were it required to solve this problem we should first express it 
in algebraic language, which would give the equation 

0?+ a?=30. 

By adding 0? to itself, we have 2a?=30. 

and by dividing by 2, we obtain , , . . a?= 15. 
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Hence we see that the solution of a problem by algebra, consists 
of two distinct parts. 

1st. To express algebraically the relation between the known and 
unknown quantities, 

2d, To find a value for the unknown quantity ^ in terrns of those 
which are knovm^ which substituted in its place in the given equation 
will satisfy the equation ; tliat is, render the first member equal to the 
second. 

This latter part is called the solution of the equation. 

82. An equation is said to be verified, when such a value is sub- 
stituted for the unknown quantity as will prove the two members of 
the equation to be equal to each other. 

83. Equations are divided into diiferent classes. Those which 
contain only the first power of the unknown quantity, *are called 
equations of the first degree. Thus, 

ax -i- b =zcx-\-d is an equation of the 1st. degree. 
2ar*— 3a; =5 —2x^ is an equation of the 2d. degree. 
4a;' — 5a;'=3a;+ll is an equation of the 3d. degree. 
In general, the degree of an equation is denoted by the greatest 
of the exponents with which the unknown quantity is affected. 

84. Equations are also distinguished as numerical equations and 
literal equations. The first are those which contain numbers only, 
with the exception of the unknown quantity, which is always de- 
noted by a letter. Thus, 4a;— 3=2a;+5, 3a;''--a;=8, are numerical 
equations. They are the algebraical translation of problems, in 
which the known quantities are particular numbers. 

The equations ax — b=cX'{-d, ax^+bx=:c, are literal equations, 
in which the given quantities of the problem are represented by 
letters. 

85. It frequently occurs in algebra, that the algebraic sign + or 
— , which is written, is not the true sign of- the term before which 
it is placed. Thus, if it were required to subtract —ft from a, we 
should write 
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a— (— J)=a+^- 
Here the true sign of the second term of the binomial is plus, al- 
though its algebraic sign, which is written in the first member of the 
equation, is — . This minus sign, operating upon the sign of ^, 
which is also negative, produces a plus sign for b in the result. 
The sign which results, after combining the algebraic sign with the 
sign of the quantity, is called the essential sign of ike term, and is 
often different from the algebraic sign. 

By considering the nature of an equation, we perceive that it 
must possess the three following properties. 

1st. The two members are composed of quantities of the same kind. 

2d. The two members are equal to each other. 

3d. The essential sign of the two members must be the same. 

• 

Equations of the First Degree involving but one unknown 

quantity. 

86. An axiom is a self-evident proposition. We may here state 
the following. 

1. If equal quantities be added to both members of an equation, 
the equality of the members will not be destroyed. 

2. If equal quantities be subtracted from both members of an 
equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by the same 
number, the equality will not be destroyed. 

4. If both members of an equation be divided by the same num- 
ber, the equality will not be destroyed. 

87. The transformation of an equation consists in changing its 
form without affecting the equality of its members. 

The following transformations are of continued use in the resolu- 
tion of equations. 

First Transformation, 

88. When some of the terms of an equation are fractional, to re- 
duce the equation to one in which the terms shall be entire. 



62 ALGEBRA. 

Take the equation, 

2x S X 



3 4-*+-6-="- 

First, reduce all the fractions to the same denominator, by the 
known rule ; the equation becomes 

48x 54a; 12^; 



72 72 • 72 
and since we can multiply both members by the same number with- 
out destroying the equality, we will multiply them by 72, which is 
the same £is suppressing the denominator 72, in the fractional terms, 
and multiplying the entire term by 72 ; the equation then becomes 

48a?— 54aj+12a?r=792. 
or dividing by 6 Sx— 9x+ 2a?=132. 

89. The last equation could have been found in another manner 
by employing the least common multiple of the denominators. 

The common multiple of two or more numbers is any number 
which they will divide without a remainder ; and the least com- 
mon multiple, is the least number which they will so divide. The 
least common multiple will be the product of all the numbers, 
when, in comparing either with the others, we find no common fac- 
tors. But when there are common factors, the least common mul- 
tiple will be the product of all the numbers divided by the product 
of the common factors. 

The least common multiple, when the numbers are small, can 
generally be found by inspection. Thus, 24 is the least common 
multiple of 4, 6, and 8, and 12 is the least common multiple of 
3, 4 and 6. 

2a; 3 07 

Take the last equation -r j-x+-r-=^^» 

3 4 o 

We see that 12 is the least common multiple of the denomina- 
tors, and if we multiply all the terms of the equation by 12, and 
divide by the denominators, we obtain 

8aj— 9a;+2a:=132. 
the same equation as before found. 



J 
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90. Hence, to make the denominators disappear from an equation, 
we have the following 

RULE 

I. Form the least common multiple of aU the denominators, 

II, Multiply each of the entire terms by this mvJUipUf and each of 
the fractional terms by the quotient of this multiple divided hy^ the de- 
nominator of the term thus multiplied, and <mU the denominators of 
the fractional terms, 

EXAMPLES. 

X X 

1. Clear the equation "r"+"7 — 4=3 of its denominators. 

Ans. 7a:+5a?--140=105. 

a c 

2. Clear the equation -r ■^+f=g* 



b d 

Ans, ad—bc+bdf^=bdg. 



3. In the equation 



ax 2c^x Abc'x 5a^ 2c* 

T-^+^«=^^ ¥-+—-^^- 

the least common multiple of the denominators is a'i' ; hence clear- 
ing the fractions, we obtain 

a^bx - 2a23 A + 4a*^ = U^c'x - 5a« + 2a^b^c^ - Sa^'P. 

Second Transformation, 

91. When the two members of an equation are entire polynomials, 
to transpose certain terms from one member to the other. 

Take for example the equation . • • • 5a;— 6=8+20;. 

If, in the first place we subtract 2a? from 
both members, the equality will not be de- 
stroyed, aud we have 5a;— 6— 2a?=8. 

Whence we see that the term 2a;, which was additive in the 
second member becomes subtractive in the first. 
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In the second place if we add 6 to both 
membersi the equality will still exist and 

we have 5a?— 6— 2a?+6=8+6. 

Or, since —6 and +6 destroy each other 5a;— 2a;=^4-6. 

Hence the term which was subtractive in the first member, passes 
into the second member with the sign of addition. 

Again, take the equation ..••.. ax+b=:d—-cx. 

If we add ex to both members 
and subtract b from them, the 

equation becomes .... ax+h+cx—h=d--cx+cX'^h. 
or redncing €ix+cx=:d—b. 

Therefore, for the transposition of the terms, we have the 
foUowing 

RULE. 

Any term of an equation may be transposed from one member to the 
other by changing its sign* 

92. We will now apply the preceding principles to the resolution 

of the equation, 

4a;— 3=2a;+5. 

by transposing the terms —3 and 2a; it becomes 

4a;— 2a;=5+3 

Or reducing . 2j;=8 

8 
Dividing by 2 . 37=—-= 4. 

Now, if 4 be substituted in the place of x in the first equation, it 

becomes 

4x4—3=2x4+5 

or . • • • 13=13. 

Hence, the value of a; is verified by substituting it for the unknown 

quantity in the given equation. 

For a second example, take the equation 

5a; 4a; 7 13a; 

—-—-13=— —. 
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By maSing the denominators disappear, we have 

10a?— 32a:- 312= 21 —52a: 
or, by transposing . lOx— 32a:+52a:= 21 +312 
by reducing . . . 30a:=333 

333 111 

dividing by 30 . . a?=— =:-y^=:11,1. 

a result which may be verified by substituting it for x in the given 
equation. 

For a third example let us take the equation 
(3a— a:) (a— 6)+2aa:=43(a:+a). 

It is first necessary to perform the multiplications indicated, in or- 
der to reduce the two members to two polynomials, and thus be able 
to disengage the unknown quantity x, from the known quantities. 
Having done that, the equation becomes, 

da' —ax— Sab + ^x -f 2aa:= 45a: + 4a5. 
or by transposing . —ax+ix-\-2aa:—Ahx =4ai+3aZ»— 3a* 

by reducing . . aa:— 35a: =7a5— 3a* 

Or, (Art. 48). . . {aSb)x=7ahSa* 

Dividing both members by a— 35 we find 

_ 7a5-3a» 
^"" a-35 • 
93. Hence, in order to resolve any equation of the first degree, 
we have the following general 

RULE. 

I . If there are any denominators, cause them to disappear, and per- 
form, in loth members, all the algebraic operaJtions indicated : we thus 
obtain an equation the two members of which are entire polynomials, 

II. Then transpose all the terms affected toiih the unknown quantity 
into the first member, and all the known terms into the second member, 

fll. Reduce to a single term all the terms involving x: this term 

will be composed of two factors, one of which will be x, and the other 

all the multipliers of x, connected wUh their respective signs. 

6* 



66 ALOEBRA. 

IV. Divide both members by the number or poIynomitUby wMck the 
unknoum quantity is mulUplied, 

EXAMPLES. 

1. Given 3a;— 2+24=31 to find x. Ans. a;=3. 

2. Given a7+18=3a:— 5 to find x, Ans. a;=ll-r-. 

3. Given 6— 2a?+10=20— 3a:— 2 to finda?. Ans. x=2. 

1 1 

4. Given x+—x-\—^x=ll to find x. Ans. a?=6. 

1 6 

5,^ Given 2a; — t-a;+l=5a;— 2 to find x. Ans. a;=-r-. 

2 7 



a 
6. Given 3aa;+-7r^ — 3=^a?— a to find x. 



6 — 3a 
Ans. x=:- 



6a-2y 



X — 3 X X — 19 
7. Given — — 1--«-=^^ o — ^^ ^^ ^' 



Alls. a:=23-7- 
4 



a;-f3 X a;— 5 
S. Given — r; — |--r-=4 ;; — to find x. 



6 
Ans. a;=3~. 



ax-^b a bx bx-—a 
9. Given ;; h-^=-^; 7: — to find x. 



Ans, X: 



3a^2b 

10. Find the value of x in the equation 

{a-\-b) (a;— 5) 4a3— 3' a'-^bx 

r 3a= — ~-r 2a? H z — . 

a— ^ a-\-b b 



ilii^. a;= 



2*(2a*+ai— J*) 
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Of Questions producing Equations of the First Degree 
involving but a single unknown quantity. 

94. It has already been observed (Art. 81), that the solution of 
a problem by algebra, consists of two distinct parts, 

1st. To express the conditions of the problem algebraically ; 
and 

2d. To disengage the unknown from the known quantities. 

We have already explained the manner of finding the value of 
the unknown quantity, after the question has been stated ; and it 
only remains to point out the best methods of enunciating a problem 
in the language of algebra. 

This part of the algebraic resolution of a problem, cannot, like 
the second, be subjected to any well defined rule. Sometimes the 
enunciation of the problem furnishes the equation immediately; and 
sometimes it is necessary to discover, from the enunciation, new con- 
ditions from which an equation may be formed. The conditions 
enunciated are called explicit conditions, and those which are de- 
duced from them, implicit conditions. 

In almost all cases, however, we are enabled to discover the equa- 
tion by applying the following 

RULE. 

Consider the problem solved ; and then indicate, by means of alge- 
hraic signs^ upon the known and unknown quantities, the same course 
of reasoning and operations which it would be necessary to perform, 
in order to verify the unknown quantity, had it been given, 

QUESTIONS. 

1. Find a number such, that the sum of one half, one third, and 
one fourth of it, augmented by 45, shall be equal to 448. 

Let the required number be denoted by . . . or • 
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Then, one half of it will be denoted by 



X 
X 



one third of it . . by . . . — . 



one fourth of it . . by 



X 

T 



XXX 



And by the conditions, -—+—-+--+45=448. 
•^ 2 3 4 

Or by subtracting 45 from both members, 

XXX 

_+_+_=403. 

By clearing the terms of their denominators, we obtain 

6x+4a;+3x=4836. 

or . . 13x=4836. 

4836 
Hence . 0?=-^— -=372. 

10 

Let this result be verified. 

372 372 372 ,^ ^ ^^ . ^ . ^o..'.- . .^ 
--- J — ^+—^-4-45—186 + 124+93+45=448. 
2 o 4 

2. What number is that whose third part exceeds its fourth, by 

16. 

Let the required number be represented by a;. Then, 

1 

— -a;= the third part. 
o 

1 

-j-a;= tlie fourth part. 

1 1 

And by the question -r-a? — t"^= 16. 

or, . . . 4x— 3a?=192. 

a:=192. 

Verification, 
192 192 



3 



=64-48=16. 
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3. Divide $1000 between A, B, and C, so that A shall have 872 
more than B, and C 8100 more than A. 

Let . . x= B's share of the 81000. 

Then . . x+ 72= A's share. 

And . . a?+172= C's share. 

Their sum 3a; +244= 1000. 

Whence, Sx=z 1000 - 244= 756 

756 
or x=z =$252= B's share. 

x+ 72=252+ 72=8324= A's share. 
And a;+172=252+172=8424= C's share. 

Verification, 
252+324+424=1000. 

4. Out of a cask of wine which had leaked away a third part, 
21 gallons were afterwards drawn, and the cask being then gauged, 
appeared to be half full : how much did it hold ? 

Suppose the cask to have held x gallons. 

X 

Then, — = what leaked away. 

X 

And —+21= all that was taken out of it. 

o 

X 1 

Hence, "^+ 21=— a; by the question. 

or 2a;+126=3a;. 

or — X = — 126. 

or X = 126, by changing the signs of both 

members, which does not destroy their equality. 

Verification. 

126 126 

+21=42+21=63= 



3 ' ' 2 

5. A fish was caught whose tail weighed 9Z3. ; his head weighed 
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as much as his tail and half his body, and his body weighed as 
much as his head and tail together ; what was the weight of the 
fish? 

Let • 2d?= the weight of the body. 

Then . 9+x= weight of the head. 
And since the body weighed as much as both head and tail 

2a;=9+ 9+x 
or . . 2a;--a;=18 and a?=18. 

Verification, 

2x=^6 lb= weight of the body. 

9+x=27lb= weight of the head. 

9Z3= weight of the tail. 

Hence, . 72 lb= weight of the fish. 

6. A person engaged a workman for 48 days. For each day 
that he laboured he received 24 cents, and for each day that he was 
idle, he paid 12 cents for his board. At the end of the 48 days, the 
account was settled, when the labourer received 504 cents. JRe- 
quired the number of working days^ and the number of days he was 
idle. 

If these two numbers were known, by multiplying them respec- 
tively by 24 and 12, then subtracting the last product from the first, 
the result would be 504. Let us indicate these operations by moans 
of algebraic signs. 

Let . . X = the number of working days. 

48 —a? = the number of idle days. 
Then 24 X^ = the amount earned, and 

12(48— a?)= the amount paid for his board. 
Then 24a;— 12(48— a?) =504 what he received, 

or 24a:-576+12a;=504. 

or 36a;=504+576=1080 

1080 
and a?= =30 the working days. 

whence, 48—30=18 the idle days. 
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Verification. 

Thirty day's labor, at 24 cents a day, 
amounts to . 

And 18 day's board, at 12 cents a day, 
amounts to • . ... 

And 720—216=504, the amount received. 
This question may be made general, by deno- 
ting the whole number of working and idle days, 
The amount received, for each day he worked, 
The amount paid for his board, for each idle 
Clay, ••••«••• 

And the balance due the laborer, or the result 
of the account, ...... 

As before, let the number of working days be 
represented ....... 

The number of idle days will be expressed 
Hence, what he earns will be expressed 
and the sum to be deducted, on account of his board. 
The equation of the problem therefore is, 

aa?— 5(w— a?)=c 
whence ax—h n+hx=c 

(^a+b)x=:c -{-bn 
c +bn 



30x24=720 cts. 



18x12=216 cts. 



by 
by 

by 

by 



n. 
a. 

h. 

c. 



by 


X, 


by 


n—x. 


by 


ax. 


by 


^n—x). 



x=. 



and consequently, 



or 



u — xz=.n- 



n—x: 



c -{-hn an-\-hn^c^bn 



a -^b 
an—c 



a-{-b 



a+b' 



7. A fox, pursued by a greyhound, has a start of 60 leaps. He 
makes 9 leaps while the greyhound makes but 6 ; but three leaps of 
the greyhound are equivalent to 7 of the fox. How many leaps 
must the greyhound make to overtake the fox ? 

From the enunciation, it is evident that the distance to be passed 
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over by the greyhound is composed of the 60 leaps which the fox is 
in advance, plus the distance that the fox passes over from the mo- 
ment when the greyhound starts in pursuit of him. Hence, if we 
can find the expression for these two distances, it will be easy to 
form the equation of the problem. 

Let aj= the number of leaps made by the greyhound before 
he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound makes 

9 3 

but 6, the fox will make "x- or -^ leaps while the greyhound 

o Zi 

makes 1 ; and, therefore, while the greyhound makes x leaps, the 

3 

fox will make —x leaps. 

Hence, the distance which the greyhound must pass over, will be 

3 
expressed by ^^■\-—x leaps of the fox. 

It might be supposed, that in order to obtain the equation, it would 

3 

be sufficient to place a? equal to 60+— a;; but in doing so, a 

At 

manifest error would be committed ; for the leaps of the greyhound 
are greater than those of the fox, and we would then equate hetero- 
geneous numbers, that is, numbers referred to different units. 
Hence it is necessary to express the leaps of the fox by means of 
those of the greyhound, or reciprocally. Now, according to the 
enunciation, 3 leaps of the greyhound are equivalent to 7 leaps of 

7 
the fox, then 1 leap of the greyhound is equivalent to — leaps of 

o 

the fox, and consequently x leaps of the greyhound are equivalent 

7a; ^ , ^ 

10 — of the fox. 
o 

7a? 3 

Hence, we have the equation ■^= 60-}-— a;; 

making the denominators disappear 14a;=360+ 9a?, 

Whence . . . 5a:=360 and a?=72. 



E<IUATI0N8 OF THE £IRST DEGREE. 73 

Therefore, the greyhound will make 72 leaps to overtake the fox, 

3 

and during this time the fox will make 72 X— or 108. 

Verification. 

72 X 7 
The 72 leaps of the greyhound are equivalent to — ^ — =168 

leaps of the fox. 

And 60+108=168, the leaps which the fox made ftom the 
beginning. 

8. A and B play together at cards. A sets down with $84 and 
B with $48, Each loses and wins in turn, when it appears that 
A lias five times as much as B. How much did A win ? 

Let X represent what A won. 

Then - - - A rose with $84-j-a? dollars, 
and - - - - B rose with $48— a? dollars. 

But by the conditions of the question we have 

84+a?=5(48— a:); 
hence, 84+ a? =240-^ 5a?; 

consequently - - - 6a? =156, 
and ....... 01?= $26 what A won. 

Verification, 

84+26=110 ; 48—26=22 
110 = 5(22)=110. 

9. A can do a piece of work alone in 10 days, B in 13 days: 
in what time can they do it if they work together? 

Denote the time by a?, and the work to be done by 1 . Then in 

1 1 

1 day A could do --r of the work, and B could do -r^ ; and in « 
^ 10 13 

7 
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days A could do — of the^ work, and B — : hence by the con* 
ditions of the question 

10^13"" ' 

which gives 1 3a:+ 1 Oa: = 1 30 : 

130 
hence, 23a:=130, a:=-— -=5jf days. 

10. A person dying leaves half of his property to his wife, one- 
sixth to each of two daughters, one-twelfth to a servant, and the 
remaining $600 to the poor : what was the amount of his property ? 

Represent the amount of the pioperty by x. 

Then, — = what he left to his wife, 

X 

— = what he left to one daughter, 

and —-=-— what he left to both daughters, 

6 3 

X 



= what he left to his servant. 



12 

$600 to the poor. 

Then, by the conditions of the question 

^f* fir ST 

"5-+-^+r7r+600=a: the amount of the property, 

which gives a?=$7200. 

11. A father leaves his property, amounting to $2500,^0 four 
sons, A, B, C and D. C is to have $360, B as much as C and D 
together, and A twice as much as B less $1000 : how much does 
A, B and D receive ? Ans. A $760, B $880, D $520. 

12. An estate of $7500 is to be divided between a widow, two 
sons, and thrfee daughters, so that each son shall receive twice as 
much as each daughter, and the widow herself $500 more than aU 
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the children : what was her share, and what the share of each 

child ? r Widow's share $4000. 

Ans. } Each son $1000. 

V Each daughter $500. 

13. A company of 180 persons consists of men, women, and 
children. The men are 8 more in number than the women, and 
the children 20 more than the men and women together : how 
many of each sort in the company ? 

Ans. 44 men, 36 women, 100 children. 

14. A father divides $2000 among five sons, so that each elder 
should receive $40 more than his next younger brother : what is 
the share of the youngest ? Ans. $320. 

15. A purse of $2850 is to be divided among three persons, A, 
B, and C ; A's share is to be to B^s as 6 to 11, and C is to have 
$300 more than A and B together : what is each one's share ? 

Ans. A's $450, B's $825, C's $1575. 

16. Two pedestrians start from the same point, the first steps 
twice as far as the second, but the second makes 5 steps while 
the first makes but one. At the end of a certain time they are 300 
feet apart. Now, allowing each of the longer paces to be 3 feet, 

how far will each have travelled ? 

Ans. Isi, 200 feet; 2nd, 500. 

« 

17. Two carpenters, 24 journeymen and 8 apprentices, received 
At the end of a certain time $144. The carpenters received $1 
per day, each journeyman half a dollar, and each apprentice 25 
cents : how many days were they employed ? Ans. 9 days. 

18. A capitalist receives a yearly income of $2940 : four-fifths 
of his money bears an interest of 4 per cent, and the remainder of 
5 per cent : how much has he at interest ? Ans. 70000. 

1 9. A cistern containing 60 gallons of water has three unequal 
cocks for discharging it ; the largest will empty it in one hour, the 
second in two hours, and the third in three : in what time will the 
cistern be emptied if they all run together ? Ans. 32^ min. 
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20. In a certaia orchard ^ are apple trees, ^ peach trees, -J- plum 
trees, 120 cherry trees, and 80 pear trees : how many trees in the 
orchard? Ans. 2400. 

21. A fanner being asked how many sheep he had, answered 
that he had them in five fields ; in the 1st he had ^, in the 2nd ^, 
in the 3rd |-, in the 4th -^, and in the 5th 450 : how many had he ? 

Ans. 1200. 

22. My horse and saddle together are worth $132, and the horse 
is worth ten times as much as the saddle ; what is the value of 
the horse? Ans. $120. 

23. The rent of an estate is this year 8 per cent greater than it 
was last. This year it is $1890 : what was it last year ? 

Ans. $1750. 

24. What number is that from which, if 5 be subtracted, f of 
the remainder will be 40 ? Ans. 65. 

25. A post is -J- in the mud, ^ in the water, and ten feet above the 
water : what is the whole length of the post ? Ans. 24 feet. 

26. After paying -^ and ^ of my money, I had 66 guineas left 
in my purse : how many guineas were in it at first ? 

Ans. 120. 

27. A person was desirous of giving 3 pence apiece to some 
beggars, but found he had not money enough in his pocket by 8 
pence : he therefore gave them each 2 pence and had 3 pence re- 
maining : required the number of beggars. Ans. 1 1 . 

28. A person in play lost ^ of his money, and then won 3 shil- 
lings ; after which he lost ^ of what he then had ; and this done, 
found that he had but 12 shillings remaining : what had he at first? 

Afis. 20s. 

29. Two persons, A and B, lay out equal sums of money in 
trade ; A gains $126, and B loses $87, and A's money is now 
double of B's : what did each lay out ? Ans. $300. 

30. A person goes to a tavern with a certain sum of jnoney in his 
pocket, where he spends 2 shillings ; he then borrows as much mo 
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ney as he had led, and going to another tavern, he there spends 2 
shillings also ; then borrowing again as much money as was lefl, he 
went to a third tavern, where likewise he spent two shillings and 
borrowed as much as he had lefl ; and again spending 2 shillings 
at a fourth tavern, he then had nothing remaining. What had he 
at first ? Ans. Ss. 9d. 

Of Equations of the First Degree involving two or more 

unknown quantities. 

05. Although several of the questions hitherto resolved, contain- 
ed in their enunciation more than one unknown quantity, we have 
resolved them by employing but one symbol. The reason of this 
is, that we have been able, from the conditions of the enunciation, 
to express easily the other unknown quantities by means of this sym- 
bol ; but this is not the case in all problems containing more than 
one unknown quantity. 

To ascertain how problems of this kind are resolved : first, take 
some of those which have been resolved by means of one unknown 
quantity. 

1. Given the sum a, of two numbers, and their difference b, it is 
required to find these numbers. 

Let a?= the greater, and y the less number. 

Then by the conditions .... x-|-y= a, 
and .... x—y=h. 

By adding (Art. 86. Ax. 1.) . . * 2a?=a+3. 

By subtracting (Art. 86. Ax. 2.) . . 2y=a--i. 

Each of these equations contains but one unknown quantity. 

a+b 



From the first we obtain . . . x= 



And from the second • • • • ^= 



2 
a— A 



7* 



t8 ALGEBRA. 

Verification. 

a^b a^b 2a , a+b a—b 2h 

* 1 = — =0,1 and = — =o. 

2^2 2*2 2 2 

For a second example, let us also take a problem that has been 
already solved. 

2. A person engaged a workman for 48 days. For each day 
that he labored he was to receive 24 cents, and for each day that he 
was idle he was to pay 12 cents for his board. At the end of the 
48 days, the account was settled, when the laborer received 504 
cents. Required the number of working days and the number of 
days he was idle. 

Let X = the number of working days. 

y == the number of idle da5^s. 

n = the whole number of days = 48. 

a =z wliat he received per day for work = 24 cts. 

b = what he paid per day for board = 12 cts. 

c = what he received at the end of the time = 504. 

Then, ax = what he earned, 

And hy = what he paid for his board. 

We have by the question ... \ ' ' 

( ax — l:y= c, 

Ifc has already been shown that the two members of an equation 
can be multiplied by the same number, without destroying the equal- 
ity ; therefore the two members of the first equation may be multi- 
plied by b, the co-efficient of y in the second, and we have 

The equation bx+hy=bn. 

Which, added to the second • . ax—hj= c. 

Gives . . , .... ax-^hx=zbn-\-c. 

bn-\-c 



Whence 



a;= 



a^b' 

In like manner, multiplying the two members of the first equa- 
ti<Mi by a, the co-efliicient of a? in the second, it becomes 
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From which, subtract the second equation, ax-^hy^ c. 



And we obtain . . , . • . ay -{-by =071—0. 

an — € 
Whence . . • . . y=- 



a+b 

By introducing a symbol to represent each of the unknown quan- 
tities in the preceding problem, the solution which has just been 
given has the advantage of making known the two required num- 
bers, independently of each other. 

Elimination. 

96. The method which has just been explained of combining two 
equations, involving two unknown quantities, and deducing there- 
from a single equation involving but one, may be extended to three, 
four, or any number of equations, and is called eliniination. 

There are three principal methods of elimination : 

1st. By addition and subtraction. 

2d. By substitution. 

3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Subtraction. 

\ 5^+7^=43. 

97. Take the two equations . . \ n^+gy^eo. 

which may be regarded as the algebraic eiiuiiciation of a problem 
containing two unknown quantities. If, in these equations, one of 
the unknown quantities was affected, with the same co-efficient, we 
might, by a simple subiraction, form a new equation which would 
contain but one unknown quantity, and from which the value of this 
unknown quantity could be deduced. 

Now, if both members of the first equation be multiplied by 9, 
the co-efficient of y in the second, and the two members of the 
second by 7, the co-efficient of y in the first, we will obtain 
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45a?+63y=387, 
77a?+63y=483, 

equations which may be substituted for- the two first, and in which 
y is affected with the same co-efficient. 

Subtracting, then, the first of these equations from the second, 
there results 32a?=96, whence a;=3. 

Again, if we multiply both members of the first equation by 11, 
the co-efficient of x in the second, and both members of the second 
by 5, the co-efficient of x in the first, we will form the two equations 

55a;+77y='473, ) 

«.- ( which may be substituted for the two 
55aj+45y=345, ) ^ 

proposed equations, and in which the co- efficients of a? are the same. 

Subtracting, then, the second of these two equations from the first, 
there results 32y=128, whence y=4. 

Therefore a?=3 and y=4, are the values of x and y, which 
should verify the enunciation of the question. Indeed we have, 

1st. 5x3+7x4=15+28=43 ; 
2d. 11x3+9x4=33+36=69. 

The method of elimination, just explained is called the method hy 
addition and subtraction^ because the unknown quantities disappear 
by additions and subtractions, after having prepared the equations 
iu such a manner that one unknown quantity shall have the same 
co-efficient in two of them. 

Elimination hy Substitution. 

( 5a;+7y=43. 
98. Take the same equations . . ) , , ^ 

^ ( llx+9y=69 

Find the value of x in the first equation, which gives 

43-73f 

a?= • 

5 

Substitute this value of x in the second equation, and we have 

43-7y 
llX— 5-^+9y=69. 
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or 

or 
Hence 

And 



478-77y+45y=345. 
-32y = -128. 

43-28 



X=z- 



=3. 



This method, called the method by substitution, consists m finding 
the value of one of the unknown quantities in one of the equations,, 
as if the other unknown quantities were already determined, and in 
substituting this value in the other equations; in this way new equa- 
tions are formed, which contain one unknown quantity less than the 
given equations, and upon which we operate as upon the proposed 
equations. 



99. Take the same equations 



Elimination by Comparison, 

5fl7-f7y=43 
lla;+9y=69. 

Finding the value of a? in the first equation, we have 

_4S-^7y 

X—— _ . 

o 

And finding the value of x in the second, we obtain 

69—9^ 



X: 



11 



Let these two values of x be placed equal to each other, and we 

43— 7y 69— 9y 



have. 



Or, . 
Or, . 
Hence, 

And, 



5 11 

473-77^ =345- 45y 
— 32y = -128. 

y= 4 

69—36 



X-. 



11 



= 3. 



This method of elimination is called the method by comparison, 
and consists in finding the value of the same unknown quantity in all 
the equations, placing them equal to each other, two and two, which 
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necessarily gives a new set of equations, containing one unknown 
quantity less than the other, upon which we operate as upon the 
proposed equations. 

But there is an inconvenience in the two last methods, which the 
method by addition and subtraction is not subject to, viz. : they pro- 
duce new equations, containing denominators, which it is aflerwards 
necessary to make disappear. The method by suhstitiUion is, how- 
ever, advantageously employed whenever the co-efficient of one of 
the unknown quantities is equal to unity in one of the equations, be- 
cause then the inconvenience of which we have just spoken does not 
occur. We shall sometimes have occasion to employ it, but gene- 
rally, the method by addition and subtraction is preferable. It more- 
over presents this advantage, viz. : when the co-efficients are not 
too great, we can perform the addition or subtraction at the same 
time with the multiplication which is necessary to render the co-ef- 
ficients equal to each other. 

100. Let us now consider the case of three equations involving 
three unknown quantities. 

{5x— 6y -f 4«= 16. 
7a; -|- 4^—32=19. 
2x+ y-{-6z=^e. 

To eliminate z by means of the first two equations, multiply the 
first by 3 and the second by 4, then since the co-efficients of z have 
contrary signs, add the two results together : this gives a new 
equation ...... 43a:— 2y=121 ^ 

Multiplying the second equation by 2, a fac- 
tor of the co-efficient of z in the third equation, 
and adding them together, we have . . 16a?+%= 84 ^ 

The question is then reduced to finding the values of x and y, 
which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and the re- 
sults be added together, we find 

419«=1257, whence a?=8. 
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We might, by means of the two equations involving x and y, de- 

termine y m the same way we have determined x ; but the value of 

y may be determined more simply, by observing that the last of 

these two equations becomes, by substituting for x its value found 

above, 

84-48 
48-f-9y=84 whence y= -r- — =4, 

In the same manner the first of the three proposed equations, be- 
comes, by substituting the values of x and y, 

24 
15— 24+42:= 15, whence t=---=6. 

4 

101. Hence, if there are m equations involving a like number of 
unknown quantities, the unknown quantities may be eliminated by 
the following 

RULE. 

I. T\> eliminate one of the unknown quantities, comUne any one of 
the equations tmt.h each of them— \ others ; there will thus be obtain- 
ed m— 1 new equations containing m— 1 unknown quantities* 

II. Eliminate another unknown quantity by combining one of these 
new equations wUh them— 2 others ; this wUl give m— 2 equations 
containing m— 2 unknown quantities, 

III. Continue this series of operations until a single equation con* 
taining but one unknown quantity is obtained, from which the value of 
this unknown quantity is easily found* Then by going back through 
the series of equations which have been obtained, the values of the 
other unknown quantities may be successively determined. 

102. It often happens that each of the proposed equations does 
not contain all the unknown quantities. In this case, with a little 
address, the elimination is very quickly performed. 

Take the four equations involving four unknown quantities : 

2xSy+2z=lS^ . . (1) 4y+2z=zl4: . . (3). 
4m— 2^=30 \ . . (2) 5^+3m=32 . . (4), 
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By inspecting these equations, we see that the elimination of z in 
the two equations, (1) and (3), will give an equation involving x and 
y ; and if we eliminate u in the equations (2) and (4), we will ob- 
tain a second equation, involving x and y. These two last unknown 
quantities may therefore be easily determined. In the first place. 



the elimination of z in (1) and (3) gives 

That of u in (2) and (4), gives 

Multiplying the first of these equations by 3, 
and adding ..••.• 

Whence 

Substituting this value in 7y— 2a;=i, we find 

Substituting for x its value in equation (2), 
it becomes 4m— 6=30, whence 

And substituting for y its value in equation 
(3), there results 

EXAMPLES. 



7y— 2a?=l ^ 
20y4-6a:=38 

41y=41 

y= 1 

x= 3 
»= 9 

2= 5 



1. Given 2x+Sy=zl6y and 3a:— 25^=11 to find the values of 
X and y. Ans» a;=5, y=2. 

2x Sy 9 , 3a? 2y 61 

2. Given -r-+-r=:r;: «"^" --— |— -— = to find the values 

5 4 20 4 5 120 



of X and y. 



1 1 

Ans. aJ=Y, y=-g-. 



X y 

3. Given — +7y=99, and — +7a?=51, to find the values of 



X aiidy. 



Ans» x=7, y=14. 



X V x4-v X 2y — X 

4. Given —-12=^+8, and ^-|-— -8=--^^+27, 

to find the values of x and y. Arts, a?=60, y=^40, 

r x+ y+ 2=29 ' 
x+ 2y+ 3«=62 
111 



5. Given < 



> to find a?, y and z» 



_,+_j,+_,= 10 



Ans. a?=8, y=9, «=12. 
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6. Given 



2x+ 4y^ 32=22 
4a?— 2y+ 5«=18 
6x+ 7y^ 2=63 



to find a;, y and z. 



Ans. x=zdf y=7, 2=4. 



^+^^+•3-3=32 
7. Given ^ _a;+-^+«^-i5 



— <cA v-\ 2= 12 



to find X, y and 2. 



jiiw. x=lf^, y=20, 2=30. 
7a;— 22+ 3m=17^ 



8. Given < 



> to find X, y, 2, u, and U 



4y— 22+ «=11 
by— 3a;- 2m= 8 
4y-. 3m+ 2^ = 9 
32+ 8u=33^ 
J.?w. a;=2, y=4, 2=3, m=3, <=1. 

103. In all the preceding reasoning, we have supposed the num- 
ber of equations equal to the number of symbols employed to de- 
note the unknown quantities. This must be the case in every pro- 
blem involving two or more unknown quantities, in order that it may 
be determinate ; that is, in order that it may not admit of an infi- 
nite number of solutions. 

Suppose, for example, that a problem involving two unknown 
quantities, x and y, leads to the single equation, 5a:— 3y=12 ; we 

12+3y 



deduce from it x-. 



there results, 



Now, by making successively 
]/=l, 2, 3, 4, 5, 6, &c., 



18 21 24 27 
a;=3, —, —, —, -^, 6, &c.. 



and evejy system of values, 



8 
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(y=l, a?=3); (y=2, x=—); (y=3, a7=~j ; <&€• 

substituted for x and y in the equation, will satisfy it equally well. 

If we had two equations involving three unknown quantities, we 
could in the first place eliminate one of the unknown quantities by 
means of the proposed equations, and thus obtain an equation, which, 
containing two unknown quantities, would be satisfied by an infinite 
number of systems of values taken for these unknown quantities. 
Therefore, in order that a problem may he determined^ its enunciation 
must contain at least as many different conditions as there are unknown 
quantities, and these conditions must he such, that each of them may 
be expressed by an independent equation ; that is, an equation not 
produced by any comMnation of the others of the system. 

If, on the contrary, the number of independent equations exceeds 
the number of unknown quantities involved in them, the conditions 
which they express cannot be fulfilled. 

For example, let it be required to find two numbers such that 
their sum shall be 100, their difference 80, and their product 700. 

The equations expressing these conditions are, 

a?+y=100 
x—y= 80 
and a?X3^='700. 

Now, the first two equations determine the values of a: and y, viz. 
a:=90 and y=10. The product of the two numbers is therefore 
known, and equal to 900. Hence the third condition cannot be ful- 
filled. 

Had the product been placed equal to 900, all the conditions 
would have been satiisfied, in which case, however, the third would 
not have been an independent equation, since the condition expressed 
by it, is implied in the other two. 

QUESTIONS. 

1. What fraction is that, to the numerator of which, if 1 be add- 
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ed, its value will be — , but if one be added to its denominator, its 

1 

value will be -7-. 

4 

X 

Let the fraction be represented by — . 

x4-l 1 X 1 

Then, by the question =-Tr- and — -— -=-r« 

Whence 3a?-l-3=y, and 4x=y+l, 
Therefore, by subtracting, a?,— 3=1 or x=z 4. 
Hence, 12+3=y: therefore y=15, 

2. A market woman bought a certain number of eggs at 2 for a 
penny, and as many others, at 3 for a penny, and having sold them 
again altogether, at the rate of 5 for 2df found that she had lost 
id : how many eggs had she ? 

Let 2a: = the whole number of eggs. 

Then x= the number of eggs of each sort. 

Then will — a;= the cost of the first sort. 



And 7raJ= the cost of the second sort. 



4tx 
But 5 : 2 : : 2a: : — ,. the amount for which the eggs were 



sold. 



1 1 4a; 



Hence, by the question -7;-^ +-^3; — -r- =4. 

Therefore . . 15 a?+ 10a?— 24a; =120. 

Or, . . a?=120 the number of eggs of 

each sort. 

3. A person possessed a capital of 30,000 dollars for which he 
drew a certain interest ; but he owed the sum of 20,000 dollars, for 
which he paid a certain interest. The interest that he received ex- 
ceeded that wnich he paid by 800 dollars^ Another person pes 
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aessed 35|000 dollarsi jfor which he received interest at the second 
of the above rates, but he owed 24,000 dollars, for which he paid 
interest at the first of the above rates. The interest that he re- 
ceived exceeded that which he paid by 310 dollars. Required, the 
two rates of interest. 

Let X and y denote the two rates of interest : that is, the interest 
of $100 for the given time. 

To obtain the interest of $30,000 at the first rate denoted by x, 

we form the proportion 

30,000a? 
100 : a; : : 30,000 : : — fQQ— or 300a;. 

And for the interest $20,000, the rate being y. 

20,000v 
100 : y : : 20,000 : : -Tqq-^ or 200y. 

But from the enunciation, the difference between these two in- 
terests is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

300a?~200y=800. 

By writing algebraically the second condition of the problem, we 
obtain the other equation, 

350y--240a;=:310. 

Both members of the first equation being ivisible by 100, and 
those of the second by 10, we may put the following, in place of 
them : 

3a;— 2y=8, 35y— 24a;=31. 

To eliminate a;, multiply the first equation by 8, and then add it 
to the second ; there results 

19y=95, whence y=5. 

Substituting for y, in the first equation, its value, this equation 
becomes 

3a?— 10=8, whence x=6» 

Therefore, the first rate is 6 per cent., and the second 5. 
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Verification. 

$30,000, placed at 6 per cent., gives 300x0, = 81800. 
«20,000, do. 5 do. 200x5, = 81000. 

And we have 1800—1000=800. 

The second condition can be verified in the same manner. 

4. There are three ingots composed of different metals mixed 
together. A pound of the first contains 7 ounces of silver, 3 ounces 
of copper, and 6 of pewter. A pound of the second contains 12 
ounces of silver, 3 ounces of copper, and 1 of pewter. A pound 
of the third contains 4 ounces of silver, 7 ounces of copper, and 5 
of pewter. It is required to find how much it will take of each of 
the three ingots to form a fourth, which shall contain in a pound, 8 
ounces of silver, 3J of copper, and 4^ of pewter. 

Let J7, y and z represent the number of ounces which it is neces- 
sary to take from the three ingots respectively, in order to form a 
pound of the required ingot. Since there are 7 ounces of silver in 
a pound, or 16 ounces, of the first ingot, it follows that one ounce 
of it contains y^ of an ounce of silver, and consequently in a num- 

7a? 
ber of ounces denoted by x, there is — r ounces of silver. In the 

•^ 16 

same manner we would find that and —, express the num- 

ber of ounces of silver taken from the second and third, to form 
the fourth ; but from the enunciation, one pound of this fourth ingot 
contains 8 ounces of silver. We have, then, for the first equation 

7a? 12v Az 

16^ 16 ^16 

or, making the denominators disappear. . 7a?-f 12j^4-4z=128 

As respects the copper, we should find . . 3a?+ 8y-h7«= 60 

and with reference to the pewter . . . 6a;+ y+52== 68 

As the co-efficients of y in these three equations, are the most 

Simple, it is most convenient to eliminate this unknown quantity first. 

8* 



t . 
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Multiplying the second equation by 4^ and dubtracting the first 
equation from the product, we have . * * 5a?+24a;=112 

Multiplying the third equation by 3^ and 
subtracting the second from the product . . 15a?4- 8«=144 

Multiplying this last equaticHi by 3, and subtracting the preced- 
ing one from the product, we obtain 40x=320, whence a;=8. 

Substitute this value for a? in the equation 15a;+8«=144; it be- 
comes 

120+8^=144, whence 2=3. 

Lastly, the two values a:=8, 2;= 3, being substituted in the equa- 
tion 6a;+y +52=68, give 48+^+15=68, whence y=5. 

Therefore in order to form a pound of the fourth ingot, we must 
take 8 ounces of the first, 5 ounces of the second, and 3 of the 
third. 

Verification. 

If there be 7 ounces of silver in 16 ounces of the fii-st ingot, in 
8 ounces of it, there should be a number of ounces of silver ex- 

pressed by -Tg-- 

12x5 , 4x3 

In like manner — -^ — and will express the quantity 

of silver contained in 5 ounces of the second ingot, and 3' ounces of 

the third, 

XT u 7X8. 12X5 ,4X3 128 

Now, we have "Tq^H Tq i — 16~^"76~^^' therefore, a 

pound of the fourth ingot contains 8 ounces of silver, as required by 
the enunciation. The same conditions may be verified relative to 
the copper and pewter. 

5. What two numbers are those, whose difierence is 7, and sum 
33 ? Ans. 13 and 20. 

6. To divide the number 75 into two such parts, that three times 
the greater may exceed seven tunes the less by 15. 

Ans, 54 and 21. 
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7. In a mixture of wine and cider, ^ of the whole plus 25 gal- 
Ions -was wine, and ^ part minus 5 gallons was cider ; how many 
gallons were there of each ? 

Ans, 85 of wine, and 35 of cider. 

8. A bill of jE120 was paid in guineas and moidores, and the 
number of pieces of both sorts that were used was just 100 ; if the 
guinea be estimated at 21 s, and the moidore at 27 s. how many 
were there of each ? Ans. 50 of each, 

9. Two travellers set out at the same time from London and 
York, whose distance apart is 150 miles; one of them goes 8 miles 
a day, and the other 7 ; in what time will they meet ? 

Ans. In 10 days, 

10. At a certain election, 375 persons voted for two candidates, 
and the candidate chosen had a majority of 91 ; how many voted 
for each ? Ans. 233 for one, and 142 for the other. 

11. A's age is double of B's, and B's is triple of C's, and the sum 
of all their ages is 140 ; what is the age of each ? 

Ans. A's=84, B's=42, and C's ;= 14. 

12. A person bought a chaise, horse, and harness, for £60 ; the 
horse came to twice the price of the harness, and the chaise to twice 
the price of the horse and harness ; what did he give for each ? 

r £13. 6s. Sd. for the horse. 
Ans. ) £ 6. VSs. 4d. for the harness. 
[^ £40. for the chaise. 

13. Two persons, A and B, have both the same income : A saves 
i- of his yearly, but B, by spending £50 per annum more than A, 
at the end of 4 years finds himself £100 in debt ; what is their 
income ? Ans. £125. 

14. A person has two horses, and a saddle worth £50 ; now if. 

the saddle be put on the back of the first horse, it will make his 

value double that of the second ; but if it be put on the back of the 

second, it will make his value triple that of the first; what is the 

value of each horse ? ^ 

Ans. One £30, and the other £40. 



J 
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15. To divide the number 36 into three such parts that J of tho 
first, I of the second, and J of the third, may be all equal to each 
other. Ans, 8, 12, and 16. 

16. A footman agreed to serve his master for £8 a year and a 
livery, but was turned away at the end of 7 months, and received . 
only £2. 12s, 4d, and his livery ; what was its value? 

Ans, £4. 165. 

17. To divide the number 90 into four such parts, that if the first 
be increased by 2, the second dii?iinished by 2, the third multiplied 
by 2, and the fourth divided by 2, the sum, difference, product, and 
quotient so obtained, will be all equal to each other. 

Ans, The parts are 18, 22, 10, and 40. 

18. The hour and minute hands of a clock are exactly together 
at 12 o'clock ; when are they next together ? 

Ans, Ih, b^jmin. 

19. A man and his wife usually drank out a cask of beer in 12 . 
days ; but when the man was from home, it lasted the woman 30 
days ; how many days would the man alone be in drinking it ? 

Ans, 20 days. 

20. If A and B together can perform a piece of work in 8 days, 
A and C together in 9 days, and B and C in 10 days : how many days 
would it take each person to perform the same work alone ? 

Ans, A 14f f days, B 17f f , and C 23^^. 

21. A laborer can do a certain worK expressed by a, in a time 
expressed by 3 ; a second laborer, the work c in a time d ; a third, 
the work e, in a iimef. It is required to find the time it would take 
the three laborers, working together, to perform the work g, 

. i^ 

^"^^ ^- adf+bcf+M^' 

Application, 

a=27; 3=4 | c=:35 ; d=6 | e=40;/=12 |g=191; 
X will be found equal to 12. 

22. If 32 pounds of sea water contam 1 pound of salt, how 
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much fresh water must be added to these 32 pounds, in order that 
the quantity of salt contained in 32 pounds of the new mixture 
shall be reduced to 2 ounces, or | of a pound ? 

Ans. 224 lb. 

23. A number is expressed by three figures ; the sum of these 
figures is 11 ; the figure in the place of units is double that in the 
place of hundreds ; and when 297 is added to this number, the sum 
obtained is expressed by the figures of this number reversed. What 
is the number ? Ans, 326 

24. A person who possessed 100,000 dollars, placed the greater 
part of it out at S per cent, interest, and the other part at 4 per 
cent. The interest which he received for the whole amounted to 
4640 dollars. Required, the two parts. 

Ans. 64,000 and 36,000. 

25. A person possessed a certain capital, which he placed out at 
a certain interest. Another person who possessed 10,000 dollars 
more than the first, and who put out his capital 1 per cent, more 
advantageously than he did, had an income greater by 800 dollars. 
A third person who possessed 15,000 dollars more than the firsi, 
and who put out his capital 2 per cent, more advantageously than 
he did, had an income greater by 1500 dollars. Required, the capi- 
tals of the three persons, and the three rates of interest. 

Sums at interest, $30,000, $40,000, $45,000. 
Rates of interest, 4 5 6 per cent. 

26. A banker has two kinds of money ; it takes a pieces of the 
first to make a crown, and h of the second to make the same sum. 
Some one offers him a crown for c pieces. How many of each kind 
must the banker give him ? 

Ans. 1st kind, -^^ — r^ ; 2d kind, -^^ — j-^. 

a— d a—b 

27. Find what each of three persons A, B, C, is worth know- 
ing; Istjthat what A is worth added to I times what B and C are 
worth is equal top ; 2d, tj^at what B is worth added to m times what 
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A and C are worth is equal to q ; Sd, that what C is worth added to 
n times what A and B are worth is equal to r. 

This question can be resolved in a very simple manner, by intro 
ducing an auxiliary unknown quantity into the calculus. This un- 
known quantity is equal to what A, B and C are worth. 

28. Find the values of the estates of six persons, A, B, C, D, E, 
F, from the following conditions : 1st. The sum of the estates of A 
and B is equal to a ; that of C and D is equal to h ; and that of E and 
F is equal to c, 2d. The estate of A is worth m times that of C ; 
the estate of D is worth n times that of E, and the estate of F is 
worth p times that of B. 

This problem may be resolved by means of a single equation, 
involving but one unknown quantity. 

Theory of Negative Quantities. Explanation of the terms, 

Nothing and Infinity. 

104. The algebraic signs are an abbreviated language. They 
point out in the shortest and clearest manner the operations to be 
performed on the quantities with which they are connected. 

Having once fixed the particular operation indicated by a parti- 
cular sign, it is obvious that that operation should always be perform- 
ed on every quantity before which the sign is placed. Indeed, the 
principles of algebra are all established upon the supposition, that 
each particular sign which is employed always means the same 
thing ; and that whatever it requires is strictly performed. Thus, 
if the sign of a quantity is +, we understand that the quantity is to 
be added ; if it is —, we understand that it is to be subtracted. 

• For example, if we have —4, we understand that this 4 is to be 
subtracted from some other number, or that it is the result of a sub- 
traction in which the number to be subtracted was the greatest. 

If it were required to subtract 20 from 16, the subtraction could 
not be made by the rules of arithmetic, since 16 does not contain 
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20 ; nor indeed can it be entirely performed by Algebra. We 
write the numbers for subtraction thus, 

16-20=16-16-4= -4. 

By decomposing —20 into —16 and —4, the —16 will cancel 
the +16, And leave —4 for a remainder. 

We thus indicate that the quantity to be subtracted exceeds the 
quantity from which it is to be taken, by 4. 

To show the necessity of giving to this remainder its proper sign, 
let us suppose that the difference of 16—20 is to be added to 10. 
The numbers would then be written 

16-20=- 4 

+10 =+10 

26-20=+ 6 

105. If the sum of the negative quantities in the first member of 
the equation, exceeds the sum of the positive quantities, the second 
member of the equation will be negative, and the verification of the 
equation will show it to be so. 

For example, if a—h=^c^ 

and we make a=15 and 3=18, c will be =—3. Now the cssen- 
tial sign of c is different from its algebraic sign in the equation. 
This arises from the circumstance, that the equation a--h:=^c ex- 
presses generally, the difference between a and i, without indicating 
which of them is the greater. When, therefore, we attribute par- 
ticular values to a and 6, the sign of c, as well as its value, becomes 
known. 

We will illustrate these remarks by a few examples. 

1. To find a number which, added to the number h, gives for a 
sum the number a. 

Let a7= the required number. 
Then, by the condition a;+Z>=a, whence x=:a^b. 
This expression, or formula, will give the algebraic value of x in 
all the particular cases of this problem. 
For example, let a=47, 3=29, then a;=47— 29=18. 
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Again, let a=24, 5=31 ; then will a?=24— 31 =— 7. 

This value obtained for x, is called a negative solution. How is 
il to be interpreted ? 

Considered arithmetically, the problem with these values of a and 
h, is impossible, since the number h is already greater than 24. Con- 
sidered algebraically, however, it is not so ; for we have found the 
iwilue of a; to be —7, and this number added, in the algebraic sense, 
to 31, gives 24 for the algebraic sum, and therefore satisfies both 
the equation and enunciation. 

2. A father has lived a number a of years, his son a number of 
years expressed by h. Find in how many years the age of the 
son will be one fourth the age of the father. 

Let x= the required number of years. 

Then a-|-a?= the age of the father ) , - , 

^ , ( at the end of the requir- 

and o+x= the age of the son ) ^ 

ed time. 

a-^-x a— 45 

Hence, by the question =zo+x ; whence x= — - — . 

4 o 

54-36 18 

Suppose a=54, and o=9 : then a?= — - — =—=6. 

o o 

The father having lived 54 years, and the son 9, in 6 years the 

father will have lived 60 years, and his son 15 ; now 15 is the 

fourth of 60; hence, a;=6 satisfies the enunciation. 

45-60 
Let us now suppose a=45, and 6=15 : then x= — - — =—5. 

If we substitute this value of x in the equation of condition, we 

obtain 

45-5 

— =15-5 

4 

or 10=10. 

Hence,— 5 substituted for x verifies the equation, and therefore 
is the true answer. 

Now, the positive result which has been obtained, shows that the 
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age of the father will be four times that of the son at the expiration 
of 6 years from the time when their ages were considered ; while 
the negative result indicates that the age of the father was four times 
that of his son, 5 years previous to the time when their ages were 
compared. 

The question, taken in its most general or algebraic sense, de- 
mands the time, at which the age of the father was four times that 
of the son. In stating it, we supposed that the age of the father 
was to be augmented ; and so it was, by the first supposition. But 
the conditions imposed by the second supposition, required the age 
of the father to be diminished, and the algebraic result conformed 
to this condition by appearing with a negative sign. If we wished 
the result, under the second supposition, to have a positive si^, we 
might alter the enunciation by demanding how many years since the 
age of the father was four times that of his son. 

If x=2 the number of years, we shall have 

a—x Ah'-a 

=3— x: hence x-. 



4 3 

If a=45 and 3=15, x will be equal to 5. 

Reasoning from analogy, we establish the following general 
principles. 

hA, Every negative value found for the unknown quantity in a 
problem of the first degree, loill, when taken with its proper sign, verify 
the equation from which it was derived. 

2d. That this negative value, taken with its proper sign, wUl also 
satisfy the enunciation of the problem, understood in its algebraic 

sense, 

3d. If the enunciation is to be understood in its anthm^etical sense^ 
in which the quantities referred to are always supposed to be positive, 
then this value, considered without reference to its sign, may be con- 
sidered as the answer to a problem, of which the enunciation only dif- 
fers from that of the proposed problem in this, that certain quantities 
which were additive, have become subtractive^ and reciprocally. 
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106. Take for example the problem of the labourer (Page.'JB), 
Supposmg that the labourer receives a sum c, we have the 
equations. 

x-j- y=n ) Jn-f-c an—c 

whence a?= —7-, y=- 



ax—by=c ) ' a+b ' ^ a+* ' 

But if we suppose that the labourer, instead of receiving, owes a 
sum c, the equations will then be 

x+ y=n I ( a;4- j/=n, 

hy—ax=c ) ' ( aa:—hy=—c. 

By changing the signs of the second equation. 

Now it is visible that we can obtain immediately the values of x 
and y, which correspond to the preceding values, by merely chang- 
ing the sign of c in each of those values ; this gives 

hn—c an-\-c 

To prove this rigorously, let us denote — c by^; 

The equations then become : , , and they only differ 

^ ( aa;— by^=d 

from those of the first enunciation by having d in the place of c. 

We would, therefore, necessarily find 

I)n-\'d an—d 

And by substituting — c for d, we have 

bn-^(—c) an—(—c) 

"""= a-^b ' ^= a+b ' 

or by applying the rules of Art. 85, 

bn—c an-\-c 



^- a+b ' ^-^ a+b • 
The results, which agree to both enunciations, may be compre* 
bended in the same formula, by writing 

^ndbc anqpc 

a+5 ' ^ a+b 
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The double sign =b is read plus or minus, the superior signs cor* 
respond to the case in which the labourer received, and the inferior 
signs to the case in which he owed a sum c. These formulas com- 
prehend the case in which, in a settlement between the labourer and 
his employer, their accounts balance. This supposes c=0, which 
gives 

hn an 

107. When a problem has been resolved generally, that is, by 
representing the given quantities by letters, it may be required to 
determine what the values of the unknown quantities become, when 
particular suppositions are made upon the given quantities. The 
determination of these values, and the interpretation of the peculiar 
results obtained, form what is called the discussion of the problem. 

The discussion of the following question presents nearly all the 
circumstances which are met with in problems of 'the first degree. 

108. Two couriers are travelling along the same right line and 
in the same direction from, R' towards R. The number of miles 
travelled by one of them per hour is expressed by m, and the 
number of miles travelled by the other per hour, is expressed by n. 
Now, at a given time, say 12 o'clock, the distance between them is 
equal to a number of miles expressed by a : required the time when 
they will be together. 

R' A B_____R. 

At 12 o'clock suppose the forward courier to be at B, the other 
at A, and R to be the point at*^vhich they will be together. 
Then, AB=a, their distance apart at 12 o'clock. 
Let . . <= the number of hours which must elapse, before 

they come together. 
And • «= the distance BR, which is to be passed over by 

the forward courier. 
Then, since the rate per hour, multiplied by the number of hours 
will give the distance passed over by each, we have, 
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tXn=x =BR. 

Hence by subtracting, t(m—n) = a 

a 
Therefore, • • l=- 



Now so long as TO>n, < will be positive, and the problem will be 
solved in the arithmetical sense of the enunciation. For, if w>n 
the courier from A will travel faster than the courier from B, and 
will therefore be continually gaining on him : the interval which 
separates them will diminish more and more, until it becomes 0, and 
then the couriers will be found upon the same point of the line. 

In this case, the time /, which elapses, must be added to 12 o'clock, 
to obtain the time when they are together. 

But, if we suppose nK^Uy then m— n will be negative, and the 
value of t will be negative. How is this result to be interpreted ? 
• It is easily explained from the nature of the question, v/hich, con- 
sidered, in its most general sense, demands the time when the 
couriers are together. 

Now, under the second supposition, the courier which is in ad- 
vance, travels the fastest, and therefore will continue to separate 
himself from the other courier. At 12 o'clock the distance between 
them was equal to a : after 12 o'clock it is greater than a, and as 
the rate of travel has not been changed, it follows that previous to 
12 o'clock the distance must have been less than a. At a certain 
hour, therefore, before 12 the distance between them must have been 
equal to nothing, or the couriers were together at some point R'. 
The precise hour is found by subtracting the value of t from 12 
o'clock. 

This example, therefore, conforms to the general principle, that, 
if the conditions of a problem are such as to render the unknown 
quantity essentially negative, it will appear in ilie result with the 
minus sign, whenever it has been regarded as positive in the enwi- 
ciation. 
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If we wish to find the distances AR, and BR passed over by the 
two couriers before coming together, we may take the equation 

a 



t=z 



7n — n 
and multiply both members by the rates of travel respectively : this 

will give ^ 

ma 

AR=m<= and 

m—n 

BR= nt= 



Also, . . AR'=— m/= 



m — n 
ma 



and . . BR'= — n<= 



m — n 
na 



m-^n 

from which we see that the two distances AR, BR, will both be 
positive when estimated towards the right, and that AR', BR' will 
both be negative when estimated in the contrary direction. 

109, To explain the terms nothing and infinity, let us conside- 
ihe equation 

a 
m — n 
If in this equation we make m=n, then m--n=0, and the value 
of t will reduce to 

a 



In order to interpret this new result, let us go back to the enun- 
ciation, and it will be perceived that it is absolutely impossible to 
satisfy it for any finite value for t ; for whatever time we allow to 
the two couriers they can never come together, since being once se- 
parated by an interval a, and travelling equally fast, this interval 

will always be preserved. 

a 
Hence, the result, — may be regarded as a sign of impossi- 
bility for any /ini/e value of t 

9* 
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Neverthelessy algebraists oooBider the result 

a 



0* 

as fbrrning a species of value, to which they have given the name 
of if^mU vdlvej for this reason : 

When the difference m— n, without being absolutely nothing, is 
supposed to be very small, the result 



fii — n 
IS very great. 

Take, for example, m— ik=0,01. 

Then t= — ^ — =:r^=100a; 

m-^n 0,01 

Again, take fR—n= 0,001, and we have 

a a 

= 1000a. 



m—n 0,001 

In short, if the difierence between tbe rates is not zero, the cou- 
riers will come together at some point of the line, and the time will 
hecome greater and greater as this difference is diminished. 

Hence, if the difference between the rates is less than any assigna- 
hie numhert the time expressed by 

a a 

" m^n ~~ 0' 
iciU be greater than any assignable or finite nuniber. Therefore, 
for brevity, we say when m~fi=0, the result 

a 

t=— 

m—n 

becomes equal to infinity, which we designate by the character x . 

Again, as the value oi a fraction increases as its niunerator be- 

conies greater with reference to its denominator, the expression — , 

A being any finite number, is a proper symbol to represent an infi- 
nite quantity ; that is, a quantity greater than any assignable quan- 
tity* 
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A 

A quantity less than any given quantity may be expressed by — ; 

for a fraction diminishes as its denominator becomes greater with 

A 
reference to its numerator. Hence, and — are synonymous 

A 

symbols, and so are — and oo . 

We have been thus particular in explaining these ideas of infini- 
ty, because there are some questions of such a nature, that infinity 
may be considered as the true answer to the enunciation. 

In the case, just considered, where m=n it will be perceived that 
there is not, properly speaking, any solution Injinite and determinate 
numbers ; but the value of the unknown quantity is found to be 
infinite. 

110. If, in addition to the hypothesis m=:::nj we suppose that a=0, 

we have 



To interpret this result, let us reconsider the enunciation, where 

it will be perceived, that if the two couriers travel equally fast, and 

are once at the same point, they ought always to be together, and 

consequently the required point is any point whatever of the line 


travelled over. Therefore,the expression — is in this case, the 

symbol of an indeterminate quantity. 

If the couriers do not travel equally fast, that is, if m>, or m<n, 
and a=0, then will <=0. 

Indeed, it is evident, that if the couriers travel at different rates, 
and are together at 12 o'clock, they can never be together afler- 
wards. 

The preceding suppositions are the only ones that lead to remark- 
able results ; and they are sufficient to show to beginners the man- 
ner in which the results of algebra answer to all the circumstances 
of the enunciation of a problem. 



J 
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111. We will add another example to show, that the ezpressioo 


-- expresses, generally, an indeterminate quantity. 

1 — X 
Take the expression, . . 



Now, if we perform the division the quotient will be 1 ; and if we 
make x= 1, there will result 

1 — a?_ 

1-0^ 



Let us next take the expression 



1-a: 

If we perform the division, the quotient will be l+x; then 
making a;=l, the expression becomes 

l-ar" 

=—=2. 



l—x 

l—a^ 

In like manner • — =-—=3 when x=l, 

l—x 

1-aj" 
and .... — - — =---=n when a;=l. (See Art. 59). 

all of which goes to show that — is the symbol of an indetermi- 
nate quantity. 

112. We will add another example showing the value of the ex- 

pressions — and — . 

Take the equation ax^=h, involving one unknown quantity, whence 

l 

x^=. — . 
a 

1st. If, for a particular supposition made with reference to the 

given quantities of the question, we have a=0, there results 

b 





Now in this case the equation becomes Ox^=^» and evidently 
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cannot be satisfied by any finite value of x. We will however remark 

b 
that, as the equation can be put under the form — =0, if we sub- 

X 

b 

stitute for x, numbers greater and greater, — will differ less and 

X 

less from 0, and the equation will become more and more exact ; so 

b 
that, we may take a value for x so great that — will be less than 

X 

b 

any assignable quantity, or — =0. 

It is in consequence of this that algebraists say, that infinity satis- 
fies the equation in this case ; and there .are some questions for 
which this kind of result forms a true solution ; at least, it is certain 
that the equation does not admit of a solution in finite numbers, and 
this is all that we wish to prove. 

2d. If we have a=0, 3=0, at the same time, the value of x 



takes the form iP="7r« 

In this case, the equation becomes OXii^=0, and every finite nunu 
berf positive or negative, substituted for x, will satisfy the equation. 
Therefore the equation, or the problem of which it is the algebraic 
translation, is indeterminate, 


113. It should be observed, that the expression — , does not al- 
ways indicate an indetermination, it frequently indicates only the exists 
ence of a common factor to the two terms of the fraction, which fac- 
tor becomes nothing, in consequence of a particular hypothesis. 
For example, suppose that we find for the solution of a problem, 

0?=— 5 — rr-. If, in this formula, a is made equal to J, there resuhs 


But it will be observed, that a^—P can be put under the form 
(a— 3) (a«+aJ+3»), (Art. 59), and that a*— ^ is equal to (a~*) 
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(a ■!-&), therefore the value of x becomes 

{a-b) (a'+a&4-y) 

''- (a^b) {a+b) ' 

Now, if we suppress the common factor (a— &), before making 

(t'+ab+Ir^ 
the supposition a=3, the value of x becomes x= — , 

which reduces to x=—t — , or a?=-r-, when a=3. 

2a 2 

For another example, take the expression 



Making a= J, we find a;=— , because the factor {a—b) is com- 
mon to the two terms ; but if we first suppress this factor, there re- 

a-^b . , 2a 

suhs a:= r> which reduces to x=—-, when a=b, 

a—b 



From this we conclude, that ike symbol — sometimes indicates 

the existence of a common factor to the two terms of the fraction 
which reduces to this form. Therefore, before pronouncing upon 
the true value of the fraction, it is necessary to ascertain whether 
the two terms do not contain a common factor. If they do not, we 
conclude that the equation is really indeterminate. If they do con- 
tain one, suppress it, and then makfe the particular hypothesis ; this 
will give the true value of the fraction, which will assume one of 

A A Q 
the three forms — , — , — , in which case, the equation is determi- 
nate, impossible in finite numbers, or indeterminate. 

This observation is very useful in the discussion of problems. 

Of Inequalities. 

114. In the discussion of problems, we have oft«n occasion lo 
suppose several ineqtuditiesj and' to perform transformations upon 
them, analogous to those executed upon equalities. We are often 
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obliged to do this, when, in discussing a problem, we wish to esta- 
blish the necessary relations between the given quantities, in order 
that the problem may be susceptible of a direct, or at least a real 
solution, and to fix, with the aid of these relations, the limits between 
which the particular values of certain given quantities must be 
found, in order that the enunciation may fulfil a particular condition. 
Now, although the principles established for equations are in general 
applicable to inequalities, there are nevertheless some exceptions, of 
which it is necessary to speak, in order to put the beginner upon his 
guard against some errors that he might commit, in making use of 
the sign of inequality. These exceptions arise from the introduction 
of negative expressions into the calculus, as quantities. 

In order that^we may be clearly understood, we will take exam- 
ples of the different transformations that inequalities may be subject- 
ed to, taking care to point out thA exceptions to which these trans- 
formations are liable, 

115. Two inequalities are said to subsist in the same sense, when 
the greater quantity stands at the left in both, or at the right in 
both ; and in a contrary sense, when the greater quantity stands at 
tlie right in one, and at the- left in the other. 

Thus, 25>20 and 18>10, or 6<8 and 7<9, 
are inequalities which subsist in the same sense ; and the inequalities 
15>13 and 12<14, subsist in a contrary sense. 

1. If we add the same quantity to both members of an inequality, 
or subtract ilie same quantity from both members, the resulting in^ 
equality will subsist in the same sense. 

Thus, take 8>6 ; by adding 5, we still have 8+5>6+5 
and 8— 5>6-5. 

When the two members of an equality are both negative, that 
one is the least, algebraically considered, which contains the great- 
est number of units. Thus, — 25<--20 ; and if 30 be added to 
both members, we have 5<10. This must be understood entirely 
in an algebraic sense, and arises from the convention before esta- 
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blished, to consider all quantities preceded by the minus sign, as 
subtractive. 

The principle first enunciated, serves to transpose certain terms 
from one member of the inequality to the other. Take, for ex- 
ample, the inequality a^+^>3^— 2a^ ; there will result from it 

2. If two inequalities subsist in ike same sense, and we add them 
member to memlfer, iJie resulting inequality will also subsist in tlie same 
sense. 

Thus, from a> J, c> ^, c>/, there results a-\-c -|-e> ^+«i 4/. 

But this is not always the case, when we subtract, memberfrom mem- 
ber, tuQo inequaHities established in the same sense. 

Let there be the two inequalities 4<7 and 2<3, we have 
4—2 or 2<7— 3 or 4. 

But if we have the inequalities 9<10 and 6<8, by subtracting 
we have 9—6 or 3>10— 8 or 2. 

We should then avoid this transformation as much as possiole, or 
if we employ it, determine in what sense the resulting inequality 
exists. 

3. If the two members of an inequality be multiplied by a positive 
number, the resulting inequality mil exist in the same sense. 

Thus, from a<i^, we deduce 3a<3J; and from — a<— i, 
— 3a<— 33. 
This principle serves to make the denominators disappear. " 

From the inequality — jr= — >— x > we deduce, by multiply. 

Aid wL 

ing by Qad, 

The same principle is true for diyision. 

But when the two memlfers of an inequality are mvliiplied or di- 
vided by a negative number, tJie inequality subsists in a contrary 
sense. 

Take, for example, 8>7; multiplying by —3, we have 
-24<-21. 
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8 8 7 

Inlike manner, 8>7 gives — r-, or — ^< — —. 

Therefore, when the two members of an inequality are multipli- 
ed or divided by a number expressed algebraically, it is necessary 
to ascertain whether the mvUiplier or divisor is negative ; for, in 
that case, the inequality would exist in a contrary sense. 

4. It is not permitted to change the signs of the two members of an 
inequality unless we establish the resulting inequality in a contrary 
sense ; for this transformation is evidently the same as multiplying 
the two members by —1. 

5. Both members of an inequality between positive numbers can be 
squared, and the inequality will exist in the same sense. 

Thus from 5>3, we deduce 25>9; from a-\'b^c, we find 

6. When both members of the inequality are not positive, we cannot 
tell before the operation is performed, in which sense the resulting in- 
equality will exist. 

For example, — 2<3 gives (— 2)^ or 4<9; but — 3>— 5 
gives, on the contrary, (—3)^ or 9<(— 5)^ or 25. 

We must then, before squaring, ascertain whether the two mem- 
bers can be considered as positive numbers, 

EXAMFIiiaS. 

1. Find the limit of the value of a; in the expression 

5a;— 6>19. Ans, a?>5. 

2. Find the limit of the value of x in the expression 

14 
3x4-^a?— 30>10 Ans. a;>4. 

3. Find the limit of the value of a? in the expression 

1 1 a? 13 17 

4. Find the limit of the value of a? in the inequalities 

10 
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ax c? 

hx ' V 

7 ^7 

5. The double of a number diminished by 5 is greater than 25, 
and triple the number diminished by 7, is less than double the num- 
ber increased by 13. Required a number which shall satisfy the 
conditions. 

By the question, we have 

2a;— 5>25. 
3a;— 7<2aj+13. 

Resolving these inequalities, we have a;>15 and a; < 20. Any 
number, therefore, either entire or fractional, comprised between 15 
and 20, will satisfy the conditions. 

6. A boy being asked how many apples he had in his basket, re- 
plied, that the sum of 3 times the number plus half the number, di- 
minished by 5 is greater than 16 ; and twice the number diminished 
by one third of the number, plus 2 is less than 22. Required the 
number which he had. 

Ans. 7, 8, 9, 10, or 11. 
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Extraction of the Square Root of Numbers. Forma- 
tion of the Square and Extraction of the Square 
Root of Algebraic Quantities. Calculus of Radi- 
cals of the Second Degree. Equations of the Se- 
cond Degree. 

11 6. The square or second power of a number, is the product 
which arises from multiplying that number by itself once ; for ex- 
ample, 49 is the square of 7, and 144 is the square of 1! 
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The square root of a number is a second number of such a value, 
that, when multiplied by itself once the product is equal to the given 
number. Thus; 7 is the square root of 49, and 12 the square root 
of 144: for 7x7=49, and 12x12=144. 

The square of a number, either entire- or fractional, is easily 
found, being always obtained by multiplying this number by itself 
once. The extraction of the square root of a number, is however, 
attended with some difficulty, and requires particular explanation. 

The first ten numbers are, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
and their squares, 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100. 
and reciprocally, the numbers of the first line are the square roots 
of the corresponding numbers of the second. We may also remark 
that, the square of a number eocpressed by a single figure, wUl contain 
no figure of a higher denomination ilian tens. 

The numbers of the last line 1, 4, 9, 16, &c., and all other num- 
bers which can be produced by the multiplication of a number by 
itself, are called perfect squares. 

It is obvious, that there are but nine perfect squares among all the 
numbers which can be expressed by one or two figures : the 
square roots of all other numbers expressed by one or two figures 
will be found between two whole numbers differing from each other 
by unity. Thus, 55 which is comprised between 49 and 64, has for 
its square root a number between 7 and 8. Also, 91 which is 
comprised between 81 and 100, has for its square root a number 
between 9 and 1 0. 

Every number may be regarded as made up of a certain number 
of tens and a certain number of units. Thus 64 is made up of 6 
tens and 4 units, and may be expressed under the form 60+4=64. 

Now, if we represeifit the tens by a and the units by b, we shall 
have a-\-b = 64 

and (a+&)«=(64)^ 

or . . a*-|-2ai-f-5* =4096. 



-/- 



112 ALGEBRA. 

Which proves that the square of a number composed of tens and 
units contains, the square of the tens phis twice the product of the tens 
hy the units, phis the square of the units, 

117. If now, we make the units 1, 2, 3, 4, dec, tens, by annex- 
ing to each figure a cipher, we shall have, 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100 
and for their squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

from which we see that the square of one ten is 100, the square of 
two tens 400 ; and generally, thai the square of tens tcill contain no 
figure of a less denomination tJian hundreds, nor of a higJier name 
than thousands. 

Example I. — To extract the square root of 6084. 

Since this number is composed of more than two 
places of figures its roots wUl contain more than one. 60.84 

But since it is less than 10000, which is the square 
of 100, the root will contain but two figures : that is, units and tens. 

Now, the square of the tens must be found in the two left hand 
figures which we will separate from the other two by a point. 
These parts, of two figures each, are called periods. The part 60 
is comprised between the two squares 49 and 64, of which the roots 
are 7 and 8 : hence, 7 is the figure of the tens sought ; and the re- 
quired root is composed of 7 tens and a certain number of upits. 

The figure 7 being found, we 

write it on the rigjit of the given 60.84 | 78 

number, from which we separate it 49 

by a vertical fine : then we subtract 7x2=14.8 11 8. 4 

its square 49 from 60, which leaves 118 4 

, .i ■ — 

a remainder of 11, to which we 

bring down the two next figures 84. 

The result of this operation 1184, contains twice the product of the 
tens hy the units plus the square of the units. But since tens multi. 
plied by units cannot give a product of a less name than tens, it fol- 
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lows that the last figure 4 can form no part of the double product of 
the tens by the units : this double product is therefore found in the 
part 118, which we separate from the units' place 4 by a point. 

Now if we double the tens, whi<;h gives 14, and then divide 118 
by 14, the quotient 8 is the figure of the units, or a figure greater 
than the units. This quotient figure can never be too small, since 
the part 118 will be at least equal to twice the product of the tens 
by the units : but it may be too large ; for the 118 besides the dou- 
ble product of the tens by the units, may likewise contain tens aris- 
ing from the square of the units. To ascertain if the quotient 8 
expresses the units, we write the 8 to the right of the 14, which gives 
148, and then we multiply 148 by 8. Thus, we evidently form, 
1st, the square of the units : and 2d, the double product of the tens 
by the units. This multiplication being effected, gives for a product 
1 184, a number equal to the result of the first operation. Having 
subtracted the product, we find the remainder equal to : hence 78 
iii the root required. 

Indeed, in the operations, we have merely subtracted from the 
given number 6084, 1^^, the square of 7 tens or 70 ; 2d, twice the 
product of 70 by 8 ; and Sd, the square of 8 : that is, the three 
I)arts which enter into the composition of the square of 704-8 or 
78 ; and since the result of the subtraction is 0, it follows that 78 
is the square root of 6084. 

Kx, 2. To extract the square root of 841. 

We first separate the number into 
periods, as in the last example. In the 8,41 29 

second period, which contains the square ' 4 

of the tens, there is but one figure. The 2x2=4.9 144.1 

greatest square contained in 8 is 4, the I 44 1 

root of which is 2 : hence 2 is the fi- 

gure of the tens in the required root. 

Subtracting its square 4 from 8, and bringing down 41, we obtain 
tor a result 441. 

10* 
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If now, as in the last example, we separate the last figure 1 from 
the others by a point, and divide 44 by 4, which is double the tens, 
the quotient figure will be the units, or a figure greater than the 
units. Here the quotient is 11 ; but it is plain that it ought not to 
exceed 9, for if it could, the figure of the tens already found would 
be too small. Let us then try 9. Placing 9 in the root, and also 
on the right of the 4, and multiplying 49 by 9, we obtain for a pro- 
duct 441 : hence, 29 is the square root of 841. 

Remark. The quotient figure 11, first found, was too large be- 
cause the dividend 44 contained, besides the double product of the 
tens by the units, 8 tens arising from the square of the units. When 
the dividend is considerably augmented, by tens arising from the 
square of the units, the quotient figure will be too large. 

Ex, 3. To extract the square root of 431649. 

Since the given number exceeds 10,000 its root will be greater 
than 100 ; that is, it will cdntain more than two places of figures. 
But we may still regard the root as composed of tens and units, for 
every number may be expressed in tens and units. For example, 
the number 6758 is equal to 675 tens and 8 units, equal to 6750+8. 

Now, we know that the square of the tens of the required root 
can make no part of the two right 

hand figures 49, which therefore, we 43.16.49 65' 

separate from the others by a point, 
and the remaining figures 4316 con- 
tain the square of the tens of the re- 
quired root. But since 4316 exceeds 
100 the t^ns of the required root will 
contain more than one figure : hence 
4316 must be separated into two 

parts, of which the right hand period 16 will contam no part of the 
square of that figure of the root, which is of the highest name, and 
for a similar reason we should separate again if the part to the left 
contained more than two figures. 



12.5 
5 
~136?7 



43.16.49 
36 
71.G 
62 5 
9 14.9 
9 14 9 
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Since 36 is the greatest square contained in 43, the first figure of 
the root is 6. We then subtract its square 36 from 43, and lo the 
remainder 7 bring down the next period 16. Now, since the last 
figure 6 of the result 716, contains no part of the double product of 
the first figuTe of the tens by the second, it follows, that the second 
figure of the root will be obtained by dividing 71 by 12,double the 
first figure of the tens. This gives 5 for a quotient, which we place 
in the root, and at the right of the divisor 12. Then subtract the 
product of 125 by 5 from 716, and to the remainder bring down the 
next period, and the result 9149 will contain ttnce the product of the 
tens of the root multiplied by tJie units, plus the square of the units* 
If this result be then divided by twice 66, that is, by double the tcn.i 
of the root, (which may always be found by adding the last figure 
of the divisor to itself), the quotient will be the units of the root. 

Hence, for the extraction of the square root of numbers, we have 
t!je following ) 

RULE. 

I. Separate the given number into periods of two figures each be- 
ginning at tlie right hand,— ^the period on the left toill often contain but 
one figure* 

II. Find the greatest square in the first, period on the left, and place 
its root on the right after the manner of a quotient in division* Sub- 
tract the square of the root from the first period^ and to the remainder 
bring down the second period for a dividend. 

III. Double the root already found and place it on the left for a di- 
visor. Seek how many times the divisor is contained in tht dividend, 
exclusive of the right hand figure, and place the figure in the root and 
also at the right of the divisor. 

IV. Multiply the divisor, thus augmented, by the last figure of the 
root, and subtract the product from the dividend, and to the remainder 
bring down the next period for a new dividend. 

V. Double the whole root already found, for a new divisor, and 
continue the operation as before^ wuU all the periods are brought down. 
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1st. Remark. If, afler all the periods are brought down, there is 
no remainder, the proposed number is a perfect square. But if 
there is a remainder, you have only found the root of the greatest 
perfect square contained in the given number, or the entire part of 
the root sought. 

For example, if it were required to extract the square root of 665, 
we should find 25 for the entire part of the root and a remainder of 
40, which shows that 665 is not a perfect square. But is the square 
of 25 the greatest perfect square contained in 665 ? that is, is 25 the 
entire part of the root ? To prove this, we will first show that, the 
difference between the squares of two consectUive numherSy is equal to 
twice the less number augmented by unity. 

Let . . . a = the less number, 

and . . . a+l = the greater. 
Then . . (a+l)^=a«+2a+l 

and . . . (.af=a' 

Their difference is . = 2a+l as enunciated. 

Hence, the entire part of the root cannot be augmented, unless 
the remainder exceed twice the root found, plus unity. 

But25x2+l=51>40 the remainder: therefore, 25 is the en- 
tire part of the root. > 

2d. Remark. The number of figures in the root will always be 
equal to the number of periods into which the given number is 
separated. 

BXAMPLES. 

1. To find the square root of 7225. 

2. To find the square root of 17689. 

3. To find the square root of 994009, 

4. To find the square root of 85678973. 

5. To find the square root of 67812675. 

118. The square root of a number which is not a perfect square, 
18 called incammensurahle or irraUonal^ because its exact root can* 
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not be found in terms of the nunaerical unit. Thus, y% V^5, 

vTT are incommensurable numbers. They are also sometimes 
called surds^ 

In order to prove that the root of an imperfect power cannot be 
expressed by exact parts of unity, we must first show that, 

Every number P, wMch will exactly divide the product A x B of two 
numbers, and which is prime with one of them, will divide the other. 

Let us suppose that P will not divide A, and that A is greater 
than P. Apply to A and P the process for finding the greatest com- 
mon divisor, and designate the quotients which arise by Q, Q', Q" . . . 
and the remainders R, R', R" . . . respectively. If the division be 
continued sufficiently far, we shall obtain a remainder equal to unity, 
for the remainder cannot be 0, since by hypothesis A and P are prime 
with each other. Hence we shalt have the following equations. 

A=P Q +R 
P =R Q' +R' 
R=R'Q"+R" 
R'=R"Q'"+R'" 



Multiplying the first of these equations by B, and dividing by P, 

we have 

AB ^^ BR 
-=BQ+ 



p— —jjv^T p— . 

But, by hypothesis, — p— is an entire number, and since B and 

Q are entire numbers, the product BQ is an entire number. Hence 

BR 

it follows that -^5— is an entire number. 

If we multiply the second of the above equations by B, and 
divide by P, we have 

BRQ' BR' 
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BR 
But we have already shown that p is an entire number ; 

BRQ' . . BR' 

hence — 5 — is an entire number. This being the case, -^5- 

must also be an entire number. If the operation be continued until 

Bxl 

the number which multiplies B becomes 1, we shall have — - — ^ 

eq^ual to an entire number, which proves that P will divide B. 

In the operations above we have supposed A>P, but if P> A we 
should first divide P by A. 

Hence, if a number P will exactly divide the product of tivo num- 
berSy and is prime with one of them, it will divide the other. 

We will now show that the root of an imperfect power cannot be 
expressed by a fractional number. 

Let c be an imperfect square. iThen if its exact root can be ex- 
pressed by a fractional number, we shiall have 

/ — - a 

a^ 
or . . . . c =T^ by squaring both members. 

But if c is not a perfect power, its root will not be a whole num- 

ber, hence -7- will at least be an irreducible fraction, or a and b 


will be prime to each other. But if d is not divisible by 5, ax « or 

a^ will not be divisible by 5, from what has been shown above ; 

neither then can o^ be divisible by ^. Sjnce to divide by ^ is but 

to divide a^ twice by K Hence^ ^ is an irreducible fraction, 
and therefore cannot be equal to the entire number c : therefore, we 
cannot assume v c=-^, or the i-oot of an imperfect power can- 
not be expressed by a fractional number th^t is rational. 
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Extraction of the square root of Fractions. 

119. Since the square or second power of a fraction is obtained 

by squaring the numerator and denominator separately, it follows 

that the square root of a fraction will be equal to the square root 

of the numerator divided by the square root of the denominator. 

a^ a 

For example, the square root of -z^ is equal to -r- : for 

(T O 

a a a^ 

But if neither the numerator nor the denominator is a perfect 
square, the root of the fraction cannot be exactly found. We can 
however, easily find the exact root to within less than one of the 
equal parts of the fraction. 

To effect this, multiply hoik terms of the fraction by the denomina- 
tOTy which makes the denominator a perfect square without altering the 
value of the fraction. Then extract the square root of the perfect 
square nearest the value of the numerator, and place the root of the 
denominator under it ; this fraction unit be the approximate root, 

3 

Thus, if it be Tequired to extract the square root of — , we mul- 

15 

tiply both terms by 5, which gives — : the square nearest 15 in 

4 

16 : hence ■— - is the required root, and is exact to within less 
o 

1 

than -=-. 
5 

120. We may, by a similar method, determine approximatively 
the roots of whole numbers which are not perfect squares. Let it 
be required, for example, to determine the square root of an entire 

1 

number a, nearer than the fraction — : that is to say, to find a 
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number which shall differ from the exact root of a, by a quantity 

less than — . 

u 

It may be observed that a= — ^. If we designate by r the 
entire part of the root of an^y the number an' will then be compris- 
ed between r" and (r+1)^; and — j— will be comprised between 

-r- and r-^ ; and consequently the true root of a is com- 

n n 

prised between the root of -=- and = — ; that is, between 

r . r+1 r , 

— and . Hence — will represent the square root of a 

n n n '^ ^ 

1 

within less than the fraction — . Hence to obtain the root : 

n 

Mulii'plfif the given number hy the square of the denominator of the 
fraction which determines the degree of approximation : then extract 
the square root of the product to the nearest unit, and divide this root 
hy the denxyminator of ihe fraction* 

Suppose, for example, it were required to extract the square root 

1 

of 59, to within less than — . 

Let us repeat on this example, the demonstration which has just 
been made. 

59x(12)2 

The number 59 can be put under the form — .,^.„ — or bv 

(12)2 

8496 
multipliying by (12)2, ^^^ g^^ ^j^^ ^^^^ ^^ g^gg ^^ ^j^^ ^^^^ 

8496 
est unit, is 92 : hence it follows that tt^ or 59, is comprised be- 

(12) 

(92)» ^ (93)2 ^ 
tween 7777^ and . « Then, the square root of 59 is itself 



{1 
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92 93 

comprised between — and — : that is to say, the true root 

92 1 ^ 

dififers from — - by a fraction less than -r^. 

12 "^ 12 

92 93 8464 8049 

Indeed the squares of — and — are . ^ and . ^ , num. 

8496 
bers which comprise or 59. 

(12) 

/— 1 

.2. To find the V 11 to within less than — . 

lo 



1 

3. To find the '\/223 to within less than 77;. 

40 



^ 4 

Atis* 3-7r. 
15 



37 

Ans. 14-T7-. 
40 



121. The manner of determining the approximate root in deci- 
mals, is a consequence of the preceding rule. 

1 1 

To obtain the square root of an entire number within — , 



10' 100' 

1 . 

rrrrrr-, &c. — it is ncccssary according to the preceding rule to mul- 
tiply the proposed number by (10)^ (100)^ (1000)* . . . or, which 
is the same thing, add to the right of the number ^ ttoo^four, six, SfC. 
ciphers : then extract the root of the product to the nearest unit, and 
divide this root by 10, 100, 1000, &c., which is effected by pointing off 
one^ twoy threCf (J-c, decimal places from the right hand. » 

Example 1. To extract the square root of 7 to within 



2,64 



Having added four ciphers to the 
right hand of 7, it becomes 70000, 
whose root extracted to the nearest 
unit is .264, which being divided by 
100 gives 2,64 for the answer, which 

13 true to within less than -r-rr-. . ^«. x* 

100 XI 304 Rem 



r 10 Y 


""'"^ 100 


,7.00.00 


2 


4 




46 


300 




276 


524 


2400 




2096 
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2. Find the V29 to within -r;^. 
* lOU 



Ans. 5,38. 



3. Find the V 227 to within 



10000 • 

Ans. 16,0665. 
Rbmabk. The number of ciphers to be annexed to the whole 
number, is always double the number of decimal places required to 
be found in the root. 

122. The manner of extracting the square root of decimal frac 
lions is deduced immediately from the preceding article. 

Let us take for example the number 3,425. This fraction is 

3425 

equivalent to . Now 1000 is not a perfect square, but the 

lUUU 

denominator may be made such without altering the value of the 

34250 
fraction, by multiplying both the terms by 10 ; this gives - ^^^w. 

J.UUUU 

34250 ^ 

or . .^ . Then extracting the square root of 34250 to the 

185 
nearest unit, we find 185 ; hence or 1,85 is the required 



root to within -r^* 

If greater exactness be required, it will be necessary to add to 
the number 3,4250 so many ciphers as shall make the periods of 
decimals equal to the number of decimal places to be found in the 
root. Hence, to extract the square root of a decin^al fraction : 

Annex ciphers to the proposed number until the decimal places shall 
be even^ and equal to double the number of places required in the root. 
Then extract the root to the nearest unit, and point off from the right 
hand the required number of decimal places 

Ex. 1. Find the V 3271,470?" to within ,01, 

Ans. 57,19. 
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2. Find the V 31,027 to within ,01. 

Ans, 5,57. 
a. Find the V0,01001 to within ,00001. 

Ans. 0,10004. 

123. Finally, if it be required to find the square root of a vulgai 
fraction in terms of decimals : Change ike vulgar fraction into a de^ 
cimaland coniintLe ifie .division until the number of decimal places is 
dxmhle the number of places required in the root. Then extract the 
root of the decimal hy the last rule. 

11 

Ex. 1. Extract the square 4*001 of — to within ,001. This 

number, reduced to decimals, is 0,785714 to within 0,000001 ; 
but the root of 0,785714 to the nearest unit, is ,886 : hence 0,886 is 

11 

the root of — r to within ,001. 
14 



Ans. 1,6931. 



2. Find the V 2 — to within 0,0001. 

10 



Extraction of the Square Root of Algebraic Quantities. 

124. We will first consider the case of a monomial ; and in order 
to discover the process, see how the square of the monomial is 
formed. 

By the rule for the multiplication of monomials (Art. 41.), we 
have 

(5<r'^^c)3=5a«^cx5a^6'c=25a^JV ; 

that is, in Order to square a monomial, it is necessary to square its 
comcjicient, and double each of the exponents of the different letters. 
Hence, to find the root of the square of a monomial, it is necessary, 
1st. To extract the square root of the co-efficient. 2d. To take the 
half of each of the exponents. 

Thus, V64a«3*=8a'*i« ; for 8a'A»x8a'^=64a«J*. 



124 ALOBBKA. 

In like manner, 



-v/625a»3V=25a5*(r», for (25a^»V)^=625a*3V. 

From the preceding rule, it follows, that, when a monomial is a 
perfect square, its numerical co-efficient is a perfect square, and all 
its exponents even numbers. Thus, 25a*^ is a perfect square, but 
Q&aJf* is not a perfect square, because 98 is not a perfect square, and 
a' is affected with an uneven exponent. 

In the latter case, the quantity is introduced into the calculus by 

affecting it with the sign V , and it is Written thus, VdSab*. 
Quantities of this kind are called radical quantities^ or irrational 
quantities, or simply radicals of the second degree* 

125. These expressions may sometimes be simplified, upon the 
principle that, the square root of tlie product of two or more factors is 
equal to the product of the square roots of these factors; or, in alge- 
braic language, Vabcd . . . = y/a. y/b. \/c. y/d. . . . 

To demonstrate this principle, we will observe, that fiom the de- 
finition of the square root, we have 

( Vabcd . . . »yz=zaJbcd .... 
Again, 

(v/tfX y/hx y/cx W . • )'=( \/a)'X( V*)"x( Vc)»X( V^)' • • • 

=zabcd . • • • 

Hence, since the squares of Vabcd . . . ., and, 

\/a. y/b. y/c, y/d, . . ., arc equal, the quantities themselves are 
equal. 

This being the case, the above expression, VdSab*, can be put 

under the form V49i*x2a= V^9b*x V2a. Now V49i* may 

be reduced to 7^ ; hence V98a5*=7^ V2a. 
In like manner, 

V^^P^= V9a^^c^X53d=3a^c Vdbd, 

V864a2^c"= Vl44aW^^x63c=12aJ»c« V6bc. 

The quantity which stands without the radical sign is called the 
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co-efficient of the radical. Thus, in the expressions 7 J* V2a, 

dahc V6dd, 12a*V Vebc, the quantities 7^, Sabc, 12a¥c^, are 
calJed co-efficients of the radicals. 

In general, to simplify an irrational monomial, separate it into 
two partSj of which one shall contain all the factors that are perfect 
squares, and the other the remaining ones : then take the rooU of the 
perfect squares and place them before the radical sign, under which, 
leave those factors which are not perfect squares, 

EXAMPLES. 

1. To reduce Vlba:^.bc to its simplest form. 

2. Tp reduce VlU,ShVdf to its simplest formi 

3. To reduce V^c^Wc to its simplest form. 

4. To reduce V^256a^^*c® to its simplest form. 

6. To reduce Vl024fl®iV to its simplest form. 

6. To reduce Vl^'Sa^b^c^d to its simplest form. 

126. Since like signs in both the factors give a plus sign in the 
pi^oduct, the square of —a, as well as that of -^a, will be a*: 
hence the^oot of a^ is either 4-a or —a. Also, the square root 
of SSa^J* is either -^^al^ or — 5a^. Whence we may conclude, 
that if a monomial* is positive, its square root may be affected either 

with the sign + or — ; thus, '\/9a*=d=3a^ for -\-Za^ or — 3a^ 
squared, gives 9a*. The double sign db with which the root is 
affected is read plus or minus. 

If the proposed monomial were negative, it would be impossible 
to extract its root, since it has just been shown that the square of 
every quantity, whether positive or negative, is essentially positive. 

Therefore, V--9, V— 4a^, V -^Sc^b, are algebraic symbols 

which indicate operations that cannot be performed. They are 

called imaginary quantities, or rather imaginary expressi-ons, and are 

frequently met with in the resolution of equations of the second 

11* 



nr- 
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degree* These symbols caoi however, hy extending the rules, he. 
simplified in the same manner as those irrational expressions which 

indicate operations that cannot be performed. Thus, V —9 may be 
reduced to (Art« 125.) 

V-8a^= V4a«x-23=2a -/-2*=2a V2bX V-l. 

127. Let us now examine the law of formation for the square of 
any polynomial whatever ; for, from this law, a rule is to be de- 
duced for extracting the square root. 

It has already been shown that the square of a binomial {a-\-b) 
is equal to a'+2ab-\-lt' (Art. 46.)* 

Now to form the square of a trinomial a+b-^-c^ denote a+b by 
the single letter «, and we have 

(a+&-hc)"=(«+c)*=*»+2ffc+c*. 

But^=(a+A)«=a^+2a^+^; and 2«c=2(«+*)c=:2ac-f-2^. 

Hence (a-f A+c)'=a*+2a3+i*4-2ac4-2Ac+c' ; 

that is, the square of a trinomial is composed of ike sum of the squares 
of its three terms, and twice the products of these terms multiplied 
together ttco and two. 

If we take a polynomial of four or more tonus, and square it, we 
shall find the same law (f formation. We may, therefore, suppose 
the law to be proved for the square of a polynomial of m terms ; 
and it then only remains to be shown that it will be true for a poly- 
nomial of m+l terms. 

Take the polynomial {a+b-}-c . . . +i), having m terms, and 
denote their sum by s : then the polynomial (a-\'b-\'C . . . +i+*) 
having m+l terms, will be denoted by (s+k). 

Now, (s+ky=^'\-2sk'\-l(*, or by substituting for s, 

(«+Ar)»=(a4-3+c . . . +i)«+2(a+iH-c . . .■i-i)k+¥. 

But by hypothesis, the first part of this expression is composed 
of the squares of dU the terms of the first polynomial and the daubk 
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products of these terms taken two and two ; the second part contains 
the double products of all the terms of the first polynomial by the 
additional term k ; and the third part is the square of this term. 
Therefore, the law of composition, announced above, is true for the 
new polynomial. But it has been proved to be true for a trinomial ; 
hence it is true for a polynomial containing four terms ; being true 
JLOvfour, it is necessarily true for Jfvc, and so on. Therefore it is 
general. This law can be enunciated in another manner : viz. 

The square of any polynomial contains the square of the first term, 
jdus twice the product of the firstly the second, plus the squure of the 
second ; plus twice the product of the first two terms hy the third, jfius 
the square of the third ; plus tmce the product of lite first three terms 
hy ilie fourth, plus the square of the fourth ; and so on. 

This enunciation which is evidently comprehended in the first, 
shows more clearly the process for extracting the square root of a 
polynomial. 

From this law, 

{a+h+cy=ia'' +2ah+b'+^{a+h)c+c' 
(a-f/^-|-c+df=ia^-f2a5+Zr»+2(a+*)c-|-c*+2(a-}-Z»-fc)rf4-rf'. 

128. We will now proceed to extract the square root of a poly- 
nomial. 

Let the proposed polynomial be designated by N, and its root, 
which we will suppose is determined, by R; conceive, also, that 
these two polynomials are arranged with reference to one of the 
letters which they contain, a, for example. 

Now it is plain that the first term of the root R may be found by 
extracting the root of the first term of the polynomial N ; and that 
the second term of the root may be found by dividing the second 
term of the polynomial N, by twice the first term of the root R. 

If now we form the square of the binomial thus found, and sub* 
tract it from N, the first term of the remainder will be twice the 
product of the that term of R by the third term : hence, if this first 
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term be divided by double the first term of R, the quotient will be 
the third term of R. 

In order to obtain the fourth term of R, form the double products 
of the first and second teims, by the third, plus the square of the 
third ; then subtract all these products from the remainder before 
found, and the first term of the result will be twice the product of 
the first term of the root by the 4th : hence, if it be divided by 
double the first term, the quotient will be the fourth term. In the 
same manner the next and subsequent terms may be found. Hence, 
for the extraction of the, square root of a polynomial we have the 
following 

RULE. 

L Arrange the polynondal vnth reference to one of Us letters and 
extract the square root of the first term : this wUl give the first term 
of the root. 

II. Divide the second term of the polynomial by double tJie first 
term of the root, and the quotient will he the second term of the root. 

III. Then form the sqiuire of the two terms of the root found, and 
subtract it from the first polynomial, and then divide the first term of 
the remainder by double the first term of the root, and tJie quotient 
v'ill he the third term. 

IV. Form the double products of the first and second terms, by the 
third, plus the square of the third ; then subtract all these products 
from the last remainder, and divide the first term of the result by dwi- 
hie the first term of the root, and the quotient will be the fourth term. 
Then proceed in tlie same manner to find the other terms, 

EXAMPLES. 

1. Extract the square root of the polynomial 

49a'i»-24a^+25a*-30a^3+16J*. 
E^irst arrange it with reference to the letter a* 
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25a*~30a»3+49a^^~24a*34-16M 
25a*— 30a^3+ 9a^A= 



lOa^ 



40o^^— 24a^+16** 1st. Rem. 
40a«i2_24aJ3.j_ie54 

^ P ■ I I ■ 1^ ■■■■■■■i^ n ■ I M.^— ■-■■■■ w ^^mm^fmm^ 

. . • 2(1. Rem. 

After having arranged the polynomial with reference to a, extract 
the square root of 25a*, this gives 5a*, which is placed to the right 
of the polynomial; then divide the second term, — 30a^i, by the 
double of 5a*, or 10a*; the quotient is —3a J, and is placed to the 
right of 5a*. Hence, the first two terms of the root are 5a*— 3aJ. 
Squaring this binomial, it becomes 25a*— 30a^i+9a*3*, which, sub- 
tracted from the proposed . polynomial, gives a remainder, of which 
the first term is 40a*^^ Dividing this first term by 10a*, (the double 
of 5a*), the quotient is +4^ ; this is the third term of the root, and 
is written on the right of the first two terms. Forming the double 
product of 5a*— 3aJ by 4 J*, and the square of 4^, we find the poly- 
nomial 40a*i*— 24ai^-f 166*, which, subtracted from the first re- 
mainder, gives 0. Therefore 5a*— 3a6+4J* is the required root. 

2. Find the square root of 

a*+4a*x4-6a*ar»+4ajc=+aj*. 

3. Find the square root of 

a* — 2a^x+ 3a*ic*— 2ac»+a;*. 

« 

4. Find the square root of 

4a;«+12ar^+5aj*—2ar*+7a;*— 2x4-1. 

5. Find the square root of 

9a*— 12a'5+28a*6*- 16aJ*+ 166*. 

6. Find the square root of 
25a*6*-40a'6*c+76a*6*c*-48a6*c3+366*c*-30a*6c+24a86c» 

-36a*6cH9a*c*. 

129. We will conclude this subject with the following remarks. 

Ist. A binomial can never be a perfect square, since we know 
that the square of the most simple polynomial, viz. a binomial, con- 
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tains three distinct parts, which cannot experience any reduction 
amongst themselves. Thus, the expression a^+l^ is not a perfeci 
square ; it wants the term zh2ab in order that it should be the square 
of adbh 

2d. In order that a trinomial, when arranged, may be a perfect 
square, its two extreme terms must be squares, and the middle term 
must be the double product of the square roots of the two others, 
Thereforej to obtain the square root of a trinomial when it is a per- 
fect square ; Extract the roots of the two extreme terms, and give 
these roots the same or contrary signs, according as the middle term 
is positive or negative. To verify it, see if the double product of the 
two roots gives the middle term of the trinomial. Thus, 

9a®--48a*^+64a^i* is a perfect square, 

since V9a^=Sa'', and -/eio^^— 8a^, 

and also 2 x Sa^ X — Sal^= — 48a^i^ the middle term. 

But 4a^+14a&+9^ is not a perfect square : for although 4a* 
and +95^ are the squares of 2a and Sb, yet 2 X 2a X 3^ is not equal 
to 14a3. 

3d. In the series of operations required in a general problem, 
when the first term of one of the remainders is not exactly divisi- 
ble by twice the first term of the root, we may conclude that the 
proposed polynomial is not a perfect square. This is an evident 
consequence of the course of reasoning, by which we have arrived 
at the general rule for extracting the square root. 

4th. When the polynomial is not a perfect square, it may be sim- 
plified (See Art. 125.). 

Take, for example, the expression Vc^b-\- ^c^b^ + 4a^. 

The quantity under the radical is not a perfect square ; but it can 
be put under the form aJ(a*+4aJ+4A*). Now, the factor between 
the parenthesis is evidently the square of a+2b, whence we may 
conclude that, 

V^b+i^^+A^={a+2b) Vab. 
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Of the Calculus of Radicals of the Second Degree. 

130. A radical quantity is the indicated root of an imperfect 
power. 

The extraction of the square root gives rise to such expressions 

as V^, S V b y 7^2, which are called irrational qtbantities, or 
radicals of the second degree. We will now establish rules for per- 
forming the four fundamental operations on these expressions. 

131. Two radicals of the second degree are similar, when the 
quantities under the radical sign are the same in both. Thus, 

S V b and 5c Vb are similar radicals ; j^nd so also are 9 V2 

and 7 W. 

Addition and Subtraction. 

132. In order to add or subtract similar radicals, add or subtract 
their co-efficients, then ^prefix the sum or difference to the common 
radical. 

Thus, . . . SaVT+5cVT={da-\-6c)V~f. 
And . . . 3a VT— 5c VT"=(3a— 5c) VT. 
In like manner, 7 V2a+3 V''2a=(7+3) V2a=10 V2a. 

And .... 7V2a'-SV2a={7-S)V2a= 4 V2a. 

Two radicals, which do not appear to be similar at first sight, 
may become so by simplification (Art. 125). 
For example, 

V48^+5 V75a=45 VSa+bb VSa=:9b VSa, 

and 2 V'45-3 Vb^6 Vs'-S V5^3 VsT 

When the radicals are not similar, the addition or subtraction can 

only be indicated. Thus, in order to add 3 V^to 5 Vo^we write 

bVa+^VbT 
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/ 



Multiplication. 

133. To multiply one radical by another, tnuLtvply the two qtian* 
titles under the radical sign togetlier, and place the common radical 
over the product. 

Thus, Vox W=: Vab ; this is the principle of Art. 125, taken in 
an inverse order. 

When there are co-efficients, we first multiply i^m together^ and 
write the product before the radical. Thus, 

3 V5ab x4 V20a =12 VlOOa^* =120a Vb7 

2a Vie X 3a V7c=6a= VW^i^^o^hc. 

2a V^M^X -3a V^^= -6aV+^)- 

Division, 

m 

134. To divide one radical by another, divide one of the t[uanti' 
ties under the radical sign by the other and place the common radical 
over the quotient. 



-v/a ^ /a 
Thus, - ■ =N/ -r-; for the squares of these two expres- 

Vb ^ 



a 



sions aie equal to the same quantity -jr ; hence the expressions 

themselves must be equal. When there are co-efficients, write their 
quotient as a co-efficient of the radical. 

For example, 

/— y— 5a / b 

5a V 3-7- 23 Vc=z^-t\/ — , 

Zo ^ c 

I2ac Vobc-^Ac '\/2b=Sa W -7rr-=3a VSc. 

2b 

135. There are two transformations of frequent use in finding the 
numerical values of radicals. 
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Tlie firsl consists in passing the co.efficient of a radical under the 
mgn. Take, iox example, the expression 3a Vo^ ; it is equiva- 
lent to V 9a^ X V^, or V 9a^.5^ = V 46a^*, by applying 
the rule for the multiplication of two radicals ; therefore, io pass 
the CO- efficient of a radical under the sign, it is only necessary to 
square it. 

The principal use of this transformation, is to find a number 
which shall differ fr<xn the proposed radical, by a quantity less than 

unity. Take, for example, the expression 6 VTS; as 13 is not a 
perfect square, we can only obtain an approximate value for its root* 
This root is equal to 3, plus a certain fraction ; this being multiplied 
by 6, gives 18, plus the product of the fraction by 6 ; and the en- 
tire part of this result, obtained in this way, cannot be greater than 
18. The only method of obtaining the entire part exactly, is to put 

6 VTs under the fonn ^6^x13 = -/36xl3= V 468. 

Now 468 has 21 for the entire part of its square root ; hence, 6 'V^lS 
is equal to 21, plus a fraction. 

In the same way, we find that 12 V^=31, plus a fraction. 

136. The object of the second transformeLtion is to convert the 

a a 

denominators of such expressions as — ; — -r. r-, into rational 

^ P+ y/i JP— >/fL 

quantities, a and p being any numbers whatever, and q not a per- 
fect square. Expressions of this kind are oflen met with in the 
resolution of equations of the second degree. 

Now this object is accomplished by multiplying the two terms of 
the fraction by jp— y/q, when the denominator is j>+ y/^9 ^nd by 
|7-f- y/q^ when the denominator is p— y/q. For multiplying in this 
manner, and recollecting that the sum of two quantities, multiplied 
by their difference, is equal to the difference of their squares, we 
have 

a a^'p— y/q) <^{p— V^) ap^d^q 

p+Vq'^{p+Vq){p-Vq)~' f-q "" f-^ ' 

12 



134 ALGEBRA. 

a fl(p+ ^/g) fl(jP+ \/g) gp+q-/g 

in which the denominators are raticMial. 

To form an idea of the utility of this method, suppose it is required 

7 
to find the approximate value of the expression jr-. It be- 

7(8+^/5) 21-f7v^5 ^^ /_ 

comes — - — - — , or . Now 7 v 5 is equivalent to 

* 

V^49x5, or V245, which is equal to 15, vrithtn one of the true 

value. 

^ 7 21 + 15+ a fraction 36 

Therefore, ;r= z =-r-=9» within a frac- 

o — vD 4 4 

tion of one fourth ; that is, it differs from the true value by a 

quantity less than one fourth. 

When we wish to have a more exact value for this expression, 

extract the square root of 245 to a certain number of decimal places, 

add 21 to this root, and divide the result by 4. 

7x/5 
For another example, take — ■—- ;— , and find the value of 

V 11+ V" 

it to within 0,01. 
We have, 

7 v/5 _7 v/5( x/11^ -/3)_7 v^55-7 V 15 
x/ll+x/3~ 11-3 ~ 8 * 

Now, 7x/55= V55x49= '/2695=51,91, within 0,01, 

7^15= Vl5x49= V735=27,ll ; 

, ^ 7x/5 51,91-27,11 24,80 

'^^^"^^^"' vn+vs = 8 —^ =^'^^- 

- Hence we have 3,10 for the required result. This is exact to 
within 



800 
By a similar process, it will be found that 
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3+2 v/7 



«. .,o ^ ,^-=2,123, exact to within 0,001. 

Remark. Expressions of this kind might he calculated by ap- 
proximating to the value of each of the radicals which enter the 
numerator and denominator. But as the value of the denominator 
would not be exact, we could not form a precise idea of the degree 
of approximation which would be obtained, whereas by the method 
just indicated, the denominator becomes rational^ and we always 
know to what degree the approximation is made. 

The principles for the extraction of the square root of particular 
numbers and of algebraic quantities, being established, we will pro- 
ceed to the resolution of problems of the second degree. 

Examples in the Calculus of Radicals. 

1. Reduce V 125 to its most simple terms. 

Ans, 5 V^. 

. / 50 

2. Reduce v ^.„ to its most smiple terms. 

Ans. gjV^. 



3. Reduce V 9Sa^x to its most simple terms. 

Ans, 7a V^x. 

4. Reduce V{(xP—a^a^) to its most simple terms. 

5. Required the sum of V72 and V 128 . 

Ans. 14 V~2. 

6. Required the sum of ^27 and V 147 . 

Ans. 10 Vd. 



7. Required the sum of V^ — and 





19 r- 
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8. Required the sura of 2 ^/ c^h and 3 V64Ja^. 

9. Required the sum of 9 V 243 and 10 V^lSsif. 

10. Required the difference of v -r- and v -^'' 



5 — " 27 

^n^. — Vl5. 
4o 

11. Required the product of 5 'V^S and 3 V^. 

Ans. 30Vl0. 

2 . /T 3 . /y 

12. Required the product of -^ v -^ ^^^ — ^/ — - 



4 " 


10 




Ans. 


1 

40 


V35. 


Ans. 


2 


V2. 



13. Divide 6 VTio by 3^5. 

Of Equations of the Second Degree, 

137. When the enunciation of a problem leads to an equation of 
the form a!xr^=zbf in which the unknown quantity is multiplied by 
itself, the equation is said to be of the second degree, and the princi- 
ples established in the two preceding chapters are not sufficient for 
the resolution of it ; but since by dividing the two members by a, it 

becomes a^= — , we see that the question is reduced to finding the 

b 
square root of — . 

138. Equations of the second degree are of two kindi^, viz. equa- 
tions involving two termsy or incomplete equations, and equations in- 
volving three terms, or complete equations. 

The first are those which contain only terms involving the square 
of the unknown quantity, and known terms ; such are the equa 

tions, 

1 5 7 299 



3a;»=:5 ; -s-aj"—3+— «"=— -ar*-} 



3 ' 12 24 '24 
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These are called equations involving two terms because they may 
be reduced to the form ax^=:b, by means of the two general trans- 
formations (Art. 90 & 91)* For, let us consider the second equa- 
tion, which is the most complicated ; by clearing the fractions it be- 
comes 

8a:2__72 + 10ar»=7-24ar»+299, 

or transposing and reducing 

42a;2=378. 

Equations involving three terms, or complete equations, are those 
which contain the square, apd also the first power of the unknown 
quantity, together with a known term ; such are the equations 

5 13 2 ^ 273 



6 2 ' 4 3 '12 

They can always be reduced to the form aa^+bx=c, by the two 
transformations already cited. 

Of Equations involving two terms, 

139. There is no difficulty in the resolution of the equation 

\ b /b 

a3^^=^b. We deduce from it 3^*= — , whence a;=\/ — . 

b 
When — is a particular number,- either entire or fractional, 

we can obtain the square root of it exactly, or by approximation. 

•L 

If — is algebraic, we apply the rules established for algebraic 

quantities. 
But as the square of +m or — m, is +m^ it follows that 

rizK/ — j is equal to — . Therefore, x is susceptible of two 

values, viz. a?= + \/ — , and »=: — \/ — . For, substituting 

either of these values in the equation a«^=&, it becomes 

12* 
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and 



/ / * \* * 

. . . ax[—\/—) =^ or ax— =*• 



For another example take the equation 4a:^— 7=3a;^+9 ; by 

transposing, it becomes, 0^=16^ whence x=^dz Vl6=db4. 
\gain, take the equation 

1 5 ^ 7 , 299 

We have already seen (Art. 138.), that this equation reduces to 

878 
42ar»= 378, and dividing by 42, a^=-—=:9; hence a;==b3. 

Lastly, from the equation 3ar'=5 ; we find 



x=±v^|=±i-v^i5. 



As 15 is not a perfect square, the values of x can only be deter- 
mined by approximation. 

Of complete Equations of the Second Degree. • 

140. In order to resolve the general equation 

ax^'\-hx=-.c, 

we begin by dividing both members by the co-efficient of a:*, which 
gives, 

«"H — ^a:= — i or s?+px^^q 
a a ^ 

h c 

by making — =p and — =q. 

Now, if we could make the first member (ic'+pa:) the square of a 
binomial, the equation might be reduced to one of the first degree, 
by simply extracting the square root. By comparing this member 
with the square of the binomial (of-fa), that is, with a:*+2aa?+a', 
it is plain that s^-l-px is composed of the square of a first term x, 
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plus the double product of this first term a? by a second, which must 
be -T-, since px=2—x; therefore, if the square of — or — , be 

added to a^+px, the first member of the equation will become the 

P 

square of x+—; but in order that the equality may not be destroy- 

P" 

ed — - must be added to the second member. 
4 

By this transformation, the equation 3i^-\-px=q becomes 
Whence by extracting the square root 

The double sign db is placed here, because either 
4- V 5^+^, or —V ?+-j-» squared gives ^+—. 

V 

Transposing — , we obtain 



X 






From this we derive, for the resolution of complete equations of 
the second degree, the following general 

RULE. 

After rediLcing the equation to the form x^+px=(}, add the square 
of ludf of the co-efficient of Xf or of the second term, to both fnem- 
hers ; then extract the square root of both members, giving the double 
sign db to the second member ; then find the value of x from the re- 
sulting equation. 

This formula for the value of x may be thus enunciated. 

The value of the unknown quantity is equal to half the co-efficient 
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of X, taken with a contrary sign, plus or minus the square root of the 
knoum term increased by the square of half the co-efficient of x. 
Take, for an example, the equation 

5.1 3 2 .273 



-^a^ 7rX+-;r=:8—^X—a^-] 



6 2^4 3 ^ 12 * 

Clearing the fractions, we have 

10ar'-6a?+9=96-8a;-12ar^+27S, 
or, transposing and reducing, 

22ar»+2a;=360, 

and dividing both members by 22, 

2 360 



22 22 



Add I — j to both members, and the equation becomes 

2 / 1 x'*^ 360 /J^x^ 
'*^+22^+V22/ ~"22"+\22/ ' 
whence, .by extracting the square root, 

1 . X360 TlTa 

^+22=^^ "22-+(22) ' 
Therefore, 

^=--22^^^2-+(22)' 

which agrees with the enunciation given above for the double value 

of X. 

It remains to perform the numerical operations. In the first 

360 / 1 \2 
place, —^ — ^(ooj ^"st be reduced to a single number, having 

(22)^ for its denominator. 

360 /I v2__360x224-l_7921 
^^^' "22" "^(22/ "■ (22f ""(22/ ' 

extracting the square root of 7921, we find it to be 89 ; therefore, 



22 ^\22/ 22* 
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1 ^89 
Consequently, «= -22 22' 

Separating the two values, we have 

1 89 88 
X — I = 4 

22 22 22"^ ' 
_ 1 89_ 45 
^"■"22""22^"~li; 
Therefore, one of the two values which will satisfy the proposed 
equation, is a positive whole number, and the other a negative frac- 
tion. 
For another example, take the equation 

6ar»-37a?=-57, 
which reduces to 

37 _ 67 

37 /37\« 

If we add the square of — , or ( — 1 to both members, it be- 
comes 

37 /37va 57 /37v» 
^-6-^+(l2) =-6-+(l2) ' • 

whence, by extracting the square root 

37 ^ 7 57 7377^ 

Consequently, 



37 

X 



. / 57 /37\« 



12 

/37v« 57 
In order to reduce l—j — — to a single number, wo will ob- 
serve, that 

(12/=12x 12=6X24; 

therefore, it is only necessary to multiply 57 by 24, then 37 by itself, 
and divide the difference of the two products by (12)^ Now, 

37x87=1369; 57x24=1368; 
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therefore, 



( 



12/ T 



(12^ 



the square root of which is — . 



Hence, «^=i2^i2' ^' ^ 



37 1 _88_19 
*^12"^12'~T2"""6"* 



37 1 36 

=TTr=3. 



a?=- 



12 12 12 

This example is remarkable, as both of the values are positive, 
and answer directly to the enunciation of the question, of which 
the proposed equation is the algebraic translation. 

Let us now take the literal equation 

4a«— 2ar'+2ax=18a3-. 186^ 
By transposing, changing the signs, and dividing by 2, it becomes 

whence, completing the square, 

ar*— aa?-f— =— 9ah+9h^. 

4 4 

extracting the square root, 

a ^ / 9a^ 
a;=— ±V —- 
2^4 

9 

\ 9c^ Za 

Now, the square root of -— 9aft+9^, is evidently, -^—3 J. 



9ah+9V*. 



Therefore, 



/3a ^,\ ( a?= 2a— 3&, 

4-33. 



a;=— ±(— -33), or 

2 \ 2 / ( a;= — a 



These two values will be positive at the same time, if 2a>3J, 
and 33>a, that is if the numerical value of h is greater than 



~ and less than -7;-. 
o 3 



% 



"'W 
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EXAl^JPLES. 

0^— 7a?+10=0 .... values J ^ [ , 

( a:=5 ) 

1 „ 4 „ ix= 7,12 ) to within 

3 -r ^ '^ ou, -t-'*^ I a?=-5,73 ) 0,01. 

3. Given a;^— 8a?+10=19, to find x. Ans. x=9, 

4. Given ar* — a;— 40=170, to find a;. Ans, a;=15. 

5. Given 3a^+2a;— 9=76, to find x, Ans, a?=5. 

6. Given ^ar*— |ic+7|=8, to find a?. Ans, a;=li. 

7. Given a^+h^^2hx+ar= — r— to find a,. 

n 

Ans, x=:-z ^Ihnzh Va^m^+i^nv^-^a^nA, 



QUESTIONS. 

1. Find a number such, that twice its square, increased by three 
times this number, shall give 65. 

Let X be the unknown number, the equation of the problem will be 

2ar*+3a;=65, 
whence, 



3 . ^ /65 9 3 . 23 

4 ^ 2 16 4 4 

Therefore, 

3 23 3 23 13 

x= — 1 =5, and a?= — = . 

4^4 ' 44 2 

Both these values satisfy the question in its algebraic sense. 
For, 2x(5)^+3x5=2x25+15=65. 



13\^ 13 169 39_ 130 

2 Y""~^ 



/ 13v« 13 

and 2(--)+3x-y= 



=-^:r-=65. 



But, if we wish to restrict the enunciation to its arithmetical 
sense^ we will first observe, that when a? is replaced by —a?, in the 
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equation 2x'+3x=65, the sign of the second term Sjt only, is chang- 
ed, because (— a?)^=:a:*. 

3 23 
Therefore, instes^d of obtaining aj= -r-— db— , we would find 

3 23 13 

«=-r-=fc---, or 37=—- and a:=— 5, values which only differ from 

4 4 2 

the preceding by their signs. Hence, we may say that the nega- 
tive solution — ^, considered independently of its sign, satisfies 

this new enunciation, viz. : To find a number such, that twice Us , 
square, diminished by three times this nuniber, shaU give 65. In fact 
we have 

/13a3 13 169 ^9 

2. A certain person purchased a number of yards of cloth for 
240 cents. If he had received 3 yards less of the same cloth, for 
the same sum, it would have cost him 4 cents more per yard. How 
many yards did he purchase ? 

Let a?= the number of yards purchased. 

240 
Then will express the price per yard. 

X 

If, for 240 cents, he had received 3 yards less, that is a:— 3 

yards, the price per yard, in this hypothesis, would have been repre- 

240 

sented by -. But, by the enunciation this last cost would ex- 

"^ a?— 3 

ceed the first, by 4 cents. Therefore, we have the equation 

240 240 
=4» 

x-S X ' 

whence, by reducing a;^— 3ir=:180, 

3 . ^ /'9 3zh27 

therefore 

a;=2l5, and a?=--12. 
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The value a?=15 satisfies the enunciation ; Rh*, 15 yards for 240 

240 
cents, gives ' , or 16 cents for the price of one yard, and 12 

yards for 240 cents, gives 20 cents for the price of one yard, 
which exceeds 16 by 4, 

As to the second solution, we can form a new enunciation, with 
which it will agree. For, go back to the equation, and change x 
into —0?, it becomes, 

240 240 240 240 

-=4, or r^=4. 



— aj— 3 -—x X 07+3 

an equation which may be considered the algebraic translation of 
this problem, viz. : A certmn person purchased a number of yards 
of cloth for 240 cents : if he had paid tlie same sum for 3 yards 
more, it would have cost him 4 cents less per yard, HSw many 
yards did he purchase ? Ans, 0?= 12, and x= — 15. 

'Remark. Hence the principles of (Arts. 104 and 105.) are 
confirmed for two problems of the second degree, as they were for 
all problems of the first degree. 

3. A merchant discounted two notes, one of $8776, payable in 
nine months, the other of $7488, payable in eight months. He 
paid $1200 more for the first than the second. At what rate of 
interest did he discount them ? 

To simplify the operation, denote the interest of $100 for one 
month by x, or the annual interest by I2x; 9x and 8a? are the in- 
terests for 9 and 8 months. Hence 100+ 9a:, and 100+8a7, repre- 
sent what the capital of $100 will 'be at the end of 9 and 8 months. 
Therefore, to determine the present values of the notes for $8776, 
and $7488, make the two proportions. 



100+9a; : 100 : : 8776 



100+8X : 100 : : 7488 



877600 
100+9a? ' 
748800 
100+8a: ' 



and the fourth terms of these proportions will express what the mer- 

13 
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chant paid for each note. Hence, we have the equation 

877600 748800 

«« 1200 • 

100+9a? 100+8a;~ ' 

or, observing that the two members are divisible by 400, 

2194 1872 

=3. 



lOO+Ox 100+8« 

Clearing the fraction, and reducing, it becomes, 

216«»+4390j?=2200; 
whence 

__ 2198/2200 (2198)^ 
^'^^ 216 ^ 216 "*" (216f ' 

Reducing the two terms under the radical to the same denomi. 
nator, 

— 2198db V 5306404 
216 ' 

or multiplying by 12, 

^-2198± V 5306404 
12x= — . 

To obtain the value of 12a; to within 0,01, we have only to ex. 
tract the square root of 5306404 to within 0,1, since it is afterwards 
to be divided by 18. 

This root is 2303,5 ; hence 

_^~2198d=2303,5 

and consequently, 

105,5 
12«=-^~-=5,86, 



and 



-4501,5 

12a?= TE-^= -250,08. 

lo 



The positive value, 12a;=5,86, therefore represents the rate of 
interest sought. 



'^ 
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As to the negative solution, it can only be regarded as contiected 
with the first by an equation of the second degree. By going back 
to the equation, and changing x into —x, we could with some trou- 
ble, translate the new equation into an enunciation analogous to that 
of the proposed problem. 

4. A mari bought a horse, which he sold after some time for 24 
dollars. At this sale, he loses as much per cent, upon the price of 
his purchase, as the horse cost him. What did he pay for the 
liorse ? 

Let X denote the number of dollars that he paid for the 
horse, a:— 24 will express the loss he sustained. But as he 

X 

lost X per cent, by the sale, he must have lost upon each 

dollar, and upon x dollars he loses a sum denoted by ; we 

have then the equation 

-— =a;— 24, whence ar»— 100a;=— 2400. 

and x=bO± y2500-2400=50±10. 

Therefore, 

=60 and a;=40. 

Both of these values satisfy the question. 

For, in the first place, suppose the man gave $60 for the horse 

and sold him for 24, he loses 36. Again, from the enunciation, he 

60 60x60 

should lose 60 per cent, of 60, that is, of 60, or — , 

which reduces to 36 ; therefore 60 satisfies the enunciation. 

If he paid $40 for the horse, he loses 16 by the sale ; for, he 

40 
should lose 40 per cent, of 40, or 40x ,^^ » which reduces to 16 ; 

therefore 40 verifies the enunciation. 

5. A grazier bought as many sheep as cost him £60, and after 
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reserving fifteen out of the nomber, he sold the remainder for £54, 
and gained 2s a head on those he sold : how many did he buy ? 

Ans. 75. 

6. A merchant bought cloth for which he paid £33 15*, which 
he sold again at £2 Ss per piece, and gained by the bargain as 
much as one piece cost him : how many pieces did he buy ? 

Ans^ 15. 

7. What number is that, which, being divided by the product of 
its digits, the quotient is 3 ; and if 18 be added to it, the digits will 
be inverted ? Ans. 24. 

8. To find a number such that if you subtract it from 10, and 
multiply the remainder by the number itself, the product shall be 21. 

Ans. 7 or 3. 

9. Two persons, A and B, departed from different places at the 
same time, and travelled towards each other. On meeting, it ap- 
peared that A had travelled 18 miles more than B ; and that A 
could have gone B's journey in 15J days, but B would have been 
28 days in performing A's journey. How far did each travel ? 

( A 72 mUes. 
( B 54 mUes. 

Discussion of the General Equation of the Second Degree. 

141. As yet we have only resolved problems of the second de- 
gree, in which the known quantities were expressed by particular 
numbers. To be able to resolve general problems, and interpret 
all of the results obtained, by attributing particular values to the 
given quantities, it is necessary to resume the general equation of 
the second degree, and to examine the circumstances which result 
from every possible, hypothesis made upon its co-efficients. This is 
the object of the discussion of the equation of the second degree, 

142. A root of an equation of the second degree, is such a num- 
ber as being substituted for the unknown quantity, will satisfy the 
equation. 
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It has been shown (Art. 138), that every equation of the second 
degree can be reduced to the form 

x^+px=q .... (1), 

p and q being numerical or algebraic quantities, whole numbers 
or fractions, and their signs plus or minus. 
If, in order to render the first member a perfect square, we add 

f 

— to both members, the equation becomes 

4 



or (x+y)=f+-. 



Whatever may be the value of the number expressed by ^+-t-» 
its root can be denoted by m, and the equation becomes 



(«+y) =m\ or (aJ+y) — m-=0. 



But as the first member of this equation is the difference between 
two squares, it can be put under the form 



(x-^~m).(x+^+m)=0; . . . (2). 



in which the first member is the product of two factors, and the 
second is 0. Now we can render the product equal to 0, and con- 
sequently satisfy the equation (2), in two different ways : viz. 

P P 

By supposing a?+-^ — m=0, whence a?= — ^+w. 



» 



P P 

or supposing «+— +m=:0, whence a?= — - — m. 



Or substituting for m its value, 



13* 



«=-y- V q+^. 
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Now, either of these values, bemg substituted for x in its cor* 
responding factor of equation (2) will satisfy that equation ; and as 
equation (1) will always be satisfied when the derived equation (2) 
is satisfied, it follows, that either value will satisfy equation (1). 
Hence we conclude, 

1st. That every equation of the second degree has two roots, and 
only two. 

2d. That every equation of the second degree may he decomposed 
into two binomial factors of the first degree with respect to x, having 
X for a common term, and the two roots, taken mth their signs 
changed, for the second terms. 

For example, the equation 0^*+ 3a?— 28=0 being resolved gives 
a;=4 and a;=--7 ; either of which values will satisfy the equation. 
We also have 

(a:-4) ix+1) =3:2 4- 3a; -28. 

143. If we designate the two roots by x' and x", we have 



a?'=-|-+\/i?+^ and a;"=-|— V ^+^^ 



2 ' " "^"^4 "" ~2 " ^"^ r 

by adding the roots we obtain 



and by multiplying them together, we have 

4-(,4)=-,. 

Hence, 1st. The algebraic sum of the ttvo roots is equal to the co- 
^fcient of the second term of the equation, taken with a contrary 
sign. 2d, The product of the two roots is equal to the second mem- 
ber of the equation, taken also with a contrary sign 
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Rbuask. The preceding properties suppose that the equation 
has been reduced to the form a^'\'px=q ; that is, 1st. That every 
tern) of the equation has been divided by the co-efficient of ar*. 
2d. That all the terms involving x have been transposed and ar- 
ranged in the first member, and a^ made positive. 

144. There are four forms, under which the equation of the se- 
cond degree may be written. 

x^+px= q (1) 

x^-^px = q (2) 

a^^pxz^z'^q (3) 

!X^—px=z—q (4). 

In which we supposfe p and q to be positive. 
These equations being resolved, give, 

x=-^±\^ q+^ (1) 

x=+^±\/ ?+4 (2) 

^=P±\/~^ (3) 



, P. * / ,P* 



(4). 



In order that the value of a?, in these equations, may be found, 
either exactly or approximatively, it is necessary that the quantity 
under the radical sign be positive (Art. 126). 

f . .. 

Now, — being necessarily positive, whatever may be the sign 

of p9 it follows, that m the first and second forms all the values of 
X will be real. They will be determined exactly, when the puan* 

tity ^+-j- is a perfect square, and approximatively when it is 

not SO. 

In the first form, the^r^ value of x, that is, the one arising from 
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taking the plus value of the radical, is always positive ; for the 

^ / ?~ V 

radical \^ ^+"T» heing numerically greater than — , theex* 

pression — o"^ ^^ ^^■T" ^ necessarily of the same sign as 

that of the radical. For the same reason, the second value is es- 
sentially negative, since it must have the same sign as that with 
which the radical is affected : hut each root, taken with its proper 
sign, will satisfy the equation. The positive value will, in general, 
alone satisfy the problem understood in its arithmetical sense ; the 
negative value, answering to a similar problem, differing from the 
first only in this ; that a certain quantity which is regarded as ad- 
ditive in the one, is subtractive in the other, and the reverse. 

In the second form, the first value of a; is also positive, and the 
second negative, the positive value being the greater. 

In the third and fourth forms, the values of x will be imaginary 
when 

j'>-T-, and rtoX when ^Krr* 

And since v ~-^+"7" ^s less than — , il follows that ihc 

real values of x will both be negative in the third form, and both 
positive in the fourth. 

145. The same general consequences which have just been re- 
marked, would follow from the two properties of an equation of the 
second degree demonstrated in (Art. 143). The properties are : 

The algebraic sum of the roots is equal to the co-efficient of the se- 
cond term, taken with a contrary sign, and their product is equal to 
the second member^ taken also with a contrary sign. 

For, in the first two forms, q being positive in the second niem- 
ber, it follows that the product of the two roots is negative : hence, 
they have amtrary signs. But in the third and fourth forms q being 
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negative in the second member, it follows that the product of the 
two roots will be positive : hence, they vnll have like signs^ viz. both 
negative in the third form, where p is positive, and both .positive in 
the fourth form where p is negative. 

Moreover, since the sum of the roots is affected with a sign con- 
trary to that of the co-efficient p ; it follows, that, the negative root 
toill he the greatest in the first form^ and the least in the second. 

146. We will now show that, when in the third and fourth forms, 

f 
we have ^>-pi the conditions of the question will be incompa- 

tible with each other, and therefore, the values of x ought to be 
imaginary. 

Before showing this it will be necessary to establish a proposition 
on which it depends : viz. 

If a given number he decomposed into two parts and those parts 
tnuUipUed together, the product will he the greatest possible when 
the parts are equal. 

Let p be the number to be decomposed, and d the difference of 
the parts. Then 



p d 



2 


' 2- 


P 


d 


2 


2"~ 


f 


d^ 



the greater part (Art. 32). 



and -jr --= the less part. 

and T"=P> t^eir product (Art. 46). 

Now it is plain that P will increase as d diminishes, and that it 
will be the greatest possible when (Z=0 : that is, 

p p p^ , 

-^X-^=— is the greatest product. 

147. Now, since in the equation 

d^ — pa:= — q 
p is the sum of the roots, and q their product, it follows that q can 
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never be greater than — . The conditions of the equation there- 

fore fix a limit to the value of ^, and if we make 5'>"2"> we express 

by the equation a ccmdition which cannot be fulfilled, and, this con- 
tradiction is made apparent by the values of x becoming imaginary. 
Hence we may conclude that, 

The value of the unknown quantity wUl always he imaginary when 
the conditions of the question are incompatible with each other* 

Remask. Since the roots of the equation, in the first and second 
forms, have contrary signs, the condition that their sum shall be 
equal to a given number p, does not fix a limit to their product : 
hence, in those two forms the roots are never imaginary. 

148. We will conclude this discussion by the following remarks. 

1st. If in the third and fourth forms, we suppose ^=-t-» ^^® ^" 

dical part of the two values of x becomes 0, and both of these 

P 

values reduce to x= — ^ : the two roots are then said to he equal. 

pa 

In fact, by substituting — for q in the equation, it becomes 

4 

f 
ix^+px= — —J whence 



ar'-fpa;+— =0, or \^-\-^) =0. 



In this case, the first member is the product of two equal factors. 
Hence we may also say, that the roots of {he equation are equal, 
since in this case the two factors being placed equal to zero, give 
the same value for x. 

2d. If, in the general equation, ar*+j?a?=y, we suppose ^=0, 

the two values of x reduce to a:=— ~+-^, or a:=0, and to 

e--^— g-. or ar=-p. 
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In feet, the equation is then of the form a^+px=Of or a?(«+|))=0, 
which can be satisfied either by supposing x=0, or x+p=:Oj 
whence x=z: -—p ; that is, one of the roots is 0, and the other the 
co-efficient of x taken with a contrary sign. 

3d. If in the general equation a^+px^q^ we suppose p=0, 
there will result x'=q, whence a?=± ^/q ; that ist in this case ike 
two values of x are tqiial, and have contrary signs, real in the first 
and second forms, and imaginary in the third and fourth. 

The equation then belongs to the class of equations involving two 
terms,. treated of in (Art. 139). 

4th. Suppose we have at the same time p=0, q=0 ; the equa- 
tion reduces to a^=0, and gives two values of x, equal to 0. 

149. There remains a singular case to be examined, which is often 
met with in the resolution of problems of the second degree. 

To discuss it, take the equation aai^+hx:=c» This equation 
gives 

2a 

Suppose now, that from a particular hypothesis made upon the 

given quantities of the question, we have a=0 ; the expression for 

x becomes 





-h±h 
x=z — - — , whence 



x= 



0' 



I 2h 



The second value is presented under the form of infinity, and 
may be considered as an answer when the proposed questions will 
admit of answers in infinite numbers. 



As to the first — , we must endeavour to interpret it. 

By multiplying the numerator and denominator of the 2d mem. 
ber of the equation 

a?= r by — J— Vo^H-4ac 
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we obtsdii 

53-_(^+4ac) -4ac 

x= — 



-2c 

or a?= ^:=z=i: by dividing by 2a, 

—J— VZ^+4ac 

or ^~"r ^y making a=0. 

Hence we see that the apparent indetermination arises from a 
common factor in the numerator £^nd denominator. 

If we had at the same time a=0, i^=0, c=:0, the proposed 
equation would be altogether indeterminate. 

This is the only case of indetermination that the equation of the 
second degree presents. _ *" 

We are now going to apply the principles of this general discus- 
sion to a problem which will give rise to most of the circumstances 
which are commonly met with in problems of the second degree. 

Problem of the Lights. 

W' A c~^B a 

150. Find upon the line which joins two lights, A and B, of dif- 
ferent intensities, the point which is equally illuminated ; admitting 
the following principle of physics, viz. : The intensity of the same 
light at two different distances, is in the inverse ratio of the squares 
of these distances. 

Let the distance AB between the two lights be expressed by a ; 
the intensity of the light Jl, at the units distance, by ^; that of the 
light B, at the same distance, by c. Let C be the required point, 
and make AC=:x, whence BC=a—x, 

From the principle of physics, the intensity of J., at the urtiiy 
of distance, being J, its intensity at Uie distances 2, 3, 4, die, is 

— » -^> jxy &c«> bence at the distance x it will be expressed by 
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h 

-J-. In like maimer, the intensity of B at the distance a— a;, is 

c . 

7 rr ; hut, by the enunciation, these two intensities are equal 

to each other, therefore we have the equation 

b_ c 
or* (a^xy 

Whence, by developing and reducing, 

This equation gives 

ab . ^ a«y ^ 



X=z 



or reducing, 

a{b± Vbc) 
b—c 

This expression may be simplified by observing, 1st. that bdc Vbc 
can be put under the form ^b, ^/bdc ^b. v^c, or ^/b{ ^/bdc ^c) ; 
2d. that b^c={^bf--(^cy=z{^b+y/c).{V^''VC') There- 
fore, by first considering the superior sign of the above expression, 
we have 

a ^b{ v/&+ \^c) a ^/b 

*= ( y/l,+ y/c).{ y/b— y/c) ~ y/b^ -/C ' 

In like manner we obtain for the second value, 

a y/b{ y/b-- y/c) _ a y/b 

*= ( ^h-^ >/c).{ >/^- -/C) "" y/b+ y/0 * 

Hence, we have 

/I— a?= — 

from which 
we obtain 



a^b 
^^* • • • ^^ y^b^ Vc ' 



y/b^ y/C ' 



ay/b 
2d . . . a;= 



^h-^y/c' ^ 



I —a's/c 



Ist. Suppose that i^>c. 
14 




/. 
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The Jim vaJue of a?, ., , is then positive and less than 

0, because , — 7- is a proper fraction ; thus this value gives 

for the required point, a point C, situated between the points A and 
B, We see moreover, that the point is nearer to B than A ; for 
since i>c, we have ^/h+ y/h or 2y/h^(y/b+ ^/c); whence 

y/b 1 a^b a 

-77- — 7->-7r ^^^ consequently, -7^- — 7->-^. In fact this 
v^+ vc z vb-^-y/c 2 

ought to be the case, since the intensity of A was supposed to be 

greater than that of B. 

The corresponding value of a—^ , is also positive, 

a 
and less than — , as may easily be shown. 

a ^b 
The second value of x, — -7 --, is also positive, but greater 

than a; because — -pi r!>l« Hence this second value gives a 

v^ — vc 

second point C, situated upon the prolongation of AB, and to the 
right of the two lights. We may in fact conceive that the two lights, 
exerting their influence in every direction, should have upon the 
prolongation of AB, another point equally illuminated ; but this 
point must be nearest that light whose intensity is the least. 

We can easily explain, why these two values are connected by 
the same equation* If, instead of taking AC for the unknown quan- 
tity a?, we had taken AC, there would have resulted BC'=x--a; 

b c 

and the equation •-^==■7 ^75. Now, as (a?— a)* is identical with 

x^ (X — a) ' 

(a— a?)", the new equation is the same as that already established, 

which consequently should have given AC as well as AC 

And since every equation is but the algebraic enunciation of a 

problem, it follows that, when the same equation enunciates several 

proMems, it ought by its d^ererU roots to solve them alU 
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When the unknown quantity x represents the ^ine AC^f the 

— a \/c 
second value of a— a?^ ; , is negative, as it should be, since 

we liavo xy^a; but by changing the signs in the equation 
a—xrrr — — it becomcs a;--a= — -r --: and this value of 

x—a represents the positive value of BC\ 

2d. Let J<c. 

a y/h 
The first- value of x, . ■ is always positive, but less than 

a 

-zr, since we haver 
2 

( V^+ Vc)>{ V3-h V^) or than 2 y/b, 

a v/c 

The corresponding value of a^-x, or — jr- — 7- is positive, and 

a 
greater than — . 

Therefore in this hypothesis, the point C, situated between A 

and B, must be nearer A than B, 

ay/b ^ay/b 

The second value of Xy — -, — or — 77, is essentially ne- 

•^ ^b— y/C v/c— y/b 

gative. To interpret it, let us take for the unknown quantity the 
distance AC", and let us represent this distance by x, and at the 
same time consider, as we have a right to do, x as essentially ne- 
gative. Then the general expression for BC" being a--x, if 
we regard x ats essentially negative, the true numerical value of 
fl— a; is expressed by a-\-x. Hence as before, the equation or 
algebraic exp^'ession will be 

be be 

a^ ~" (a— a?)* o^ ~~ (a+a;)* 

in the first of which equations x is essentially negative. 

This equation ought to give a negative value for a;, and a posi- 
tive value for j5C"=a+a?. Indeed, since the intaisity of the light 
B is greater than that of A, the second required point ought to be 
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nearer A than B. The algebraic value for BC"f which la 
a— a?, or or is positive. 

3d. Let 5=c. , 

a 
The first two values of x and fl— a? reduce to — , which givea 

the middle of AB for the first required points This result agrees 
with the h3rpothesis. 

The two other values reduce to — - — , or infinity ; that is, the 

second required point is situated at a distance fr6m the two points 

A and B, greater than any assignable quantity. This result 

agrees perfectly with the present hypothesis, because, by supposing 

the difference h-^c to be extremely small, without being absolutely 

nothing, the second point must be at a very great distance from the 

a -s/h 
lights ; this is indicated by the expression — jr — -, the denomi- 

nator of which is extremely small with respect to the numerator. 
And if we finally suppose 3=c, or \/3— \/c=0, th6 required point 
cannot exist for a finite distance, or is situated at an infinite distance. 

We will observe, that in the case of 5=c, if we should consider 
the values before they were simplified, viz. 

a(i+ 's/hc) a(h— y/hc) 
ar= :; , and a?= ; , 

, - a ijb 
the first, which corresponds to a?= — -r- , would become 

2a5 a^/b 

-jr- , and the second, which corresponds to — -r- — --, would be- 

eome — . But — would be obtained in consequence of the exist- 
ence of a common factor, \fb^ v/c, between the two terms of the 
value of X (see Art. 113). 
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Let b=zc, cmd a=:0. 
The first system of values for x and a— a?, reduces to 0, and the 



second to — . This last symbol is that of indeUrmination ; for, 

resuming the equation of the problem, (b-^c)3i^—2ahx=^€^b, it 
reduces, in the present hypothesis to O.of — 0.a;=0, which may be 
satisfied by giving x any value whatever. In fact, since the two 
lights have the same intensity, and are placed at the same point, 
theyi ought to illuminate equally each point of the line A B. 

The solution 0, given by the first system, is one of those solutions 
in infinite numhers, of which we have spoken. 

Finally, suppose a=Of and h and c, unequal 
Each of the two systems reduces to 0, which proves that there is 
but one point in this case equally illuminated, and thai is the point 
in which the two lights are placed. 

In this case, the equation reduces to (3— c)ic^=0, and gives the 
two equal values, «=0, a:==0. 

The preceding discussion presents another example of the pre- 
cision with which algebra responds to all the circumstances of the 
enunciation of a problem. 

Of Equations of the Second Degree, involving two or more 

unknown quantities, 

151. A complete theory of this subject cannot be given here, be- 
cause the resolution of two equations of the second degree involv- 
ing two unknown quantities, in general depends upon the solution of 
an equation of the fourth degree involving one unknown quantity ; 
but we will propose some questions, which depend only upon the 
solution of an equation of the second degree involving one unknown 
quantity. 

1. Find two numbers such that the sum of their products by the 

respective numbers a and h, may be equal to 2^ ancl that their 

product may be equal to p. 

14* 
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Let X and y be the required numbers, we have the equations, 

ax+hy^=2s, 
X9^f. 

2* — ax 
From the firoi y= — 7 — ; whence, by substituting m the se- 

cond, and reducing, 
Therefore, 



a?= — ± — V s'^abpf 
a a 



and consequently. 



s 



y=y=Fy V *«~a^. 



This problem is susceptible of two direct solutions, because s is 

evidently > Vs'—abp, but in order that they may be real, it « 
necessary that 5^> or =abp. 

Let a=J=l ; the values of x, and y, reduce to 

ic=5zfc Vs^—p and y=5=f: Vs'—p 
Whence we see, that the two values of x are equal to those of y, 
taken in an inverse order ; which shows, that if 5+ V^-— p repre- 
sents the value of a;, *— V?— ^ will represent the corresponding 
value of y, and reciprocally. 

This circumstance is accounted for, by observing, that in this par- 

ticular case the equations reduce to < and then the 

( xy=p ; 

question is reduoectto, finding two numbers of which the sum is 2#, 

and their product jp, or in other words, to divide a number 2Sf into 

two such parts, that their product may be equal to a given number p. 

2. Find four numbers in proportion, knowing the sum 2^ of their 
extremes, the sum 2s* of the means, and the sum 4c' of their squares. 

Let V, 07, y, 2, denote tthe four terms of the proportion ; the equa- 
tions of the problem wiU be 
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u+z=2s 

At first sight, it may appear difficult to find the values of the un- 
known quantities, but with the aid of an unknown auxiliary they are 
easily determined. 

Let p be the unknown product of the extremes or means, we 
have 

1st. The equations 



u+z=29, , . , . C u=s+ V s'—p, 

2d. The equations 

x+y=2s', . ( x=:s'-^ V s'^'-py 
which give { ^ 

^=P^ t y=s'- Vs'^-p. 

Hence, we see that the determination of the four unknown quan- 
tities depends only upon that of the product p. 

Now, by substituting these values of m, a?, y, « in the last of the 
equations of the problem, it becomes 

or, developing and reducing, 

4*'+45'*— 4p— 4c ; hence 2?=*^4-5'*— c^ 

Substituting this value for p, in the expressions for m, x, y, z, we 
find 

Zz^8— V"^^^^ . i y=*'- V C«~5». 

These four numbers evidently form a proportion ; for we have 

15* 
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This problem shows how much the introduction of an unknown 
auxiliary facilitates the determination of the principal unknown 'quan- 
tities. There are other problems of the same kind, which lead to 
equations of a degree superior to the second, and yet they may be 
resolved by the aid of equations of the first and second degrees, by 
introducing unknovm auxiliaries, 

152. We will now consider the case in which a problem leads to 
two equations of the second degree^ involving two unknown quan- 
tities. 

An equation involving two unknown quantities is said to be of the 
second degree, when the greatest sum of the exponents of the two 
unknown quantities in any term, is equal to 2. Thus, 

Sx'—Aji+f'-xy—^y+e^O, 7a3^— 4a7+y=0, 

are equations of the second degree. 

Hence, every general equation of the second degree, involving 
two unknown quantities, is of the form 

af+hxy+cx^+dy+fx+g=0, 

a, b, c, . , . representing known quantities, either numerical or al- 
gebraic. 

Take the two equations 

af+bxy+cx'+dy+fx+g^O^ 

ay+h^xy+c'c^+d'y+fx+g'^0. 

Arranging them with reference to a?, they become 

coi^+{by+f)x+af-\-dy-\-g=0, 
c'u^+{^'y+fy+ay+d'y+g'=.0. 

Now, if the co-efficients of sx^ in the two equations were the same, 
we could, by subtracting one equation from the other, obtain an 
equation of the first degree in x, which could be substituted for one 
of the proposed equations; from this equation, the value of x could 
be found in terms of y, and by substituting this value in one of the 
proposed equations, we would obtain an equation involving only the 
unknown quantity y. 
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By multiplying the first equation by c', and the second by c, they 
become 

cc^sf'+(by+fyx+(af+dy+gy=0, 

and these equations, in which the co-efficients of «* are tlte same, 
may take the place of the preceding. 
Subtracting one from the other, we have 

[(3c'-cy)y+/c'-c/>+(ac'-caV+(dc'-cd>+gc'-cg'== 
which gives 

"""- {hc'^ch')y^fc'^cf • 

This expression for x, substituted in one of the proposed equa- 
tions, will give a fined equation, involving y. 

But without effecting this substitution, which, would lead to a very 
complicated result, it is easy to perceive that the equation involving 
y will be of the fourth degree ; for the numerator of the expres- 
sion for X being of the form nvf-\-ny'\-p, its square, or the expres- 
sion for a^, is of the fourth degree. Now this square forms one of 
the parts of the result of the substitution. 

Therefore, in general, the resolution of two equations of the se* 
cond degree, involving two unknown quantities, depends upon that of 
an equation of the fourth degree, involving one unknown quantity, 

153. There is a class of equations of the fourth degree, that can 
be resolved in the same way as equations of the second degree ; 
these are equations of the form xf^+pce'+q^O, They are called 
trinomial equations, because they contain but three kinds of terms ; 
viz. terms involving a?*, those involving a?*, and terms entirely known. 

In order to resolve the equation x/^+pr'-^-q^O, suppose s^^sy, 
we have 

p . / ^ 
^"+1^+^=01 whence y=:— y±V ~?+-^ 

But the equation «*=y, gives x= ± ^/y. . 
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:=±\/-|-±\/_,+^. 



Hence, ar=±V^ — — ±\/ •— j'+-- 

We perceive that the unknown quantity has four values, since 
each of the signs + aJ^d — , which affect the first radical, can be 
combined successively with each of the signs which affect the se- 
cond ; hit these vabies taken Uco and two are equals and Juwe contra- 
ry signs. 

Take for example the equation ar*— 25«"= — 144 ; 

by supposing a^=y, it becomes 5^— 253/= — 144 ; 

whence 3/= 16, y=9. 

Substituting these values in the equation a^=y there will result 

1st. a^=16, whence a;=it4; 2d. aj^=9, whence aj=±3. 

Therefore the four values are -f 4, —4, +S and —3, 

Agab, take the equation x*-''7s^=&. Supposing ix?=y, the 
equation becomes 3^-^7y=8; whence y=8, 3/= — 1. 

Therefore, 1st. x^=8, whence a;=it2\/2; 2d. a*^ — 1; 
whence «= ± \/— 1 ; the two last values of x are imaginary. 
Let there be the algebraic equation a;*— (23c-f 4a^)a^= — ^c*; 
taking a;*=y, the equation becomes 3/^— (2^c+4a')y = — ^c'; 

from which we deduce y= Jc -f 2a^d=2a V3c -|- a*. 

And consequently a;=dh-v/ ^c -f 2a^±2a Vhc 4- a^ 

154. Every equation of the form 3r*"+:P3/"+g=0, in which the 
exponent of the unknown quantity in one term is double that of the 
other, may be solved by the rules for equations of the second degree. 

For, put y''=a?, then y^=x^j and y^''-\-py^'{-q=x^+'px-^q=^^^ 

Hence x = —-— dh\/ —^4.—, 



Or 



And 



^ = -^^s/^^ 
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Extraction of the Square Root of Binomials of the form 

a zfc VTT 

155. The resolution of trinomial equations of the fourth degree, 
gives rise to a new species of algebraic operation : viz. the extrac- 
tion of the square root of a quantity of the form art Vb^ a and h 
being numerical or algebraic quantities. 

By squaring the expression 3± VsT we have 

(3d= -/T)'»=9±6 •/"5'+5=14ii=6 W\ 

hence, redprocaUy \/ 14dh6 V^=3zfc V^. 

In like manner, (v/7± x/liy=7±2>/7x \/ll + ll 

= 18=h2>/77. 

Hence reciprocally V 18=b2 Vrfir: i/7± ^/ll. 

Whence we see that an expression of the form Va± y/h, may 
sometimes be reduced to the form a'dt y/V or \/a'± s/V ; and 
when this transformation is possible, it is advantageous to effect it, 
since in this case we have only to extract two simple square joots 

whereas the expression Va± ^/h requires the extraction of the 
square root of the square root. 

156. If we let p and q denote two indeterminate quantities, we 
can always attribute to them such values as to satisfy the equations 

Va+ v'6=p+5' (1). 

Va- ^h=zp^<l (2). 

These equations, being multiplied together, give 

Va^^l^f^f (3), 

Now, if jpand^are irrational monomials involving only single ra- 
dicals of the second degree, or if one is rational and the other irration* 
al, it follows that jr* and (^ will be rational ; in which case, p* — 3^, 

or its value, Va^^h, is necessarily a rational quantity, or a^—h is 
a perfect square. 
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When this is the case, the transformation can always be effected. 

For, take a*— J, a perfect square, and suppose yo*— ^=c j the 
equation (8) becomes 

Moreover, the equations (1) and (2) being squared, give 

whence, by adding member to member, 

f+<f=a ..(4); 

but p2~g»=:c (5). 

Hence, by adding these last equations, and subtracting the se- 
cond from the first, we obtain 

and consequently, \ 

Therefore, 

V a+ ^h, or p+?=±V^=bV ^, 



or 



Va^y/b, or p~?=±V -2-=fV -y-; 



These two formulas can be verified ; for by squaring both mem- 
bers of the first, it becomes 

a-X-c a-—c . / c?—f? , ^ 

but the relation -v/a^— 6=c, gives c^==a^— 5. 
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Hence, a+ y/h=a+ Va*— o^+^=fl+ ^h. 

The second formula can be verified in the same manner* 

157. Rehask. As the accuracy of the formulas (6) and (7) is 

proved, whatever may be the quantity c, or Vc^—hf it follows, 
that when this quantity is not a perfect square, we may still replace 

the expressions Va+ ^b and Vfl— ^h^ by the second members 
of the equalities (6) and (7); but then we would not simplify the 
expression, since the quantities p and q would be of the same form 
as the proposed expression. 

We would not, therefore, in general, use this transfbnnalioD, 
unless a^— J is a perfect square. 

ISXAMFLES 

158. Take the numerical expression 94+42 ^/5, which reduces 

to 94+ V8820. We have 

a=94, ^=8820^ 

whence c= Va^—h= '\/8836— 8820=4, 

a rational quantity ; therefore the formula (6) is applicable to this 
case. 

It becomes 

V'94+42v/5=±(\/?i±i-+V ?^^), 

or, reducing, =db(V49+V45); 

therefore, V94+42 x/5=zb(7+3 v/S). 

In fact, (7+3 v'5)^=49+46+42 v/5=94+42 ^5 

Again, take the expression 



s/ 



we have a=:wp+2ni?, 3=4ffi*(np+»i*), 

c or V€?^h:=:np ; 
15 



»« 
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therefore the formula (7) is applicable. It gives for the required 
root 

or, reducing, ±( Vnp+m^— f»). 

In fact, ( Vnp+m''-my=np+2iK'-'2m Vnp+m\ 
For another example, take the expression 

V 16+30 -v/irT+V16--.30 V^ 

and reduQe it to its simplest terms. By applying thie preceding 
formulas, we find 



V16+80 •/-I=5+3 ^/^ Vl6-30V-1=5— 3 V^T. 

Hence, V 16+30 V^+ %/ 16-30 V^=zlO. 

This last example shows, better than any of the others, the utili- 
ty of the general problem ; because it proves that imaginary ex- 
pressians combined together, may produce real, and even rational 
results. 



V 5^8+10 VT=5+VT; \/l+4 V -3 =2+ V-S, 
\/bc+2h V bc-lr' +\/ bc--'2h V 3c-^==b2J; 

Examples of Equations of the Second Degree, which eitlier 
involve Radicals, or two unknown qttantities. 

2a" 

1. Given «+ V (^-{-x^ = — : to find a?. 

V^+^ 

X V^+?+a"+.x»=2a^ 

X V?+a^a'— ^ by transposing. 
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hence 



or 



aW+a?*=a*-.2a»«»+a^, by squaring. 
3aV=a*. 



2. Given \/J+««_\/^_j 



^=3 to find ff. 



^+^= V ^ — ^+J, by transposing. 



tf 



a 



j-+s-=y-»+!ay j-w+s-. 



V^ 



lience • . . . . «^=23V-r— ft*. 

ar 

* =2 V?--*'. 



or 



hence 



1. 4«* 



*»=: 



4a* 



W» 



hence • • • • • ji?=: 



2a 



JVT* 



3, Given — | ===— to find*. 

« a; ^ 



Ana, af==fc V^db-^l^ 



4. Given ^ =48 "^ 



and 






> to find X and y. 



V 



zz:=24 



Dividing the first equation by the second, we have 



ITS 



iUMKBBA. 



VT 




'\/ir=2, or y=4. 



X 



Whence from the second equation 
hence 



4a; 



\/V=6 and a?=36. 



=4 VT=:24, 



6. Given V •^^+2V --^=6*V -rr-- *<> fi^d «• 



op+a 






6. Given « + V;^+y=19) ^^^^^^^^ 
and «*+ ay +^=188 ) ^ 

Dividing the second equation by the first, we have 

a?— Vxy+y=: 7 



(ftzpiy^ 



bat 

hence 
or 

and 

or 

and . • . . ay=36 

From 2d equation, a!*+ay+y'=183 

and from the last Zxy = 108 

Subtracting 
Hence • • 
But • • 
Hence 



' 2a;+^=26 by addition, 
x+ y=18 

V^+18=19 by substituting in the 1st eq, 
V^= 6 



7. Givai 



. . a^"2xy+f= 25 

• • . a?— y==b 5 

. • . x+y= 13 

. af=9 or 4; and 3^=4 or 9, 

a— Va*— ac* 



a+ V a«-a!« 



z=zbf to find «. 



ilft«. «=db 



2a V* 
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8. Given —=: -__.— — ^ to find ». 

a(ldbn)» 
Ans. a?=- 



l±2n • 



9. Given — J=r^ -=r=^\/ -7- to find a?. 



Ans. a?=±2 Vab-^l^. 






( arsc2 or 


1 


' y— 1 or 


2. 


aj^and y. 




a?=ll or 


5 


y=5 or 


11. 



". Gxven | f^,^^^,.;;^ ,,,. | to find ..and y. 

Ans* 

12, Given ; =s:3, to find «. 

a+x 

AnSm «= ■ — * 

18. Given J ^- ^ [ to find « and y 

( a;y= 6 ) ^ 

C a:=^3 or 2 or — 3± VX 
"*' ( y=2 or 3 or — 3qp VIT. 

14* Given the sum of two numbers equal to Oy and the sum of 
fheir cubes equal to c, to find the numbers 

{ a; -j-y =a 
By the ccmditions J -» . , 

Putting «s=«+2, and y=;s—z, we have a=2Sf 

( aj»=53+3^2+3««2+jr» 
"^"^ • • • • I' f^f^^^Sfx+Ssfj-^ 

Hence, by additi<»i, ixP+y^s=:2^ -\-6s^=:e 

15* 






IT4 
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'-^ =±V^E?1. 



Whence «*= — and x 

6« ^ 6» 



or 



*=*±V -^j-; and y=.qpV -g^, 

Or by putting for s its value^ 

a' 



"^=1=*= V^(""3^) =l"=*=\/"i^r' 



a // 4 \ a /4c— -0? 

QUE8TIONB. 

1. There are two numbers whose difference is 15, and half their 
product is equal to the cube of the lesser number. What are those 
numbers? Ans. 8 and 18. 

2. What two numbers are those whose sum, multiplied by the 
greater, is equal to 77 ; and whose differ^ice, multiplied by the 
lesser, is equal to 12 ? 

Ans. 4 and 7, or | v'S and y ^/2. 

3. To divide 100 into two such parts, that the sum of their square 
roots may be 14. Ans. 64 and 36. 

4. It is required to divide the number 24 into two such parts, that 
their product may be equal to 35 times their difference. 

Ans, 10 and 14. 
6. The sum of two numbers is 8, and the sum of ''their cubes is 
152. What are the numbers ? Arts, 8 and 5. 

6. The sum of two numbers is 7, and the sum of their 4th powers 
is 641. What are the numbers? Arts, 2 and 5. 

7. The sum of two numbers is 6, and the sum of their 5th pow- 
ers is 1056. What are the numbers? Ans. 2 and 4. 

8. Two merchants each sold the same kind of stuff; the second 
sold 3 yards more of it than the first, and together, they receive 35 
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crowns. The first said to the second, I would have reeoiyed 24 

crowns for your stuff; the other replied, and I would have received 

11^. crowns for yours. How many yards did each of them sell? 

( 1st merchant a;=15 x=5 ^ 

Ans. < , or > 

( 2d . • , y=18 y=8. > 

9. A widow possessed 13,000 dollars, which she divided into 
two parts, and placed them at interest, in such a manner, that the 
incomes from them were equal. If she had put out the first por- 
tion at the same rate as the second, she would have drawn for this 
part 360 dollars interest ; and if she had placed the second out at 
the same rate as the first, she would have drawn for it 490 dollars 
interest. What wer^ the two rates of interest? 

Ans. 7 and 6 per cent. 



CHAPTER IV. ^ 

Of Proportions and Progressions, 

159. Two quantities of the same kind may be compared together 
in two ways : — 

1st. By considering , ^oto much one is greater or less than the 
other, which is shown by their difference ; and 

2nd]y. By considering how many times one is greater or less than 
the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together with respect 
to their difference, we find that 12 exceeds 3 by 9 ; and in com- 
paring them together with respect to their quotient, we find that 
12 contains 3 four times, or that 12 is 4 times as great as 3. 

The first of these methods of comparison is called Arithmetical 
Proportion, and the second, Geometrical Proportion. Hence, 
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Arithmetical Proportion considers the relation of quantities wiA 
respect to their difference, and Geometrical Proportion the relation of 
quantities with respect to their quotient. 



Of Arithmetical Proportion and Progression. 

160. If we have four numbers, 2, 4, 8, and 10^ of which the 
difference between the first and second is equal to the difference 
between the third and fourth, these numbers are said to be in 
arithmetical proportion. The first term 2 is called an antecedent, 
and the second term 4, with which it is compared, a consequent. 
The number 8 is also called an antecedent, and the number 10, 
with which it is compared, a consequent. 

161. When the difference between the first antecedent and con- 
sequent is the same as between any two adjacent terms of the 
proportion, the proportion is called an arithmetical progression. 
Hence, a progression by differences, or an arithmetical progression, 
is a series in which the successive terms continually increase or 
decrease by a constant quantity, which is called the common differ^ 
ence of the progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48> 44, 40, 36, 32, 28, . . . 

the first is called an increasing progression, of which the common 
difference is 3, and the second a decreasing progression, of which 
the common difference is 4. 

In general, let a, h, c, d,e,f,.., designate the terms of a pro- 
gression by differences ; it has been agreed to write them thus : 

a,h,c,d,e,j.g,h,i,k . . . 

Tliis series is read, a is to &, as & is to c, as c is to df, as d is to 
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e, &c. This is a series of continued equtidifferenees^ ia which 
each term is at the same time a consequent and antecedent, with 
the exception of the first term, which is only an antecedent, and the 
last, which is only a consequent. 

162. Let r represent the common difference of the progression 

a,b.c.d,e.f.g,h, Ac, 

which we will consider increasing. 

From the definition of the progression, it evidently follows that 

h=za+r, c=6+r=a+2r, d=zc+r=:a+3r ; 

and in general, any term of the series, is equal to the first term 
plus Of many times the common difference as there are preceding 
terms. 

Thus, let I be any term, and n the number which marks the 
place of it, the expression for this general term, is 

Z=a+(»— l)r. 

That is, the last term is equal to the first term, plus the product 
of the common difference by the number of terms less one. 

If we make n=:l, we have l=a ; that is, the series wDl haro 
bat one term. 

If we make n=:2, we have l=za+r; that is, the series will 
have two terms, and the second term is equal to the first plus the 
conunon difference. 

EXAMPLES. 

1. If 0=3 and r=:2^ what is the 3rd term? , Ans, 7. 

2. If 0=5 and r=:4, what is the 6th term? Ans. 25^. 

3. If a=7 and r=5, what is the 9th term? Ans. 47. 

The formula i=a+(n— l)r, serves to find any term whatever, 
without our being obliged to determine al] those which precede it* 
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Thus, by making n=50, we find the 50th term of the progression^ 
1 . 4 . 7 . 10 . 13 . 16 . 19 . . . . in which Z=:l +49x3=148. 
The 60th term of the progression, 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . . . gives Z=l+59x4=237. 

163. If the progression were a decreasing one, we should have 

/=a— (n— l)r. 

That is, in a decreasing arithmetical progression, the last term is 
egwd to the first term minus the product of the common difference hf 
ike number of terms less one, 

EXAMFLSS. 

1. The first term' of a decreasing progression is 60, the nimiber 
of terms 20, and the common difference 3 : what is the last term! 

fca-(»-l)f gives Z=: 60— (20-1)3=60-57=3. 

2. The first term is' 90, the common difference 4, and the nam* 
ber of terms 15 : what is the last term? Ans. 34/ 

3. The first tenn is 100, the number of terms 40, and the com* 
mon difference 2 : what is the last term ? Ans. 22. 

164. A progression by differences being given, it is proposed to 
prove that, the sum of any two terms, taken at equal distances from 
the two extremes, is equal to the sum of the two extremes. 

Let a .h , c ,d ,e ,f , , , . « . ^ . 2 be the proposed progres- 
sion, and n the number of terms. 

We will first observe that, if x denotes a term which hasp tenns 
before it, and y a term which has p terms after it, we have, from 
what has been said, xz=ia+p X r, 

and y=/— ;>Xr; 

whence, by addition, a7+y=a+Z, 

which demonstrates the proposition* 



ARITHMETICAL PROGRESSION. 179 

This being proved, write the progression belo^ir itself, but in 
an inverse order, viz., 

a ,h , c , d . e ,f , . . . i . k , I. 
I . k , i e , b . a. 

Calling S the sum of the terms of the first progression, 28 will 
be the sum of the terms in both progressions, and we shall have 

2S={a+l)+(b+k)+(c+i) . . . +{i+c)+(k+b)+(l+a). 

Now, since all the parts a+l, b+k, c+t .... are equal to 
each other, and their number equal to n, 

2S=z{a+l)n, or S=:(^^y. 

That is, the sum of the terms of an arithmetical progression is 
equal to half the sum of the two extremes multiplied by the number 
of terms, 

1. The extremes are 2 and 16, and the number of terms 8: 
what is the sum of the series ? 

^ /a-\-l\ . ^ 2+16 ^ ^^ 

S=l--^)xny gives /S=:— ^- — x8=72. 
\ 2 / 2 

2. The extremes are 3 and 27, and the number of terms 12 : 
what is the sum of the series ? Ans, 180. 

3. The extremes are 4 and 20, and the number of terms 10: 
what is the sum of the series ? Ans. 120. 

165. The formulas 

Z=a+(n^l)r and fif=(f±i)xn 

contain five quantities, a, r, n, /, and jS, and consequently give rise 
to the following general problem, viz. : Any three of these Jive 
quantities being given, to determine the other two. 
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We already know the value of S in tenns of a, n, and r. 
From the formula Z=a+(n— l)f, we find 

a=/— (n— l)r. 

That is, the first term of an increasing arithmetical progresstan is 
equal to the last term, minus the product tjfthe common difference by 
the number of terms less one. 

From the same formula, we also find 

/-a 

f= -. 

n— 1 

That is, in any arithmetical progression^ the common difference is 
equal to the difference between the two extremes divided by the namr 
ber of terms less one. 

1. The last term is 16, the first term 4, and the numher of terms 
5 : what is the common difference ? The formula 

l-a 16—4 ^ 

r= eives r= — : — = 3. 

n— 1 ^ 4 

2. The last term is 22, the first term 4, and the numher of terms 
10 : what is the common difference ? Ans, 2. 

166. The last principle affords a solution to the following 
question : 

To find a number m of arithmetical means between two given 
numbers a and b. 

To resolve this question, it is first necessary to find the common 
difference. Now we may regard a as the first term of an arith- 
metical progression, b as the last term, and the required means as 
intermediate terms. The number of terms of this progression will 
be expressed by m+2* 

Now, by substitutinef in the above formula, b for /, and m+2 
for n, it becomes 
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h — a ft— a 

tliat is, the common difference of the required progression is obtained 

by dividing the difference between the given numbers a and ft, by 

one more than the required number of means. 

Having obtained the commpn difference, form the second term 

of the progression, or the Jirst arithmetical mean^ by adding r, or 

b^-a 

— -7-, to the first term a. The second mean is obtained by aug"-' 

mentiog the first by r, &c. 

1. Find 3 arithmetical means between the extremes 2 and 18« 
The formula 

ft-ii 18-2 , 

hence, the progression is 

' 2 . 6 . 10 . 14 . 18. 

2. Find 12 arithmetical means between 12 and 77. Th0 
formula 

h-^a 77—12 . 

Hence the progression is 

12 . 17 . 22 . 27 72 , 77. 

167. Remark. If the same number of arithmetical means are 
inserted between all of the terms, taken two and two, these terms, 
and the arithmetical means united, will form but one and the same 
progression. 

For, let a . ft . c . <f . e ./ . . . . be the proposed progressicm, 
and m the number of means to be inserted between a and ft, ft and e» 
c and c2 . , . , 

16 
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From what has just been said, the commoQ difference of each 
partial progression will be expressed by 

h — a c — b d — e 



m+\ ' m+\ ' m+1 * ' ' 

wbich are equal to each other, since a, b, c , . . are in progres- 
sion : therefore, the common difference is the same in each of the 
partial progressions ; and since the last term of the first, forms the 
first term of the second, ^c, we may conclude that all of these 
partial progressions form a single progression. 

EXAMPLES. 

1. Find the sum of the first fifty terms of the progression 
2 . 9 . 16 . 23 . . . 

For the 50th term we have Z=2 + 49 x 7=345. 

50 
Hence, iSf=(2 + 345) x— =347X25=8675. 

2: Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Arts. 695. 

3. Find the sum of 100 terms of the series 1.3.5.7.9... 

Ans. 10000. 

4. The greatest term is 70, the common difference 3, and the 
number of terms 21 : what is the Jeast term and the sum of the 
series? Ans, Least term 10; sum of series 840. 

5. The first term of a decreasing arithmetical progression is 10, 

the common difference — , and the number of terms 21 : required 

o 

the sum of the series. Ans. 140. 

6. In a progression by differences, having given the common 
difference 6, the last term 1 85, and the sum of the terms 2945 : 
find the first term, and the number of terms. 

Ans, First term =5 ; number of terms 31. 



1 
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7. Find 9 arithmetical means between each antecedent and 
consequent of the progression 2. 5. 8. 11. 14... 

Ans, Ratio, or r=:0,3. 

8. Find the number of men contained in a triamgular battalion, 
the first rank containing 1 man, the second 2, the third 3, and so 
on to the n^, which contains n. In other words, find the expres- 
sion for the sum of the natural numbers 1, 2, 3 . . ., from 1 to n, 

inclusively. Ans. «Ss=:-i-- — ', 

9. Find the sum of the n first terms of the progression of uneven 
numbers 1, 3, 5, 7, 9 . . . Ans, S^n\ 

10. One hundred stones being placed on the ground, in a straighl 
line, at the distance of 2 yards from each other, how far will a 
person travel, who shall bring them one by one to a basket, placed 
at 2 yards from the first stone 1 Ans. 1 1 miles, 840 yards. 



Geometrical Proportion and Progression. 

168. Ratio is the quotieiit arising from dividing one quantity by 
another quantity of the' same kind. Thus, if A and B represent 
quantities of the same kind, the ratio of A to B is expressed by 

B 

T 

» 

169. If there be four magnitudes. A, B, C, and D, having such 
values that 

B_D 

A-C 

then A is said to have the same ratio to B, that C has to 2) ; or, 
the ratio of A to B is equal to the ratio of C to D. When four 
quantities have this relation to each other, they are said to be in 
proportion. Hence, proportion is an equality of ratios. 
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To express thaX the ratio of il to £ is equal to the ratio of C 
to D, we write the quantities tbus, 

A : B : : C : D. 

and read, A is to j^^ as C to i). 

The quantities which are compared together are called the terms 
of the proportion. The first and last terms are called the two ex* 
trefneSy and the second and third terms the two means, 

170. Of four proportional qiiantities, the first and third are called 
the antecedents, and the second and fourth the consequents; and the 
last is said to be a fourth proportional to the other three taken in 
order. 

171. Three quantities are in proportion when the first has the 
same ratio to the second that the second has to the third ; and then 
the middle term is said to be a mean pre^rtional between the other 
two. 

172. Quantities are said to be in proportion by inversiony or m* 
versely, when the consequents are made the antecedents and the 
antecedents the consequents. 

173. Quantities are said to be in proportion hj altemaiion, oi 
idtemately, when antecedent is compared with anteeedent and 
consequent with consequent. 

174. Quantities are said to be In proportion by composttioth 
when the sum of the antecedent and consequent is compared either 
with antecedent or consequent. 

175. Quantifies are said to be in proportion by divisianf when 
the difference of the antecedent and consequent is compared either 
with antecedent or consequent. 

176. Equi-multiples of two or more quantities are the products 
which arise from multiplying the quantities by the same Bumber. 



GEOMETRICAL PROPORTION* 189 

Thus» mxA and mxB are equi-multiples of A and JB, the com- 
mon multiplier being m. 

177. Two quantities, A and B^ are said to be reciprocally pro- 
portional, or inversely proportional, when one increases in the same 
ratio as the other diminishes. When this relation exists, either 
of them is equal to a constant quantity divided by the other. 

178. If we have the proportion 

A : B : : C : D, 

we have "T^7^» (Art. 169); 

and by clearing the equation of fractions, we have 

BC=^AD ; 

that is, of four proportional quantities, the product of the tu» ev- 
tremes is equal to the product of the two means* 

179. If four quantities, A, B, C, and D, are so related to each 
other that 

AxD=:BxC, 

we shall also have -t=T7> 

A. o 

« 

and hence, A : B : : C : D; 

that is, if the product of two quantities is equal to the product of two 
other quantities, two of them may be made the extremes, and the other 
two the means of a proportion, 

180. If we have three proportional quantities 

A ; S : : B : C, 
16* 
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. BO 

hence, fi^=ACi 

that is, the square of the middk term is equal tot the froduct of th^ 
two extremes, 

181. If we have 

B D 

4. : B : C : D and consequently, -—==—, 

A. O 

Q 

multiply both nun^ers of the last equation by -^^ we obU^n 

and hence, A : C : : B : .D; 

that is, if four quantities are proportional^ they wiU be in proportion 
hy alternation, 

182. If we have 

A : B : : C : JD and A i B : : E i F^ 

we shall also have 

B D :, B F 

D F 
hence, •7r=-rr and C : D : : E x F. 

C E 

That is, if there are two sets of proportions having an antecedenit 
and eoniequent in the one equal to an antecedent and consequent of 
the other, the remaining terms wiU be proportional. 

183. If we hare 

B D 

A I B : : C : D aad consequently — =-j:q-. 
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we have, by dividing 1 by each member of the equation, 
— =?-rr-, and consequently iJ : 4 • • i? • 0. 

That is, Four proportional quantities will be in proportion, when takin 
inversely (Art. 172). 

184. The proportion 

A : B : : C : D gives AxD=:BxC. 

To each member of the last equation add BxV- We shall thea 
have 

(A-\-B)xB=(C+B)xB\ 

and by separating the factors, we obtain 

A+B I B :: C+D : D. 

If, instead of adding, we subtract BxD from both members, w# 

have 

(A-^B)xD={C--D)xBi 

which gives A—B : B ; : C-^D : D. 

That is. If four quantities are proportional, they totU be inpropof^ 
tion by composition or division, 

185. If we have 

BJD^ 

and multiply the numerator and denominator of th« first member 
by any number m, we obtain 

■=-77 and mA : mB ' l C i D\ 



mA C 



that is. Equal multtples of tV)o quantities have the same ratio as the 
^luantities themselves. 
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186. The proportions 

A : B : : C : D and A : B : : E : F, 
give AxD=BxC and AxF=BxEi 

adding and subtracting these equations, we obtain 

A{D±F)=:B{C±E), or A : B : C±E : D=bF. 

That is, If C and D, the antecedent and consequent be augmented Of 
diminished by quantities E and F, which have the same ratio as C 
to D; the resulting quantities wiU also have the same ratio, 

187. If we have several proportions 

A : B i\ C : D, which gives AxDzzzBxC, 

A : B :: E : F, „ „ AxF=B^E, 

A : B :: G : H, „ „ AxHz=:BxG, 
&c, &c, 

we shall have by addition 

A{D+F+H)=B{C+E+G); 

and by separating the factors 

A : B : C+E+G : D+F+H 

That is, In any number of proportions having the same ratio, any 
antecedent will be to its consequent, as the sum of the antecedents to 
the sum of the consequents, 

188. If we have four proportional quantities 

B D 
A : B : : C : D, we have -^-=-77; 

A, V 

and raising both members to any power, as n, we have 
and consequently A* : B^ : : C* : J>S 
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That is^ If fiwr quasUUies are propartumal, any like powers jr roots 
mli he proportionah 

189. Let there be two sets of proportions, 

A : B : : C : D, which gives -- =77, 

E : F:: G.H, „ „ ^=:|. 

Multiply them together member by member, we have 

jyp T)fT 

4^=-^, which gives AE : BF :: CG : DH. 
AE CG ° 

That is, In two sets of proportional quantities, the products of the 
corresponding tertn^ will he proportional. 

190. In the proportions which have been considered, it has only 
been requiredi that the ratio of the first term to the second should 
be the same as that of the third to the fourth. If we impose the 
farther condition, that the ratio of the second to the third shall also 
be the same as that of the first to the second, or of the third to the 
fourth, we shall have a series of numbers, each one of which, 
divided by the preceding one, will give the same ratio. Hence, if 
any term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called a 
geometrical progression. Hence, 

A Geometrical progression, or progression by quotients, is a series 
of terms, each of which is equal to the product of that which pre* 
cedes it, by a constant number, which number is called the ratio 
of the progression* Thus, in the two series, 

3, 6, 12, 24, 48, 96, . . . 
64, 16, 4, 1> "4"» Y5» • • • 

each term of the first contains that which precedes it twice, or is 
equal to double that which precedes it ; and each term of the second 
is contained in that which precedes it four times, or is & fourth of 
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that whicli precedes it. These are geometrical progressioifiB. In 
the first, the ratio is 2 ; in the second, it is ^.' The first is called 
an ificreasing progression, the second a decreasing progression. 

Let a, h, e^ dyB^fj . . . be numbers in a progression by quo- 
tients : they are written thus : 

a I h : e \ d I e I f I g . . , 

and it is enunciated in the same manner as a progression by dif- 
ferences. It is necessary, however, to make the distinction, that 
one is a series of equal differences, and the other a series of equal 
quotients or ratios. It should be remarked that each term is at the 
same time an antecedent and a consequent, except the first, which 
is only an antecedent, and the last, which is only a consequent. 

191. Let q denote the ratio of the progression 

a I h : € : d , ^ »\ 

q being >1 when the progression is increasing^ and q<l trhett 
it is decreasing. We deduce from the definition the following 
equations : 

h:=aq, c=zhq=iaq^^ d=cq=aq^9 e=:dq=zaq^ . . .; 

and in general, any term n, that is, one which has n— 1 terms 
before it, is expressed by aq'"'^. 

Let I be this term ; we have the formula l=agr^\ by means of 
which we can obtain any term without being obliged to find all the 
terms which precede it. That is, the last term of a geometrical 
progression is equal to the first term multiplied hy th$^ ratio raised to 
a power whose exponent is one less than the number of terms, 

1. Find the 5th term of the progression 2 : 4 : 8 : 16, &c, 
in which the first term is 2 and the common ratio 2. 

5th term =2 X2*=2 X 16=32. 

2. Find the 8th term of the progression 2 : 6 : 18 : 54 • • • 

8th term =2x3'' =2x2187=4374. 
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d. Find the 19th tetm of the progression 

64 : 16 : 4 : 1 : — . . . 

4 

, 1 V 11 43 1 1 

12th term =64( — ) =-L-=— = — i— . 

V4/ 4" 4® 65536 

192. We will now proceed to determine the sum of n terms of 
the progression 

a : b : c : d : e : f : . . , : i : k : Ij 

I denoting the nth term. 

We have the equations (Art. 191), 

hz=aq, ^ cz=bq, d=:cq, e=zdqf . . . k:=zigf /=A^; 

and by adding them all together, member to member, we deduce 

b+c+d+e+ . . . +k+l=:(a+b+c+d+ . . . +i+k)q; 

or, representing the required sum by S, 

S— a=(S— %=S$'— /^, or Sq—Szzzlq'-a; 

Iq—a 



whence S= 



q-l 



That is, to obtain the sum of the terms of a progression by quo* 
tients, multiply^ the last term by the ratio, subtract the fir^t term 
from this product, and divide the remainder by the ratio diminished 
by unity, 

1. Find the sum of eight terms of the progression 

2 : 6 : 18 : 54 : 162 . . . : 2x3''s=4374, 
^—1 2 
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2. Find the sum of the progression 

2 : 4 : 8 : 16 : 32. 

s=.^=ilf:H-=62. 
y-i 1 

3. Find the sum of ten terms of the progression 

2 : 6 : 18 : 64 : 162 . . . 2x3»=39366. 

Ans, 5904a 

4. What debt may be discharged in a year, ot twelve months, 
by paying $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the last ; 
and what will be the last payment ? « ^ 

Ans. Debt, $4095 ; last payment, $2048. 

5. A gentleman married his daughter on New Year's day, and 
gave her husband Is, towards her portion, and was to double it on 
the first day of every month during the year : what was her 
portion? Ans, J^04 15*. 

6. A man bought 10 bushels of wheat on the condition that he 
should pay 1 cent for the 1st bushel, 3 for the second, 9 for the 
3rd, and so on to the last : what did he pay for the last bushel and 
for the ten bushels ? 

Ans, Last bushel $196,83 ; total cost $295,24. 

193. When the progression is decreasing, we have ^<1 and 
2<a ; the above formula for the sum is then written under the form 

8=-; — L. in order that the two terms of the fraction may be 

positive 

By substituting o^*^^ for Hn the expression for S^ it becomes 

S=<Zf.. or S=^I^. - 

q-\ \-q 
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1. Find the sum of the terms of the progression 

32 : 16 : 8 : 4 : 2. 

32-2 X— oi 

1-y JL L 

2 2 

2. Find the sum of the first twelve terms of the progression 

1 . / 1 \11 1 

64 : 16 : 4 : 1 : — :... : 64^—) , or 



l\ii 

or . 

65536 



64 — -.l—^X^ 256 



a—lq _ 65536 4 65536 65{\^5 

■" l-S' ""3 ~ 3 "" "^ 196608* 



We perceive that the principal difficulty consists in obtaining 
the numerical value of the last term, a tedious operation, even 
when the number of terms is not very great. 

194. Remark. If, in the formula 8=—^^^^ — — ^, we suppose 

^=:1, it becomes 8=—. 

This result, which is sometimes a symbol of indetermination, 
is also often a consequence of the existence of a common factor 
(Art. 113), which becomes nothing by making a particular hypo- 
thesis respecting the given question. This, in fact, is the case in 
the present question; for the expression ^—1 is divisible bj 
^—1, (Art. 59), and gives the quotient 

lience the value of S takes the form 

Now, making 5^=1} we have 

S=a+o+o+ . . . +a3sna. 

17 



IM ALGEBRA. 

We can obtain the same result by going back to the proposed 
progression a : b : c: . , . : l, which, in the particular case 
of q=ly reduces to a : a : a : . . . : a, the sum of which 

series is equal to na. 


The result — , given by the fcmnula, may be regarded as in« 

dicating that the series is characterized by some particular pro- 
perty. In fact, the progression, being entirely composed of equal 
terms, is no more a progression by quotients than it is a progres- 
sion by differences. Therefore, in seeking for the sum of a cer- 
tain number of the terms, there is no reason for using the formula 

« a(c^ — 1) . ^ , ^ , *>. (a+l)n , , . 

S-s_->2 — --.i-j m preference to the formula S=^ — 9~> which 

gives the sum in the progression by differences. 

Cf Progressions having an infinite number of terms. 

195. Let there be the decreasing progression 

a : b : c : d : e I f : , . .f 
containing an indefinite number of terms. The formula 

wnich represents the sum of n of its terms, can be put under the 
form 

Now, since the progression is decreasing, ^ is a proper fraction ; 
and f is also a fraction, which diminishes as n increases. There- 
fore the greater the number of terms we take, the more will 

' X g^ diminish, and consequently the more will the partial 

sum of these terms approximate to an equality with the first part 

of S, that is, to . Finally, when n is taken greater than 

1—^ 
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any given number, or n s= oo,, then x f will be less than 

1— f 

any given number, or will become equal to ; and the expression 

ct 
will represent the true vahie of the sum of all the terms of 

the series. 

Whence we may conclude, that the expression for the sum of 
the terms of a decreasing progression^ in tMch the number of terms 
is infinite J is 

s=. " 



1-9 

This is, properly speaking, the limit to which the partid sums 
approach, by taking a greater number of terms in the progression. 

The difference between these sums and can become as 

small as we please, and will only become nothing wh&a the number 
of terms taken is infinite. 

EXAMPLES. 

1. Find the sum of 

1111 . - - 

We have for the expression of the sum of the terms 

1-^ 1 i. 2" 
3 

The errpr committed by taking this expression for the Taliie of 
the sum of the n first terms, is expressed by 

3/l\* 



Fkst take fi=:5 ; it becomes 



Ti:7^«^=t(t) 



—f2S- ^ ^ 



3 V 3 / 2.3* 162 



196 * ALGEBBA. 

When n=6, we find 

2\3/ 162 3 486 

3 
Whence we see that the e^or committed, when — is taken for 

the sum of a certain number of terms, is less in proportion as this 
number is greater. 

Again take the progression 

1 1 1 1 1 1 - 

^ • 2 • 4 • 8 • 16 • 32 • *''• • • • 

We have s=--^= — ^=2. 

• 2 
196. The consideration of the five quantities a, q, n, 2, and S, 

which enter into the formulas /={M'"""1 and S=--5l — -^ 

^ g'-l 

(Arts. 191 and 192), give rise to several curious problems. 

Of these cases, we shall consider here only the most important 
We will first find the values of S and q in terms of a, 2, and n. 

The first formuls^ gives . . 5""'i= — , whence q=z W — . 

Substituting this value in the second formula, the value of S will 
be obtained. 

The expression q=^\/ — furnishes the means for resolving 

the following question, viz. : 

To find m mean proportionals between two given numbers a <md b ; 
that is, to find a number m of means ^ which will form with a and b, 
considered as extremes, a progression by quotients. 

For this purpose, it is only necessary to know the ratio. Now, 
the required number of means being m, the total number of terms 
is equal to fn4-2. Moreover, we have l=iby therefore the value 

of q becomes q=. \/ — ; that is, we must dimde one of the 

given numbers (b) by the other (a), then extract that root of the 
quotient whose index is one more than the required number ofmecms. 
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Henoe, the progression is 

m-hl/b «+J/^ "H-l/iS 

Thus, to insert six mean proportionals between the n|g[|ibers 3 
and 384, we make m=6, whence 



^=y^i?i=-{/l28=2; 



whence we deduce the progression 

3 : 6 : 12 : 24 : 48 : 96 : 192 : 384. 

Remark. When the same number of mean proportionals are in^ 
serted bettoeen all the terms of a progression by quotients ^ taken two 
and two, all the progressions thus formed will constitute a single 
progression. 



CHAPTER V. 



formation of Potoers, and Extraction of Roots of any 

degree whatever. 

197. The resolution of equations of the second degree supposes 
the process for extracting the square root to be known ; in like 
manner the resolution of equations of the third, fourth, 4&c. ^^gree, 
requires that we should know how to extract the third, fourth, &c. 
root of any numerical or algebraic quantity. 

It will be the principal object of this chapter to explain the rais- 
ing of powers, the extraction of roots, and the calculus of radicals. 

Although any power of a number can be obtained from the rules 
of multiplication, yet this power is subjected to a certain law of com- 
position which it is absolutely necessary to know, in order to deduce 
the root from the power. Now, the law of composition of the square 
of a numerical or algebraic quantity, is deduced from the expression 

for the square of a binomial (Art. 117); so likewise, the law 

17* 
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of a power of any degree, is deduced from the sam^ powoi of 
a binomial. We will therefore determine the development of and 
poufer of a hinomial. 

198. %y multiplying the binomial x+a into itself several times, 
the following results are obtained ; 

{x+a)=zx+a, 

(x+ay=x'+2ax+c^f 

(x+ay^=j^+Sax'+Sa^x+a^f 

(a7+a)*=iu*+4aar»+6aV+4a3a;+aS 

By inspecting these developments it is easy to discover a law aCi 
cording to which the exponents of x and a decrease and increase in 
the successive terms; it is not, however, so easy to discover 
a law for the co-efficients. Newton discovered one, by means of 
which, any power of a binomial can be formed, without first obtain- 
ing all of the inferior powers. He did not however explain the 
course of reasoning which led him to the discovery of it ; but the 
existence of this law has since been demonstrated in a rigorous 
manner. Of all the known demonstrations of it, the most elemen- 
tary is that which is founded upon the theory of eomhinations. How- 
ever, as it is rather complicated, we will, in order to simplify the ex- 
position of it, begin by resolving some problems relative to combi- 
nations, from which it will be easy to deduce the forTHula for the bi^ 
nomial, or the development of any power of a binomial. 

Theory of Permutations and Combinations. 

1 99. Let it be proposed to determine the wh^Ie number of ways 
in which several letters, a, 3, c, J, (fee. can be written one after the 
other. The results corresponding to each change in the position of 
any one of these letters, are called permutations. 

Thus, the two letters a and h furnish the two permutalioM ah 
and ha* 
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In like manner, the three letters a, h^ c, furnish 
six permutations. 



^ aibc 
acb 
cab 
hcui 
hca 

^cba 



Permutations, are the resuUs obtained by writing a certain number 
of letters one after the other, in every possible order, in such a num* 
ner that all tJie letters shall enter into each result, and each letter 
enter but once. 

Problem 1. To determine the number of permutations of which 
n letters are susceptible. 

In the first place, two letters a and b evidently ( aft 

give two permutations, ( ba 

Therefqre, the number of permutations of twp letters is 1 X 3- 
Take the three letters a, ft, and c. Reserve 
either of the letters, as c, and permute the other two, 
giving • . • • • , • • f 
Now, the third letter c may lie plaoed before ab, 
between a and b, and at the right of ab ; and the . 
same for ba : that is, in one of the first permutations 
the reserved letter c may have three different places, 
giving three permutations. Now, as the same may 
be shown for each of the first permutations, it fol- 
lows that the whole number of permutations of three 
letters will be expressed by 1x2x3. 

If now, a fourth letter d be introduced, it can have four places in 
each of the six permutations of three letters : hence all the per- 
mutations of four letters will be expressed by 1x2x3X4. 

In general, let there be n letters a, b, c, &c. and suppose the 
tcjtal number of permutations of n — 1 letters to be known ; and let 
Q denote that number. Now, in each of the Q permutations the 
reserved letter may have n places, giving n permutations : hence, 
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when it is so placed in all of them, the number of permutationa wi]l 
be expressed by Qx«- 

Let n:=z2* Q will then denote the number of permutations that 
can be made with a single letter ; hence Q=lj and in this particu- 
lar case we have Qxw=lx2. 

Let n:=;;3. Q will then express the number of permutations of 
3—1 or 2 letters, and is equal to 1x2. Therefore Qxnis equal 
to 1X2X3. 

Let n=:4. Q in this case denotes the number of permutations 
of 3 letters, and is equal to 1x2x3. Hence, Qx^ becomes 
lX2x3X4» and similarly when there are more letters. 

200. Suppose we have a number m, of letters a, h, c, d, &c., if 
they are written one after the other, 2 and 2, 3 and 3, 4 and 4 • • . 
in every possible order, in such a manner, however, that the num- 
ber of letters in each result may be less than the number of given 
letters, we may demand the whole number of results thus obtamed. 
These results are called arrangements. 

Thus ah^ ac^ ad, • • • ba, be, bd, . . • ca, cb, cd^ . . • are arrange' 
menu of m letters taken 2 and 2, or in sets of 2 each. 

In like manner, abc, abd, % . . baCy had, . . . acb, acd, • . • are ar^ 
rangements taken in sets of 8. 

Arrangements, are the results obtained by writing a number m of 
letters one after the oilier in every possible order, in sets of 2 and 
2, 3 and 3, 4 and 4 . . . n and n ; m being >n : that is, the num- 
ber of letters in each set being less than the whole number of letters 
considered. However, if we suppose n=m, the arrangements taken 
n and n, will become simple permvtMions, 

Problebi 2. Having given a number m of letters a, b, c, d . • ., 
to determine the total number of arrangements that may be formed of 
them by taking them n at a time ; m being supposed greater than n. 

Let it be proposed, in the first place, to arrange the three letters 
d, hf and c in sets of two each. 



T-li. 
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• First} arrange the letters in sets of one each, in whJch 
case we say there are two letters, reserved : the reserved 
letters for either arrangement, being those which do not 
enter it. 

Now, to any one of the letters, as a, annex, in suc- 
cession, the reserved letters h and c : to the second ar« 
rangement l, annex the reserved letters a and c ; and 
to the third arrangement c, annex the reserved letters a 
and h', this gives ••••••• 
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ah 
ac 
ha 
he 
ca 
^ ch 



Hence, we see, that the arrangements of three letters taken two in 
a setj win he equal to the arrangements of the same number of letters 
taken one in a set, multiplied hy the number of reserved letters^ 

Let it be required to form the arrangement of four letters, 
a, hy c, and d, taken 3 in a set. 

First, arrange the four letters two in a set : there will rah 

then be two reserved letters. Take one of the sets and ha 

write after it, in succession, each of the reserved letters : ac 

we shall thus form as many sets of three letters each as ca 

diere are reserved letters ; these sets differing from each ad 

other by at least the last letter. Take another of the da 

first arrangements, and annex in succession the reserved \ he 

letters ; we shall again form as many different arrange- c h 

ments, as there are reserved letters. Do the same for hd 

all of the first arrangements, and it is plain, that the whole dh 

number of arrangements which will be formed, of four cd 

letters, taken 3 and 3, wUl he equal to the arrangements of Vdc 
the same letters, taken two in a set, multiplied hy the num- 
her of reserved letters. 

In order to resolve this question in a general manner, suppose the 
total number of arrangements of the m letters taken n^l in a set 
to he known, and denote this number by P. 

Take any one of these arrangements, and annex to it each of 
tlie reserved letters, of which the number is m— (n— 1), or 
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tn—n+1 ; it is evident, that we shall thus form a number m— n+1 
of arrangements of n letters, differing from each other by the last let- 
ter. Now take another of the arrangements of n— 1 letters, and an- 
nex to it each of the m— n+1 letters which do not make a part of 
it ; we again obtain a number m—n+1 of arrangements of n let- 
ters, differing from each other, and from those obtained as above, at 
least in the disposition of one of the n— 1 first letters. Now, as 
we may in the same manner take all the P arrangements of 
the m letters, taken n— 1 in a set, and annex to them successively 
the m—n+1 other letters, it follows that the total number of ar- 
rangements of m letters taken n in a set, is expressed by 

P(m-n+l). 

To apply this to the particular cases of the number of arrange- 
ments of m letters taken 2 and 2, ^ and 3, 4 and 4, make n=3, 
whence »i— n+l=m— 1 ; P will in this case express the total num- 
ber of arrangements, taken 2—1 and 2—1, or 1 and 1, and is ccm- 
sequently equal to m ; therefore the formula becomes m(fn—- 1). 

Let n= 3, whence »i— tt+l=m— 2; P will then express the 
number of arrangements taken 2 and 2, and is equal to m(in— 1); 
therefore the formula becomes m(m—l) (m— 2). 

Again, take n=4, whence m— n+l:t=:m— 3 ; P will express the 
number of arrctngements taken, 3 and 3, or is equal to 

m(m— 1) (ffi— 2); 

therefore the formula becomes 

TO(ffi— 1) (»i— 2) (m— 3). 

Remark. From the manner in which the particular cases have 
been deduced from the general formula, we may conclude that it 
reduces to 

m(m—\) (m— 2) (m— 3) .... (m—n+1) ; 

that is, it is composed of the product of the n consecutive numbers 
comprised between m and ra— n+1, inclusively. 
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From this fonnula, that of the preceding Art. can easily be de*' 
ducedy viz. the development of the value bf Qx«* 

For, w6 see that the arrangements become permutations when tho 
number of letters composing each arrangement is supposed equal 
to th^ total number of letters considered. 

Therefore, to pass from the total number of arrangements of m 

letters, taken n and n, to the number of permutations of n letters, 

it is only necessary to make m=n in the above development, which 

gives 

n(n-l) .(n-.2) (n-8) 1. 

By reversing the order of the factors, observing that the last Is 
!• the next to the last 2, which is preceded by 3 . . ., it becomes 

1, 2, 3, 4 (n-2) (n— l)n, 

for the development of Qx»« 

This is nothing more than the series of natural numbers compris- 
ed between 1 and n, inclusively. 

201. When the letters are disposed, as in the arrangements, 3 
and 2, 3 and 3, 4 and A, <&c., it may be required that no two of the 
results, thus formed, shall be composed of the same letters, in which 
case the products of the letters will be different; and we may then 
demand the. whole number of results thus obtained. In this case, 
the results sure called comHnatums. 

Thus, ab, ae^ dc, . . . ady bd, , . , are combinations of the letters 
taken 2 and 2, 

In like manner, adCf ahd, . • . acd^ bed . . • are comMnations of 
the letters taken 3 and 3. 

Combinations, are arrangements in which any two will differ from 
each other by at least one of the letters which enter them. 

Hence, there is an essential difference in the signification of the 
words, permiUationSf arrangements^ and combinaHons, 

Problem 3. To determine the total number of different comhna* 
tions that can be formed of m letters^ taken nina set. 

Let X denote the total number of arrangements that can bo 
' formed of m letters, taken n atid n : Fthe number of permutatiooa 
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of n letters , and Z the total number o£ different comHnations taken 
n and n. 

It is evident^ that all the possible arrangements of m letters, ti^ken 
n at a time, can be obtained, by subjecting the n letters of each of 
the Z combinations y to all the permutations of which these letters 
are susceptible* Now a single combination of n letters gives, by 
hypothesis Y permutations ; therefore Z combinations will give 
YxZ • • • arrangements, taken n and n; and as X denotes the 
total number of arrangements, it follows that the three quantities 

X 

X, y, and Z, give the relations X= YxZ; whence Z=:-^* 

But we have (Art. 200), X=P(m-n+l) 
and (Art. 199), Yz=zQxn. 

r^ . ^ P(OT-.n+l) P OT-n+1 
Therefore, Z=-^r; ^=7rX . 

Since P expresses the total number of arrangements, taken n— 1 
andn— 1, and Q the number of permutations of n— 1 letters, it 

P 

follows that — expresses the number of different combinations 

of m letters taken n— 1 and n— 1. 

To apply this to the particular case of combinations of m letters 
taken 2 and 2, 3 and 3, 4 and 4 . . . 

P 

Make n=2, in which case — expresses the number of com- 

binations of the letters taken 2—1 and 2—1 or 1 and 1, and is 
equal to m ; the above formula becomes 

OT— 1 «i(7n— 1) 

^x-2~ ^^ -T^ 
p 

Let n=d, jr will express the number of combinations taken 

f|}(m 1) 

9 and 2, and is equal to — ; and the formula becomes 

m(ffi— 1) (m— 2) 
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la like maimer, we would find the number of combinations of m 

, , TO(m— 1) (»i— 2)(fli~8) 
tetters taken 4 and 4, to be — — = — , ■ ' / ; and m ge- 

l»Z»o.4 

Qeral, the number of combinations of m letters taken n and n, is ex- 
pressed by 

m(fw— 1) (f«— 2) (f»— 3) . > . (iit-.n+l) 
"" 1.2.8.4 . . . (h-1).ii ' 

which is the development of the expression 

QXn • 



Demonstration of the Binomial Theorem. 

202. In order to discover more easily the law for the develop 
ment of the mth power of the binomial x+a^ we w^l observe the 
law of the product of several binomial factors x+a^ x+bf r-f-Cy 
x+d ... of which the first term is the same in each^ and the se- 
cond terms different. 



JLst. product 



2d. 



8d. 



X + a 
X + h 



+ * 

X + c 

x^ •{• a 

+ > 

+ c 

X + d 



a^ + a 

+ h 

+ c 

+ ^ 



^ + a5 



a" + a J I a? + oic 
+ ac 
+ he 



s? + ab 
+ ac 
-f* ad 
+ he 
+ hd 
+ cd 
18 



oj" + abc 
+ ahd 
+ acd 
+ hei 



X 4- aboi 



'3 
I. 
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From these products, obtaioed by the common rule for algebraic 
multiplicatioDy we discover the following laws : 

1st. With respect to the exponents ; the exponent of ar, in the first 
term, is equal to the number of binomial factors employed. In the 
following termsi this exponent diminishes by unity to the last term, 
where it is 0. 

2d. With respect to the co-efficients of the different powers of x: 
that of the first term is unity ; the co.efficient of the second term is 
equal to the sum of the second terms of the binomials ; the co^effi- 
cient of the third term is equal to the sum of the products of the 
different second terms taken two and two ; the co-efficient of the 
fourth term is equal to the sum -of their different products taken 
three and three. Reasoning from analogy^ we may conclude that 
the co-efficient of the term which has n terms before it, is equal to 
the sum of the dififerent products of the m second terms of the hi- 
nomials taken n and n. The last term is equal to the continued pro- 
duct of the second terms of the binomials. 

In order to be certain that this law of composition is general, sup- 
pose that it has been proved tp be true for a number m of binomials ; 
let us see if it be true when a new factor is introduced into the pro- 
duct. 

For this purpose, suppose 

to be the product of m binomial factors, Naf"*^ representing the 
term which has n terms before it, and Maf"~"+' that which immedi- 
diately precedes. 

Let x+Khe the new factor, the product when arranged according 
to the powers of a?, will be 



ar^»+A 



oT+B 
+AK 



+BR 



+UK. 



!xr'^+ . . . +N 

+MK 

From which we perceive that the law of the exponents is evident- 
ly the same. 
With respect to the co-efficients, 1st. That of the first term t> 
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niti^. 2d. A+K, or the co-efficient of of*, is also the nm of Ae 
second terms of tJiem+1 binomials. 

3d. J? is by hypothesis the sum of the difierent products of the 
second terniB of the m binomials, and A,K expresses the sum of the 
products of each of the second terms of the m first binomials, by 
the new second term K ; therefore* B+AK is the sum of ike dif* 
f event products of tfte second terms of them+l binomials, taken two 
and tvx>. 

In general, since N expresses the sum of the products of the se 
cond terms of the m first binomials, taken n and n ; and as Jlfir re- 
presents the sum of the products of these second terms, taken n— 1 
and n— 1, multiplied by the new second term K, it follows that 
N+MKy or the co-efficient of the term which has n terms before 
it, is equal to the sum of the difierent products of the second terms 
of the m+l binomials^ taken n and n. The last term is equal to 
the continued product of the m+1 second terms. 

Therefore, the law of composition, supposed true for a number 
m of binomial factors, is also true for a number denoted by m+l« 
It is therefore general. 

Let us suppose, that in the product resulting from the multiplica- 
tion of the m binomial factors, x+a, x-^-h, aj+c, X'\-d ... we make 
a:=zhr=zc=:d . . ., the indicated expression of this product, («+a) 
(aj+J) (ic+c), will be changed into (x+a)'". With i^espect to its de- 
velopment, the co-efficients beinga+^-f c-f d . . ., db+ac+ad+. . ., 
aibc+abd+acd . . ., the co-efficient of af^\ or a+h+c+d . • ., 
becomes a+a+a+a+ . . ., that is, a taken as many times as there 
are letters a, 3, c . . ., and is therefore equal to ma. The co-effi- 
cient of x^^y or ai+ac+ad-^- . . ., reduces to a^+a^+c^ . . ., or 
to a^ taken as many times as we can form different combinations with 

m— 1 ^ ^ 
m letters, taken two and two, or to m . — - — cr, (Art. 201). 

The co-efficient of af*~^ reduces to the product of a*, multiplied 
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by the number of different oombinatloDs of m letters^ taken 8 and 

i»— 1 in— 2 , , 
8, or to m . — jr— • — r-<r, &c. 

In general, if the temii which has n terms before it, is denoted by 
Nif*^f the co^efficient, which in the hypothesis of the second teims 
being different, is equal to the sum of their products, taken n and 
n, reduces, when all of the terms are supposed equal, to a" multi- 
plied by the number of different combinations that can be made 
with m letters, taken n and n. Therefore 

^^ P(m— n+1) 

N= \^^ V (Art. 201). 

From which we have the formula 

w— 1 

2 3 Q • n 

203« By inspecting the different terms of this development, a 
simple law will be perceived, by means of which the co-efficient of 
any term is formed from the co-efficient of the preceding term. 

The cO'^Ment of any term is formed hy multiplying the eo^^ 

dent of thepreceding term hy the exponent of xin that term^ and dL 

viding the product by the number of terms which precede the required 

term* 

_, _ , , Pim-^n+l) _, . 

For, take the general term — ^ ^a"af""*. This is called 

the general term^ because by making n=2, 8, 4 . • ., all of the 
others can be deduced from it. The term which immediately pre- 

. . . P P 

cedes it, is evidently —0^*0^^+*, since -^ expresses the num- 

her of combinations of m letters taken n— 1 and n— 1. Here we 

« . Pim—n+l) . 

see that the 00-efficient ^ la equal to the co-efficient 
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jr- which precedes it, multiplied by m—n+l, the exponent of a? in 

that term, and divided by n, the number of terms preceding the re- 
quired term^ This law serves to develop a particular power, with- 
out our being obliged to have recourse to the general formula. 

For example, let it be required to develop («?+«)'• From this 
law we have, 

.(a?+dy==a^+6aar*+15aV4.20aV+15aV+6a««4-a«. 

After having formed the first two terms from the terms of the 
general formula af"-}-wMiaf*~*+ . . ., multiply 6, the co-efficient of 
the i^cond term, by 5, the exponent of a? in this term, then divide 
the product by 2, which gives 15 for the co-efficient of the third 
term. To obtain that of the fourth, multiply 15 by 4, the exponent 
of a; in the third term, apd divide the product by 3, the number of 
terms which precede the fourth, this gives 20 ; and the co-efficients 
of the other terms are found in the same way. 

In like manner we find 

(ar+a)*»=::v"»+ 10aa;»+ 45aV-}- 120<3r»aj''+210aV, 
+252aV-}-210aV4-120flV+45a'r'+10a»a;+a". 

204. It frequently occurs that the terms of the binomial are af- 
fected with co-efficients and exponents, as in the following example. 

Let it be required to raise the binomial 3a*c— 2M to the 4th 
power. 

Placing 3a'c=a; and — 25<i=y, we have 

(.'c4.y)*=a!*+4r*y+6a^+4ay'+y*. 

Substituting for x and y their values, we have 
, (3a^c-2W)*=(3a«c)*+4(3a«c)3(-2M)+6(3d«c)«(-.2My»+ 

4(3a«c) {-^2hdy+{^2hdy, 

or, by performing the operations indicated 

(3a3c-23d)*=81a«c*-216oVi^d-}-216aVft»(P-96a"ci^d» 

+ l6¥dK 
The terms of the development are alternately plus and minusy as 
hey should be, since the second term is — • 

18* 



205. The powers of any polynomial may easily be found by tbe 
binomial thebrem* 

For example, raise a+h+e to the third power. 
First, put • '• • • h+c=zd. 
Then (a+h+cy:=z{a+dy—a^+B€^d+Sa^+€P. 
Or, by substituting for the value of d, 

3a*c+3Mc +6abc 

+ c^- 
This expression is composed of the cubes of the three terms, jiius 
three times the square of each term ly the first powers of the taoo 
others^ plu9 six times the product of aU three terms. It is easily 
proyed that this law is true for any polynomial. 

To apply the preceding formula to the development of the cube 

of a trinomial, in which the terms are afiected with coefficients and 

exponents, designate each term by a single letter^ then replace the letf 

ters introduced^ by their vahies, and perform the operations indicatedm 

Fropa this rule, we will find that 

+ 198fl^**- 108ai« +27^. 

The fourth, fifth, &c. powers of any polynomial can be develop, 
ed in a similar manner. 

Consequences of the BinomifU Formula. 

206. First. The expression (x+ay* being such, that x may 
be substituted for a, and a for x, without altering its value, it fol- 
lows that the same thing can be done in the development of it ; 
therefore, if this development contains a term of the form Ka"a,"»'*, 
it must have another equal to Ka^'a™"" or Ka"'*^a^. These two 
terms of the developm^it are evidently at equal distances from the 
two extremes ; for the number of terms which precede any term, 
being indicated by the exponent of a in that term, it follows that 



the term Ka"**^" has n tera^s before it ; and that the term Ka"*^af 
has f»— n terms before it, and consequently n teirois after it, since 
the whole number of terms is denoted by m+1. 

Therefore, in the development of any power of a binomial, ike co- 
efficients at equal distances from the two extremes are equal to each 
other. 

Rekabk* In the terras Ka"af"^j Ka"'^a?", the first co-efficient ex. 

- r i 

presses the number of different combinations that can be formed with 
m letters taken n and n ; and the second, the number which can be 
formed when taken m-^n andwi— n; we may therefore conclude 
that, the number of different combinations of m letters taken n and n, 
is equal to. the number of combinations of m letters taken m— n and 
m— n. 

For example, twelve letters combined 5 and 5, give the same 
number of coxnbinations as these twelve letters taken 12—5 and 
12—5, or 7 and 7. Five letters combined 2 and 3, give the same 
number of combinations as five letters combined 5^2 and 5—2, or 
3 and 3. 

207. Second. If in the general formula, 

m — I 
(a?+a)'"=:a?'"+maa;'"— *+m^— ^a^ic^~^+, dec. 

we suppose a;==l, a=l, it becomes 

tn— 1 m— 1 w— 2 
(l+lf or r==l+w+m— ^ — +^'~2: 3~+' ^*^- 

That is, tlie sum of the co- efficients of the different terms of the 
formula for tlie binomial, is equal to the mth power of 2. 
Thus, in the particular case 

(a?+a)«=a^+5aa;*+10aV+10aV+5a*a;+a*, 

the sum of the co-efficients 1-f 5+10 + 10+5+1 is equal to 2* or 
32. In the 10th power developed, the sum of the co-effioients is 
equal to 2" or 1024. 

208* Third. In a series of numbers decreasing by unity, ot which 
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the first term is m and the last m^p, m and p being eiltire numbers, 
the continued product of all these numbers is divisible by the con^ 
tinned product of all the natural numbers from 1 to p+1 incliu 
sively. 

That is, , ^ o ^ , ) . ,; is a whole num. 

' 1.2 . 3 . 4.... (p+1) 

ber. For, from what has been said in (Art. 201), this expression 
rppresents the number of different combinations that can be formed 
of m letters taken p+1 and p+1. Now this number of combina^ 
tions is, from its nature, an entire number ; therefore the above ex- 
pression is necessarily a whole number. 

Of tlie Extraction of the Roots of particular numbers. 

209. The third power or cube of a number, is the product arising 
from multiplying this number by itself twice ; and the third or cube 
root^ is a number which, being raised to the third power, will produce 
the proposed number. 

The ten first numbers being 

1,2, 3, 4, 5, 6, 7, 8, 9, 10, 
their cubes are 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000. 

Reciprocally, the numbers of the first line are the cube roots of 
the numbers of the second. 

By inspecting these lines, we perceive that there are but nine 
perfect cubes among numbers expressed by one, two, or three figures ; 
each of the other numbers has for its cube roqt a whole number, plus 
a fraction which cannot he expressed exactly by means of unityf as 
may be shown, by a course of reasoning entirely similar to that 
pursued in the latter part of (Art. 118). 

210. The difference between the cubes of two consecutive num< 
bers increases, when the numbers are increased. 

Let a and a+1, be two consecutive whole numbers ; we have 

(a+l)5=aH3a«+3a+l ; 
whence (a+1)'— a*=3a*+3a+l. 
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That vs^ Ae difference betieeen the cubes of two consecutive whole 
numhers^ is equal to three Hmes the square of the least number^ pkts 
three times this number^ plus 1. 

Thus, the difierence between the cuhe of 90 and the cube of 89$ 
is equal to 3(89/+3x89+l=:24031. 

211. In order to extract the cube root of an entire number, we 
will observe, that when the figures expressing the number do not 
exceed three, its root is obtained by merely inspecting the cubes of the 
first nine numbers. Thus, the cube root of 125 is 5 ; the cube root 
of 72 is 4 plus a fraction, or is within one of 4 ; the cube root of 
841 is within on^ of 9, since 841 falls between 729, or the cube of 
9, andr 1000, or the cube of 10. 

When the number is expk'essed by more than three figures, the 
process will be as follows. Let the proposed number be 103823. 



103.823 


47 




64 


8 




398.23 




~-- 


48 


47 




48 


47 




384 


329 




192 


188 




2304 


2209 




48 


47 




18432 


15463 




9216 


8836 



110592 103823 

This number being comprised between 1,000, which is the cube 
of 10, and 1,000,000, which is the cube of 100, its root will be ex- 
pressed by two figures, or by tens and units. Denoting the tens by 
a, and the units by h, we have (ArJ. 198), 

(a+by-(^+S€^b+2aly'.+b^. 

Whence it follows, that the cube of a number composed of tens 
and units, is equal to the cube of the iens^ plus three Hmes the product 
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cf ike square of the tens by the units, plus three times the product of 
the tens by the square of the units, plus the cvhe of the units. 

This being the case, the cu1>e of the tens, giving at least, thoU' 
sands, the last three figures to the' right oannot form a part of it : the 
cube of the tens must therefore be found in the part 103 which is 
separated from the last three figures by a point. Now the root of 
the greatest cube contained in 103 being 4, this is the number of 
tens in the required root; for 103823 is evidently comprised be- 
tween (40)' or 64,000, and (50)' or 125,000 ; hence the required 
root is composed of 4 tens, plus a certain number 6f units less than 
ten. 

Having found the number of tens, subtract its. cube 64 from 103 , 
there remains 39, and bringing down the part 823, we have 39823, 
which contains three limes the square of the tens by the units, plus 
the two parts before mentioned. Now, as the square of a number 
of tens gives at least hundreds, it follows that three times the square 
of the tens by the units, must be found in the part 398, to th6 left of 
23, which is separated from it by a point. Therefgre, dividing 398 
by three times the square of the tens, which is 48, the quotient 8 
will be the unit of the root, or something greater, since 398 hun- 
dreds is composed of three times the square of the tens by the units, 
together with the two other parts. We may ascertain whether the 
figure 8 is^ too great, by forming the three parts which enter into 
39823, by means of th^ figure 8 and the number of tens 4 ; but it 
is much easier to cube 48, as has been done in the above table. Now 
the cube of 48 is 110592, whiqh is greater than 103823 ; therefore 
8 is too great. By cubing 47 we obtain 103823 ; hence the pro- 
posed number is a perfect cube, and 47 is the cube root of it. 

Remabe. The units figures could not be first obtained ; because 
the cube of the units might give tens, and even hundreds, and the 
tans and hundreds would be confounded with those which arise fipom 
other parts of the cube. 
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Agaby exitract the cube root of 47954 



47.954 
27 



36 
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47954 
46656 

1298 



36 


37 


36 


37 


216 


259 


108 


111 



1296 
• 36 

7776 

3888 

« lip 

46656* 



1369 
37 

9583 
4107 

50653 



The number 47954 being below 1,000,000, its root contains pnl5^ 
two figures, viz, tens and units. The cube of the tens is found in 
47 thousands, and we can prove, as in the preceding example, that 
3, the root of the greatest cube contained in 47, expresses the tens. 
Subtracting the cube of 3 or 27, from 47, there remains 20 ; bring- 
ing down to t^e right of this remainder the figure 9 from the part 
954, the number 209 hundreds, iis composed of three times the 
square of the tens by the units, plus the number arising from the 
other two parts. Therefore, by forming three times the square of 
the tens, 3, which is 27, and dividing 209 by it, the quotient 7 will 
be the units of the root, or something greater. Cubing 37, we have 
50653, which is greater than 47954 ; then cubing 36, we obtain 
46656, which subtracted from 47954, gives 1298 for a remainder. 
Hence the proposed number is not a perfect cube ; but 36 is its 
root to tDithin unity, ^ In fact, the difference between the proposed 
number and the cube of 36, is, as we h^,ve just seen, 1298, which 
is less than 3(36)^+3x36+1, for in verifying the result we have 
obtained 3888 for three times the square of 36^ 

212. Again, take for another example, the number, 43725658 
containing more than 6 figures. 
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105 

1226 
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1760 




8506 


1066 
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123904 


43725658 




6125 


352 


43614208 




3675 


247808 


1. . . . 111450 

• 




42875 


619520 
871712 








- 


43614208 



Now the required root contains more than one iigure, and may 
be considered as composed of units and tens onIy» the tens being 
expressed by one or more figures. 

Since the cube of the tens gives at least thousands, it must be 
found in the part which is to the lefl of the last three figures, 658. 
I say now, that if we extract the root of the greatest cube contained 
in the part 43725, considered with reference to its absolute value, 
we shall obtain the whole number of tens of the root ; for, let a be 
the root of 43725, to within unity ; then, the number of which 
a+l is the root must be at least equal to 43726. Now, since 
a'xlOOO cannot be greater than 43725, nor (a+l)'xlOOO less 
than 43726000, it follows that the proposed number itself, 43725658, 
is comprised between a^XlOOO and (a+l)^xlOOO; therefore 
the required root is comprised between that of a' X 1000, and 
(a+l)'xl000, that is, between aXlO and (a+l)xl0. It is 
therefore composed of a tens, plus a certain number of units less 
than ten. 

The question is then reduced to extracting the cube root of 43725 ; 
but this number having more than three figures, its rool will cod> 
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tiedn more tban one^ that is, it will contain tens and units. To ob» 
tain the tens, point off the Isust three figures, 725, and extract the 
root of the greatest cube contained in 43. 

The greatest cube contained in 43 is 27, the root of which is 3 ; 
this figure will then express the tens of the root of 43725, or the 
figure in the place of hundreds in the total root. Subtracting the 
cube of 3, or 27, frcon 43, we obtain 16 for a renminder, to the right 
of which bring down the Rrst figure 7, of the second period 725, 
which gives 167. 

Taking three times the square of the tens, 3, which is 27, and 
dividing 167 by it, the quotient 6 is the unit figure of the root of 
43725, or something greater. Jt is easily seen that this number is 
in fact too great ; we must therefore try 5. The cube of 86 is 
42875, which, subtracted from 43725, gives 850 for a remainder, 
which is evidently less than 3 X (35)^+3x35+1. Therefore, 35 
Is the root of the greatest cube contjained in 43725 ; hence it is the 
number of tens in the required root. 

To obtain the units, bring down to the right of the remainder 850, 
the first figure, 6, of the last period, 658, which gives 8506 ; then 
take 3 times the square of the tens, 35, which is 3675, and divide 
8606 by it ; the quotient is 2, which we try by cubing 352 : this 
gives 43614208, which is less than the proposed numbei:, and sub- 
tracting it from this number, we obtain 111450 for a remainder. 
Therefore 352 is the cube root of 43725668, to within unity. 
Hence, for the extraction of the cube root we have the following 

RULE. 

I. Separate the given numher into periods of three figures each^ be- 
ginning at the right hand : the left hand period tffiU often contain less 
than three places of figures, 

II. Seek the greatest cube in the first period, at the left, and set its 
root on the right, after the manner of a quotient in division. Subtract 
the cube of this figure of the root from the first period, and to the re- 

19 
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mainder bring down the first figure of the next period^ and cdH Hds 
number the dividend, 

III. Take three times the square of the root just found for a dixu 
sor, and see how often it is contained in the dividend, and place the 
quotient for a second figure of the root. Then cube the figures of the 
root this found, and if their cube be greater than the first two periods 
of the given number, diminish the last figure ; but if it be less, subtract 
it from the first two periods, and to the remainder bring doum. the first 
figure of the next period, for a new dividend, 

IV. TaJce three times the square of the whole root for a new divi- 
sor, and seek how often it is contained in the new dividend : the quo- 
tient vjiU be the third figure of the root. Cube the whole root and 
subtract the result from the three first periods of the given number, 
and proceed in a similar way for all the periods, 

Remakk. If any of the remainders are equal to, or exceed, 
three times the square of the root obtained plus three times this root, 
plus one, the last figure of the root is too small and must be aug* 
mented by at least unity (Art. 210). ' 

EXAMPLES. 

1. V48228544=364. 

2. V27054036008=:3002. 

3. V483249==78, with a remainder 8697 ; 



4. V9163^508641=4508, with a remainder 20644129 • 

5. V32977340218432=32068. 

To extract the rC^ root of a whole number, 

213. In order to generalize the process for the extraction of roots, 
we will denote the proposed number by N, and the degree of the 
root to be extracted by n. If the number of figures in N, does not 
exceed n, the root will be expressed by a single figure, and is ob- 
tained immediately by fomoing the n!^ power of each of the whole 
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numbers comprised between 1 and 10 ; for the n* power of is tho 

largest perfect power which can be expressed by n figures. 

When N contains more than n figures, there will be more than 

one figure in the root, which may then be considered as composed 

of tens and units. Designating the tens by a, and the units by J, 

we have (Art. 204), 

n— 1 

that is, the proposed number contains ihe n^ potoer of the tens, plus 
n times the product of then ^1 power of the tens by the units, plus a 
series of other parts which it is not necessary to consider. 

Now, as the rt'* power of the tens cannot give units of an order 
inferior to unity, followed by n ciphers, the last n figures on the right, 
cannot make a part of it. They must then be pointed off, and the 
root of the greatest n** power contained in the figures on the lefl 
should be extracted ; this root will be the tens of the required root. 

If this pan on the lefl should contain more than n figures, the n 
figures on the right of it, must be separated from the rest, and the 
root of the greatest n'* power contained in the part on the left ex- 
tracted, and so on. Hence the following 

KULE. 

I. Divide the- number N into periods of n figures each, heginmng 
at the right hand ; extract the root of the greatest n^^ power contained 
in the left hand period^ and subtract the n^ power of this figure from 
the l^t hand period, 

II. Bring down to the right of the remainder corresponding to the 
^st period, the first figure of the second period, and call this number 
the dwidend, 

III. Form the n^l power of the first figure of the root, multiply it 
by n, and see how often the product is contained in the dividend : the 
quotient vnU be the second figure of the root, or something greater, 

IV. Raise the number thusfonned to the n^ power, then subtract 
this result from the two first periods, and to the new remainder bring 
down the first figure of the third period : then divide the number thus 
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formed by n times the n— 1 power of the two figures of the rwA 
already foundy and cortUnue this operation untU all the periods are 
brought down* 

Extract the 4th root of 531441. 

53.1441 I 37 
2*= 16__ 

4X2'=32 I 371 
(27y= 531441. 

We first divide off, from the right hand, the period of four figiitesff 
and then find the greatest fourth root contained in 53, the firsi 
period to the left, which is 2. We next subtract the 4th power of 
2, which is 16, from 53, and to the remainder 37 we bring down 
the first figure of the next period. We then divide 371 by 4 times 
the cube of 2, which gives 11 for a quotient : but thia we know is 
too large. By trying the numbers 9 and 8, we &nd theiw alsa^ 
too large : then trying 7, we find the exact root to be 27.^ 

214. Rehabk. When the degree of the root to be extracted is a 
multiple of two or more numbers, as 4, 6, . . . ., fAe root can be oh 
tained by extracting the roots of more simple degrees, successivehf. 
To explain this, we will remark that, 

and that in general (a")''=a'"Xc^Xa"X<«" • • - =a'"'^'* (Art. 13). 
Hence, the n^^ power of the m^ power of a number, is equal to the 
mn*'' power of this number. 

Reciprocally, the mn^ root cf a number is equal to the n^ root tf 
the m* root of this number, or algebraically 

For, let • . • %/yaz:^di raising both membera to the n'* power 
there will reault . . . V^=«'" % fe^r from tlie definilicm of a root, we 
have C VK V=K: 
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Again, by raising both members to the m^ power, we obtain 
a= (a'")'"=a''^. Extracting the mn^ root of both members, '^a^af ; 

but we already have V'^a^za' ; hence *"ya= Vv» 

In a similar manner we might find "Va= \/ Va. 
By this method we find that 

V 256 = V V266 = Vl6==4 ; 

V 2985984 = V V 2985984 = Vl728=:12 ; 

V 1771561 =s:V V 1771561 =11 ; 

V 1679616 = Vl296=V •/i296=:?6. 

Remark. Although the successive roots may be extracted in 
any order whatever, it is better to extract the roots of the lowest 
degree first^ for then the extraction of the roots of the higher de- 
grees, which is a more complicated operation, is effected upon num- 
bers containing fewer figures than the proposed number. 

Extraction of Roots by approximation. 

215. When it is required to extract the n^ root of a number 
which is not a perfect power, the method of (Art. 213), will give 
only the entire part of the root, or the root to within unity. As to 
the fraction which is to be added, in order to complete the root, it 
cannot be obtained exactly, but we can approximate as near as we 
please to the required root. 

Let it be required to extract the n^ root of the whole number a, 

to within a fraction — ; that is, so near it, that the error shall be 

p 

less than — . 
P 

a\cif^ 
We will observe that a can be put under the form — -- — . If 

19* 






we denote the root of a^ to within unity, by r, the number 



r 



or 0, will be comprehended between — and ^ — ; there- 



fore the va will be comprised between the two numbers, 

r r+1 r 

— and . Hence — is the required root, to within the 

f f P 

firacticn — • 
P 
Hence, to extract the n^ root of a whole number to within^ afractum 

1 

— , multiply the number by p**; extract the n*** root of the product to, 

wkhin unityy and divide the result by p. 

216. AgAi|D^ suppose it is required to extract the n** root of tl^e 

firaction -7-« 
o 

Multiply e^icji term of the fraction by 

a od"-* 
ft*"' ; it becomes -i-=-i — . 

o 0^ 

Let r denote the n^ root of a^""*, to within unity; 

— ; — or -r-, will be comprised between -77 and — r--^ 

Therefore^ after leaving made the denominator j>f the fraction a per* 

feet power of the n^^ degree, extract the n^^ root of the numerator, to 

within unity, and divide the result by the root of the new denominator. 

When a greater degree of exactness is required than that indi-t 

Gated by -5^^ extract the root of a&"~* to within a,ny fraction — ; 
A ' P 

and designate this root by — . Now, since — is the root of the 

p p 

. . 1 / 

numerator to within < — , it follows, that -7- is the true rooj^ of 

P *P 

the fracticn to within xz* 
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317. Suppose it is required to ej^traot the cube root of 15, to 

1 

within — . We have 15x12^=15x1728=25920. Now the 

cube root of 259^0, to within unity, is 29 ; hence the required root 
. 29 5 

^ 12 ^^ ^I2- 

Again, extract the cube root of 47, to within — . 

We have 47 x 20'== 4>X 8000= 376000. Now the cube root 

, 72 12 

pf 376000, to within unity, is 72; hence V^=5H=%;K» *^ 

within 20- 

Find the value of V25 to within 0,001, 
To do this, multiply 25 by the cube of 1000, or by 1000000000, 
which gives 25000000000. Now, the cube root of this number, is 

2920; hence V25= 2,920 to within 0,Q01, 

In general, in order iq extract t^e cube root of a whole nuwher to 
within a given decimal fractionj annex three times as many ciphers to 
the number, as there are decimal places in the required root; extract 
the cube root oftlie number thus formed to toithin unity, and point off' 
from the right of this root tJie required number of decimals, 

218. We will now explain the method of extracting the cube root 
of a decimal fraction. Suppose it is required to extract the cube 
root of 3,1415. 

As. the denominator 10000, of this fraction, is not a perfect cube, 
it is necessary to make it one, by multiplying it by 100, which 
amounts to annexing two ciphers to the proposed decimal, and we have 
3,141500. Extract the cube root of 3141500, that is, of the num. 
ber considered independent of the comma, to within unity; thii^ 

gives 146. Then divide by 100, or VlOOOOOO, and we find 

V8,U15=1,46 to within 0,01. 
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Hence» to extract the cube root of a decimal number, we have 
th^ following 

RULE 

Annex ciphers to the decimal party if necessary^ until it can be 
divided into exact periods of three figures each, observing that the 
number of periods must be made equal to the number of decimal 
places required in the root. Then, extract the root as in entire num- 
berSf and point off as many places for decimals as there are periods 
in the decimal part of the number. 

To extract the cube root of a vulgar fraction to within a given 
decimal fraction, the most simple method is to reduce the proposed 
fraction to a decimal fraction, continuing the operation untU the num- 
ber of decimal places is equal to three times the number required 
in the root. The question is then reduced to extracting the cube 
root of a decimal fraction. 

219. Suppose it is required to find the sixth root of 23,* to 
within 0,0 1. 

Applying the rule of Art, 215 to this example, we multiply 23 
by 100*, or annex twelve ciphers to 23, extract the sixth root of the 
number thus formed to within unity, and divide this root by 100, or 
point off two decimals on the right. 

In this way we will find that V23=l,68, to within 0,01, 

EXAMPLES. 

1. Find the V473 to within ^. Ans. 7f. 

2. Find the V79 to within ,0001. Ans, 4,2908. 

3. Find the Vl3 to within ,01. Ans, 1,53. 

4. Find the V3i00415 to within ,0001. Ans. 1,4429. 

5. Find the Vo,00101 to within ,01. Ans. 0,10. 

6. Find the Vh to within ,001. Ans. 0,824. 
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Forwia/fon of Powers and Extraction of Roots of Algebraic 

Quaviities* Cabulus of Radicals. 

We will first consider monomials. 

220* Let it be required to form the fifth power of 2a^^, We 
have 

(2a3^)5== 2a3^ X Sa^^ X 2a^^ X ^(^^ X 2a^3», 

firpm which it follows, 1st. That the co-efiicient 2 must be multi- 
plied by itself four times, or raised to the fifth power. 2d, That 
each of the exponents of the letters wust be added to itself four 
times, or multiplied by 5. 

Hence, {2a:'Py=z2\a'''^b'^^=S2a^^b'\ 

In like manner, {da'li'cf=:z^.(^xwx V=512aW. 

Therefore, in order to raise a monomial to a given power, raise 
the co-efficient to this power, and mtdtiply the exponent of each of the 
letters hy the exponent of the power. 

Hence, reciprocally, to es^tract any root of a monomial, 1st. 
Extract the root of the co-efficient. 2d. Divide the exponent of each 
letter hy the index of the root. 

From this rule, we perceive, that in order that a monomial may 
be a perfect power of the degree of the root to be extracted, 1st. 
its co-efficient must be a perfect power ; and 2d. the exponent of 
each letter must be divisible by the index of the root to be extracted. 
It will be shown hereafter, how the expression for the root of a 
quantity which is not a perfect power is reduced to its simplest 
terms. 

221. Hitherto, we have paid no attention to the sign with 
which the monomial may be affected j but if we observe, that what, 
ever may be the sign of a monomial, its square is always positive, 
and that every power of an even degree, 2n, can be considered as 
the n'* power of the square, that is^ /i»"=-(a*)", it will follow that, 
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eoery power of a quantity, of an even degree, whether posiHve or 
negative, is essentially positive. 

Thus, (±2a»&=*c)*= + 16aW^c\ 

Again, as a power of an uneven degree, 2n-\-l, is th^ product 
pf a power of an even degree, 2n, by the first power, it follows 
that, every power of an uneven degree of a monomial, is qff'ected with 
ike same sign as the monomial. 

Hence, (+^by=+Q^a^P; {■^4a^f==^^64af'P. 

From this it is evident, 1st. That when the degree of the root of 
a monomial is uneven, the root will be affected with the same sign 
as the quantity. 

Therefore, 

V+8a3=+2a; V-8a3=-2a; V'^^S2^^= —2c^lf. 

2d. When the degree of the root is even, and the monomial a 
positive quantity, the root is affected either with + or — . 

Thus, V81a^=d=3aZ»»; V64a"=i2a^ 

3d. When the degree of the root is even, and the monomial nega- 
tive, the root is impossible ; for, there is no quantity which, raised to 
a power of an even degree, can give a negative result. Therefore, 

V— a, V —-h, V —-C, are symbols of operations which it is 

impossible to execute. Th^y are, like V —a, V— ^, imagina^ 
ry expressions (Art. 126). 

222. In order to develop (a4-y+2?V, we will place y+«=ti, and 
we have 

(a+w)3=a'+3a*tt+3aM*+t<3, 

or by replacing u by its value, y+» 

{a+y+%y=a^+^a%y+%)+Za{y+zf+{y+zf, 

or performing the operations indicated 

{a+y-\'zf^a^+Zo?y+^aH+^af+Qayz+^az^+f+^fz+ 

3yr»+«». 

When the polynomial is composed of more than three terms, aa 
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a+3^+2;+a; . . . . j?, let, as before, m= the sum of all the terms aftei 
the first. Then, a+u will be equal to the given polynomial, and 

From which we see, that by cubing a polynomial, we obtain the 
cube of the first terniy plus three times the square of the first term 
multiplied by each of the remaining terms, plus other terms. 

It often happens that u contains a root of the leading letter, as in 
the polynomial a^+ax+b, \yhere w=aa?-|-3. But since we suppose 
the polynomial arranged with reference to a, it follows that d will 
have a less exponent in u than in the first term. 

In this case also, the co-efficient of w, multiplied by the first term 
of tt, will be irreducible with the remaining terms of the develop- 
ment, because that product will involve a to a higher power than 
the other terms : and when a does not enter M, the product of that 
co-efficient by all the terms of m, will be irreducible with all the 
other terms of the development* 

223^. As to the extraction of roots of polynomials, we will first 
explain the method for the cube root ; it will afterwards be easy to 
generalize. 

Let iV" be the polynomial, and R its cube root. Conceive the two 
polynomials to be arranged with reference to some letter, a, for ex- 
ample. It results from the law of composition of the cube of a po- 
lynonaial (Art. 222), that the cube of R contains two parts, which 
cannot be reduced with, the others ; these are, the cube of the first 
term, and three times ^le square of the first term by the second. 

Hence, the cube root of that term of N which contains a, affect- 
ed with the highest exponent, will be the first term of R : and the 
second term of R will be found by dividing the second term of iV 
by three times the square of the first term of R. 

If then, we form the cube of the two terms of the root already 
found, and subtract it from iV", and divide the first term of the re- 
mainder by 3 times the square of the first term of 1?, the quotient 
will be the third term of the root. Therefore, having arranged 
the terms of iV, we have the followmg 
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RULE. 

I. Extract the cube root of the first term. 

II. Divide the second term of N hp three times (lie square of ^ 
firsi term of R : the quotient will he the second term of R. 

III. Having found the two first terms of Reform the cube of the 
binomial and subtract it from N ; after which, divide the first term of 
the remaijider by three times the square of the first term of K: the 
quotient wUl be tJie third term of R. 

IV. Cube the three terms of the root found, and subtract the cube 
from N ; then divide the first term of the remainder by ike divisor 
already used : tht quotient will be the fourth term of the root, and the 
remaining terms, if there are any, may he found in a similar manner. 

EXAMPLES. 

1. Extract the cube root of a;«— 6ar*+15a:*— 20ar*+15ar»— 6a?+l. 

1st Rem. , "^ '. \ So;*— 12a^+, &c. 
(a^-2a;+l)^=a;''--6a75+15a*--20aj3+15r'-.6ic+l. 

In this example, we first extract the cube root of a^, which gives 
a?, for the first term of the root. Squaring a?, and multiplying by 
dj we obtain the divisor Zdd^ : this is contained in the second term 
—63;*, — 2a7 times. Then cubing the root, and subtracting, we find 
that the first term of the remainder 3«*, contains the divisor once. 
Cubing the whole root, we find the cube equal to the given polyno- 
mial. 

Remark. The rule for the extraction of the cube root is easily 
extended to a root with a higher index. For, 
Let a+b-^-c-^- . . y, be any polynomial. 
Let 5= the sum of all the terms after the first. 
Then a+5= the given polynomial : and 

(a+5)"=a"+na''"*5+ other terms- 
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That iBy the n^ power of apolynomidif is equal id the n^ power of 
ihe first term^ plus n times the first term raised to the power ja-^l^ 
muU^lied hy each of the remaining terms ; + other terms of the de- 
telopment. 

Hence, we see, that the rule for the cube root will become the 
rule for the n'* rodt, by first extracting the n'* root of the first term, 
tcJdng for a divisor n times this root raised to the n— 1 power, and 
raising the partial roots, to the n*^ power, instead of to the cube. 

2. Extract the 4th root of 



16a*-96a3a;+216aV-216aar»+81)t*. 



2a— 3a: 



16a*— 96a3a?+216a»ar»— 216ac3+81)[f* 
<2a— 3a;)*=:16a*— 96a'a?+216aV— 216aar»+8lV32a»=4x(2a)» 

We first extract the 4th root of 16a*, which is 2a. We then 
raise 2a to the third power, and multiply by 4, the index Qf the root : 
this gives the divisor 32a'. This divisor is contained in the second 
term — 96a^a;, —3a? times, which is the second term of the root. 
Raising the whole root to the 4th power, We find the power equal to 
the given polynomial. 

3. Find the cube root of 

a:* 4- 6a:5_40ar» + 96a?— 64. 

4. Find the cube root of 

15a;*— 6a?+aj*— 6fl?5— 20a;^+15a;»+l. 

5. Find the 6th root of 

323?*- 80a:*+80ar'— 40a?'+10a?— 1. 

Calculus of Radicals, 

2^4. When it is required to jextract a certain root of a monomial 
or polynomial which is not^a perfect power, it can only be indicated 

by writing the proposed quantity after the sign VVand placing over 

this sign the number which denotes the degree of the root to be ex- 

tracted. This number is called the index qf the root, or qf the radical, 

A radical expression may be reduced to its simplest terms, by 

20 
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obsenong that, the n^ root of a product is equaJto the product ofAe 
n** roots of its different factors. 

Oti in algebraic terms.: 

For, raising both members to the n'* power; we have for the first, 

( V abcdjzszabcd .'. '•, and for the second, 

(yax V^X Vex ;/d...y={:;/a)\(!yby.{:ycy.{Jiydy...=abcd. 
Therefore, since the n^ powers of these quantities are equal, the 
quantities themselves must be equah 

Let us take the expression V54a*d'c*, which cannot be replaced 
by a rational mon(»nial, since 54 is not a perfect cube, and the ex. 
ponents of a and c are not divisible by 3 : but we can put it under 
the form 

V54a*^c«= V27^ V2a^=dab V2a^. 

In like manner, 

V8?=2Vfl?'; V48aW=2ai2cV3a?"; 

Vl92a''3c"= VeioV^X V3a3=2flc^ VSab. 

In the expressions, 3ab VSacr", 2 Vo^ 2a^c VSac^ the quanti- 
ties placed before the radical, are called co-efficients of the radical. 

225. The rule of (Art. 214) gives rise to another kind of simpli- 
fication. 

Take, for example, the radical expression, Via* ; from this rule 

we have, V^^S/ '/4a", and as the quantity affected with the . 
radical of the second degree -/, is a perfect square, its root can be 
extracted, hence 

V4^=V2a. 
In like manner, 

V36aV =V V 36a*^ = VOaft. 
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In general, "Va^Vva"=: Va ; that is, when the index of a 
radieal is a multiple of any number n, and the quantity under the 
the radical sign is an exact 71"^ power, we can^ without changing the 
value of the radical, dmde its index by n, and extract the n*** root of 
the quantity under {he sign. . 

This proposition is the inverse of another, not less important, viz, 
we can multiply the index of a radical by any number, provided we 
raise the quantity under the sign to a power of which th^ number 
denotes the degree. 

Thus, Va^'V^ For, a is the same thing as V?"; hence, 

Va= V yaf== Vo". 

This last principle serves to reduce two or more radicals to the 
same index. * 

' Por example, let it be required to reduce the two radicals S/2a 

and V{a+b) to the same index. 

By multiplying the index of the first by ^, the index of the se- 
cond, and raismg the quantity 2a to the fourth power ; then multi- 
plying the index of the second by 8, the index of the first, and 
cubing a+b, the values of the radicals will not be changed, and 
the expressions will become 

V2^==='V2V='Vl6?; V{a+b)^^V{a+by. 

226. Hence to reduce radicals to a common index, we have the 
' following 

RULE. 

Multiply the index of each radical by the product of the indices of 
all the other radicals, and raise the quantity under each radical sign 
to a power denoted by this product. 

This rule, which is analogous to that given for the reduction of 
fractions to a common denominator, is susceptible of some modifi- 
cations. 
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For example, reduce the radicals *Va, V5J, Va^+^, to the 
same index. ^ 

As the ^umbers 4, 6, 8, have common factors, and 24 \» the most 
simple multiple of the three numbers, it is only necessary to multi- 
ply the first by 6, the second by 4, and the third by 3, and to raise 
the quantities under each radical sign to the 6th, 4th, and 3d pow- ^ 
ers respectively, which gives 

In applying the above rules to numerical examples, beginners 
very often make mistakes similar to the following, viz. : In reduc- 
ing the radicals ^2 and ^3 to a common index, after having muU 
tiplied the index of the first (3), by that of the second (2), and the 
index of the second by that of the first, then, instead of multiplying 
the exponent of the quantity under the first sign by 2, and the expo* 
nent of that under the seccmd by 3, they oflen multiply the quantity 
under the first sign by 2, and the quantity under the second by S^. 
Thus, they would have 

V2"=V^X2=VT and V8==V3x3=V9. 

Whereas^ they should have, by the foregoing rule, 

V2'=VW=VT, and -/3=V(37"=V27. 

Reduce V2, 'V4, V|, to the same index. 

Addition and Subtraction cf Radicals. 
227* Two radicab are simlarj when they have the same index^ 

and the same quantity, under the sign. Thus, 3 Vah and 7 Vo^, 
are similar radicals, as also 3a* V^> and Oc' V^« 

Therefore, to add or subtract similar radicals, add or subtract 
their eo-eficientSf and prefix the sum or difference to the conisnott 
radical. 

Thus, 8Vi+2Vi==5V^ 8V*-2Vi=V*, 

3aV^=t2cV3=(3adb2c)V*. 



1 
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Sometimes when two radicals are dissimilar, they can be reduced 
to similar radicals by Arts. 234 and 235. For example, 

V48a*»+i V'75a=4^ VTa^U V3a=9* Via. 

V8a?i+16a*-V^*4-2a*'=2aVi+2a-* Vb+2a 

=(2a-6)V*+2a; 

3 V4^+2 V2a=3 V2a+2 V2a=5 V2a. 

When the radicals are dissimilar, and irreducible, they can only 
be added or subtracted by means of the signs + or ->. 

Multiplication and Division. 

228. We will first suppose that the radicals have a common 
index. 

Let it be required to multiply or divide Va by Vh We have 
VaX Vh=z Vo^ and Va-r- Vi=\/-7-. 

For by raising Va . Wh and "Vab to the n* power, we obtain 

^ the same result ah ; hence the two expressions are equal. 

y/a " /a a 

In like manner, -^^-^ and v/ t raised to the n* power give -r-- 

hence these two expressions are equal. Therefore we have the 
following , 

RULE. 

Muttijfiy or divide the quantities under the sign by each other, and 
ghoe to the product, or quotient, the common radical sign. If they 
have co-eficienis,Jlrsi multiply or divide them separately. 

Thus, 

c a cd 

or, reducing to its simplest terms, 

20* 
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When the radicals have not a conunon index, they should be re- 

* 

duced to one. 

For example, 8a V^X 6ft V2c= ISaft x "* VsftV. 



!• Multiply VSxVs by V -r^XVv 



«• Multiply 2 Vis by 8 VlO 

Ans. 6V337500, 



3. Multiply 4V^ by 2\/^. 

8 4 






4. Reduce l^^IjSYL to its lowest tenns. 

iVTxVT 



/vTx2VT^ 

6. Reduce k/ ^ to its lowest terms. 

^ 4VTx VT 

1 "/2 

2 3 

6. Multiply VT, VT, and VT together. 

An*. 'V648000. 
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7. Multiply V -^, V 4- a»^ *V6 together. 

8. Multiply (4\/I+6\/i) by (n/I+2\/1J. 

43 13 ,— 

^JW. y+-g-"v42- 

9. Divide ~S/^ by ( VT+3\/i). 

10. Divide 1 by *VT+*VT. 

S/^- V^+ V^- VF 



AfM. 



a-* 
11. Divide *V^+VT by VT-*VT. 

a+J+2 •/ai+2V^+2VaF 



^n«. 



a-* 



Formation q/* Powers, and Extraction of Roots. 
229. By raising ^a to the n* power, we have 

(•yfl)"=«/axV«X V^ • • • =Va% 
by the rule just given for the multiplication of radicals. Hence, 
for raising a radical to any power, we have the following 

RULE. 

Raise the quantity under the sign to the given power, and affect 
the resuU with the radical sign, having th^ primitive index. If U 
has a cO'Cffkient, first raise U to the given power. 

Thus, ( Vi^)*= V(4^^= Vl6^=2a V^; 

(8V2a)«==3^V(2a)*=243V3«^«=486aV4^ 



J 
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When the index of the radical is a multiple of the power, the re- 
salt can he reduced^ 

For, *V2a=\/^ V^ (Art. 214): hence, to square *V2^ we 
have only to omit the first radical, which gives (*V2a) = V^a. 

Again, to square W^h we have V^=\/ S/3J • hence 

Consequently, when the index of the radical is divisible hy tlie es» 
ponent of the power, perform this division^ leaving the quani^ under 
the radical unchanged. 

To extract the root of a radical, multiply ike index of the radical 
hy the index of the root to he extracted, leaving the quantity under the 
sign unchanged. 

Thus, V V3^=''*V3c; V V5^=V5^. 

This rule is nothing more than the principle of Art. 176, enun. 
ciated in an inverse order. 

When the quantity under the radical is a perfect power, of the 
degree of either of the roots to be extracted, the result can be re- 
duced. 



Thus, \/ Vs^ being equal to \/ VSa^ it reduces to W^a. 

In like manner, V *V9?= V -/9a^= ^VSa. 

It is evident that W^^a^szW ya\ because both expressions are 

equal to "^^(Art. 214). 

230. The rules just demonstrated for the calculus of radicals, 
principally depend upon the fact that the n'* root of the product of 
several factors is equal to the product of the n^ roots of these fac- 
tors ; and the demonstration of this principle depends upon this : 
When ihe powers, of the same degree, of two expressions are equal, 



y^ 



the expressions are also equal. Now this last propositloa, which is 
true for absolute numbers, is not always true for algebraic expre«f- 
sioDS. 

To prove this, ^e will show that the same number can have 
more than one square root^ eube root, fourth root, ^c. 

For, denote the general expression of the square root of a by Xf 
and the arithmetical value of it by p ; we have the equation si^=zaf 
or aj^s^i^, whence a?=±jp. Hence we see that the square ofp, 
which is the root of a, will give a, whether its sign be + or — . 

In the second place, let x be the general expression of the cube 
root of a, and p the numerical value of this root ; we have the 
equation 

ar'ssa, or a^s^pK 

This eq\iation is satisfied by making x=p. 

Observing, that the equation sxP=z]f can be put under the form 
a?— jr*=0, and that the expression x^^p^ is divisible by x-^p, (Art. 
59), which gives the exact quotient, s^+px+p^, the above equation 
can be transformed into 

(x-^p) {af^+px+p^)c=:0. 

Now, every value of x which will satisfy this equation will satis- 
fy the first equation. But this equation can be verified by suppos- 
ing »— 1>=0, whence x=p ; or by supposing 

firom which last we have 

^=^Y=tY V33; or x^p[ ^ ). 



X: 



Hence, the cube foot of a, admits of three different aJgehraie va- 
luesy viz. 

¥> V\ ^ y and ;,( 3 j. 

Again, resolve the equation «*=p*, in which p denotes the arith* 
metical value of \/a. This equation can be put under the fi>nn 
«•— jp*=0. Now this expression reduces to (a;*— jp") (o'+p*)* 
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Hence the equation reduces to {9^—]f) (^+1'')=0, andean 
be satisfied by supposing a)*— jy'sO, whence x=dbp ; or by suppos- 
ing ar'+p'ssO, whence a?==b V — |)*==bjp V— -1. 

We therefore obtain four differeiU algebraic expressions for the 
fourth root of a. 

For another example, resolve the equation • • . • 3^^^ 
which can be put under the form ...... a^— /=0. 

Now a^^jJ* reduces to (**— I'') (^+P*)» 

therefore the equation becomes .... (a^— jr*) (a^+p')=0' 

But a^'^jP=zO, gives 

And if m the equation aP+p^=:Of we make p=:'^p\ it becoma 
«*— |>"=0 from which we deduce a?=j>', and 

'=^1 T — ) ' 

or, substituting for p^ its value, ^p, 

^ a:=-p and a;=-p( -^ ). 

Therefore the value of x, in the equation a*— jp*=0, and conse- 
quently the 6th root of a, admits of six values, p, ap, a'p, -f 
— i^j — a'Pj by making 

-1+ V~3 , .-1- V-8 
2 * 2 

We may then conclude from analogy, that x in every equation of 
the form af"— a=0, or af"— jp"=0, is susceptible of m different va- 
lues, that is, the tn^ root of a number admits of m different fUff* 
hraic vahies, 

231 . If in the preceding equations and the results correspondlss 
to them, we suppose as a particular case a=l, whence |)=l,w 
shall obtain the second, third, fourth, &c. roots of unity. Thus 
+1 and —1 are the two square roots of ttml|y, because the equatKHi 
a^—lr=0, gives a?=db:l. 
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—1+ V-.3 —1— V^ 
In like manner +1, , , are the three 

cube roots of unity, or the roots of ar*— 1=0. And 

+1, i- 1, + V— X, — V— 1, are the four fdurth roots of unity, 

or the roots of «*— -1=0. 

• 

232« It results from the preceding analysis, that the rules for the 
calculus of radicals, which are exact when applied to absolute num- 
bers, are susceptible of soi|ie modifications, when applied to expres- 
sions or symbols which are purely algebraic ; these modifications are 
more particularly necessary when applied to imaginary expressions^ 
and are a consequence of what has been said in (Art. i?30). 

For example, the product of V —a by V —a, by the rule of 
(Art. 228), would be 

V — ax V — a= V+a^ 

Now, VcF is equal to ±a (Art. 230) ; there is, then, apparent, 
ly, an uncertainty as to the sign with which a should be affected. 
Nevertheless, the true answer is — a ; for, in order to square %//«, 

it is only necessary ^o suppress the radical ; but the V —a x V— :« 

reduces to ( V—a) , and is therefore equal to —a. 

Again, let it be required to form the product V —a X V — ^, 
by the rule of (Art. 228), we shall have 

V — a X V — b=z V+ab, 

Now, Va5=±j) (Art. 230), p being the arithmetical value of' 
the square root of db ; but I say that the true result should be — jp 

or — VoF, so long as both the radicals V—a and V-^b are con. 
sidered to be affected with the sign +• 

For, V— a= y/a. V^ and V^^^ >/*. V— 1; 
hence 

V^X V -b — y/a. V^X V^X V^r= Vo^C V^^y 



J 
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Upon this principle we find the different powers of V"— 1 to be» 
as follows : 

and ( V^ri)*=( V^y.{ V^/=--lx-l=+l. 

Again, let it be proposed to determine the product of V— a by 

the V— -^ which, from the rule> will be W+ab, and consequently 
will give the four values (Art. 230). 

-j.y^, -*Va^ +Vab.V-l, ^Vab.V^. 
To determine the true product, observe that 

But *v^3r^*vzi:^(V^y=(v ^/"^/^^ 

hence V— a . VI^£= Va^. V— 1. 

We will apply the preceding calculus to the verification of the 

expression — — , considered as a root of the equation 

0:8—1=0, that is, as the cube root of 1 (Art. 230). 
From the formula {a+hy=c^+^d*h+Sal/'+P, 



we have ( « ) 



(-i)^-f 3(-i)». '/^+3(-i).( V^y+{ V^y 

— 1+3 -v/Il3^3x— 3— 3 V^_ 8 ^ 



8 8 



-l— V— 3 
The second value, , may be verified in the same 

manner. / 

Theory of Exponents. 

233. In extracting the n*^ root of a quantity a*", we have^een 
that when m is a multiple of n, we should divide the exponent m by 
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n the index of the root ; but when m is not divisible by n, in which 
case the root cannot be extracted algebraically, it has been agreed 
to indicate this operation by indicating the division of the two ex* 
ponents. 

Hence, Vtf"=a~, from a convention founded upon the rtdefor 
the exponents, in the extraction of the roots of monomials. In such 
expressions, the numerator indicates the power to which the quantity 
is to be raised, and the denominator, the root to be extracted. 

Therefore, V«^=«*; V«''=«*- 

In like manner, suppose it is required to divide a"* by a\ We 

know that the exponent of the divispr should be subtracted from the 

a"* 
exponent of the dividend, when m>n, which gives — =a"*~". 

But when fli<n, in which case the division cannot be efieeted alge- 
braically, it has been agreed to subtract the exponent of the divisor 
from that of the dividend. Let p be the absolute difference between 

n and m ; then will n=m+p, whence -—— =a"^ ; but 



gm^p ' ^m^ 



1 , 1 

reduces to ---- ; hence «-'=---. 



Therefore, the expression ar^ is the sjrmbol of a division which it 
has been impossible to perform ; and its true value is the quotient 
represented by unity divided by the letter a, affected with the ex- 
ponent p, taken positively. Thus, 

The notation of fractional exponents has the advantage of giving 
an entire form to fractional expressions. 

From the combination of the extraction of a root, and an impos- 
fflble division, there results another notation, viz. negative fractional 
exponents, 

31 
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In extracdnff the «* root of —•, we hare first -—=11^ hence 

i^/ — = Va*^a~*, by eubstituting a firactional exponent for 
the radical sign. 

Hence, a", ar^^ a"", are conventional ess^essionSf founded up- 

1 ■ / 1 

Ml preceding rtdee, and equivalent to Va"*, — > \/ — • 

We may therefore substitute the second for the first, or recipro- 
cally. 
As o^ IS called a to the p power, when p is a positive whole num- 

^ -— m 

ber, 80 by analogy, a ** , a*^, a " , are called a to the — power, a to 

ffi 
the — p power, a to the power, which has induced algebnu 

iitB to generalize the word power ; but it would, perhaps, be more 

m sn 

accurate to say, a, exponent — , exponent — p, exponent 

fi • n 

using the word power only when we wish to designate the product 

of a number multiplied by itself two or more times. 

Since or? and — are equivalent expressions, also rf* and — —f 

we conclude that any factor may be transferred from the numerator 
to the denondnatorf or from the denominaior to the numerator^ hy 
changing the sign of its exponent. 

Multiplication of Quantities qfected with any Eocponents. 

3. a. 
234. In order to multiply a^ by a^, it is only necessary to add 

the two exponents^ and we have 

1 a. 1+2. 24. 

For, by (Art. 233), a*== Vo' ; «*= V«* 

2 a. 

hence, a* x a^ = V^ X V^ i 
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Ot, perfonning the multiplication by the rule of (Art. 228), 

Again, multiplying a * by a*, we have 

for, *«=y/^, «' = V?^; 

hence 

m p 

In g^ieral) multiplying a " by a« ; we have 

"^ • vt p in ^ p ftp ' Biff 

Therefore, in order to multiply two monomials affected with any 
exponents whatever, add together the exponents of the same letter ; 
this rule is the same as that given in (Art. 41), for quantities affect, 
ed with entire exponent*. 

Fr(»n this rule we will find that 

and 3a-^** X 2a"^**c»= 6a"' * ft*c*. 

Division. 

235. To divide one mcmomial by another when both are affeoted 
with any exponent whatever, follow the rule given in Art* 50 &r 
quantities affected with entire and positive exponents ; that is, suh^ 
tract the exponents of the*leUers in the divisor from the eaapotients of 
the same letters in the dioidend. 

For, the exponent of each letter in the quotient must be such, 
that, added to that of the same letter in the divisor, the sum shall 
be equal to the exponent of the letter in the dividend ; hence the 
exponent in the quotient is equal to the difference between the ex- 
ponent in the dividend and that in the divisor. 
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EXAMPLES. 

^ I'bnnflrfion of Powers. 

236. To form the n* power of a monomial, affected with any 
exponent whatever, observe the rule given in Art. 220, viz. mk^ 
ply the exponent of each letter by the exponent m of the potcer ; for, 
to raise a quantity to the m'^ power, is the same thing as to multi- 
ply it by itself m— 1 times; therefore, by the rule for multiplica. 
tion, the exponent of each letter must be added to itself m— 1 times, 
or multiplied by m. 

Thus, \a^)=a^; \ay=:za^z=:a^; 

(2a''*&*)'=64a"'^*; (a""V**=a"'*\ 

Extraction of Roots. 

237. To extract the n'* root of a monomial, follow the rule given 
in Art. 220, viz. dixide the exponent of each letter by the index of 
the root. 

For, the exponent of each letter in the result should be such, 
that multiplied by n, the index of the root to be extracted, there 
will be produced the exponent with which the letter is afiected in 
the proposed monomial ; therefore^ the exponents in the result must 
be respectively equal to the quotients arising from the division of 
the exponents in the proposed monomial, by n, the index of the 
root. 



Thus, \/5=a*; \/?=a*; \/a^^a 



1 

s 



V. 



A -a I -» 

a'b =a^b \ 
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The last three rules have been easily deduced from the rule for 
multiplication ; but we might give a direct demonstration for them, 
by going back to the origin of quantities affected with fractional 
and negative exponents. 

We will terminate this subject by aii operation which contains 
implicitly the demonstration of the two preceding rules. 

Let it be required to raise a " to the — -^ power ; 
We say that, 

r 

(tn \ - ■ m r mr 
-^\ » — X- - 

For, by going back to the origin of these notations, we find that 
/^\-f • / 1^^ ' / 1 ' / 1 



^) 




or 



n$ / ' '■"■ — — 



The advantage derived from the use of exponents consists prin- 
cipally in this : The operations performed upon expressions of this 
kind require no other rules than those established for the calculus 
of quantities affected with entire exponents. Besides, this calculus 
is reduced to simple operations upon fractions, with which we are 
already familiar. 

238. ^JBUABK. In the resolution of certain questions, wo shall 
be led to consider quantities affected with incommensurabie expo^ 
nents. Now, it would seem that the rules just established for com* 
mensurable exponents, ought to be demonstrated &r the case in 
which the exponents are incommensurable; but we will observe^ 

that an incommensurable, such as V~3^, VTl, is by its nature com- 
posed of an entire part, and a fraction which cannot be expressed 
exactly, but io which it is possible to approximate as near as we 
please, so that we may always conceive the incommensurable to be 
replaced by an exact fraction, which only differs from it by a quan- 

21* 
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tity less than any given qaantity ; and in applying the rules to the 
sy^lbol which designates the incominensure4)le, it is necessary to un- 
derstand that we apply it to the exact fraction which represents it 
approximatively, • 



EXAMPLBS. 



Reduce 



2>/2x(3)= 



iv'a 



to its simplest terms. 



Ans. 4 VI . 



Reduce 



1 



l(2y V3 ^ ^^ .^ simplest 
9V2(3)' 



terms. 



Arts. 



VT, 



Reduce 



384 A 
\/ y ^^1JL—JL ( to its simplest terms. 

Demonstration of the Binomial Theorem in the ease of any 

Exponent whatever. 

239. Since the rules for the calculus of entire and positive expo- 
nents may be extended to the case of any exponent whatever, it is 
natural to suppose that the binomial formula, which serves to deve- 
lop the m'* power of a binomial when m is entire and positivci will 
also effect this when m is any exponent whatever. In fhct, analysts 
have discovered that this is the case, and they have deduced im- 
portant consequences from it, both for the extraction of roots hy ap^ 
proximaiiony and the development of algebraic expressions into series. 

The following is a modification of Euler's demonstration. 

We will remark, in the first place, that tiie binomial x+a can 

be put under the form x(l-] — j ; whence there results 



BUrOMUI. THSOBBM. 847 

l-\ — j =ar{l+z)r, by making — =«. 

Therefore, if the formula 

(1 +«)«= 1 +fnz+ m ■ > a ^+m . — -— . — ^ — ^z'^-, dec. (A) 

19 proved to be correct for any value of m, we vas^y consider th9 
formula 

m— I 

m— 1 ffi— -2 , . . ,„ 
+»» . — g — . — g — ^a^af^+, &c. (B) 

a 
exact for anjr value of nu For, by substituting — for « in the 

formula (A), and multiplying by af", we obtain 

/ a m— 1 a* \ 

{x+ay=:ar[l+m—+m . — ^ — . — +, 6i;e.j, 

from which, by performing the operations indicated, we obtain the 

formula (B). 

Now, when m is a whole qumber, we have 

m— 1 ^ w— 1 »»r-2 ^ 
(l+»)"=l+»i2+«». — ^---z^+m. — - — , — 3— *^+» ^°* 

P 
But, if mis a fraction — , we do not know from what algebraio 

es^pression the development 

fn— 1 wi— 1 m— 2 

l+mz+m — - — z^+m. — - — , — - — «'+, &c* , • • is derived* 

Denoting this unknown expression by y, we have the equation 

m— 1 wi—l m— 2 
yrrl+ww+m. — ^ — z^+m. — - — . — ^ — j?+, 4kc (1). 

and it is now required to prove that y=(l+z)"*. 
If m' is another fractional exponent, we shall have in like manner, 

'«»'— 1 ^ m'— 1 m'— 2 , 



U<J 
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Multiplying the equations (1) and (2), member by member, we 
shall have for the first fnejppber of the result yt/. As to the secondi 
it would be very difficult to obtain its true form, by the common 
rule for the multiplication of polynomials ; but by observing that 
ike form of a product does fiol depend upon the particular values cf 
the letters which enter into Us two factors (Art. 47), we see that the 
aboye product will be of the same form as in the case where m and 
m' are positive whole numbers. Now in this case we have 

l+mz+m . — - — z^+ . . , =(l+«)% 

l+m'z+m\ — g— «*+ • . f =(l+zr, 

whence 

(m— 1 v/ m'— 1 ^ \ 

l+mz+m. g z '+ f f f ){l+m'z+m' .—Y—^+ j 

^{l+z)^^=l+{m+my+{m+m'y^ ««+ ; 



Therefore this form is true in the case in which ffi and i»' are any 
quantities whatever, and we have 

y^=l+(m+my+{m+m') g— •«"+ (3); 

Let m'' be a third positive fractional exponent, we shall have 

f=zl+m"z+m" — 2— 2*+ . . , 
Multiplying the two last equations member by member, we have 

yi/^'=l+{m+m'+m")z+{m+m'+m") y»+ 



Suppose the fractional exponent m=z — . Take as many exponents 

Ht, m', m", m'", &c. as there are units in g ; we shall have, by mak- 
ing r equal to the sum of the exponents m+m'+m"+»i'"+ . . , 

^ yyVY'* • • ^l+rz+r • ^'^^+r . "— . ^'^^+ • • • (4)^ 



t 

* 
J 
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And by mipposing m=zm'=m''=:mf'' . . . ia which case 

r=m+m+m+m+ . . . =fn^, 
the equation (4) becomes 

Now we have by hypothesis, »i= — , or mq=p ; 

hence j^r^ 1 +|> . z+p .i~^+p . fl^ -^-y-«^+ • • • 

but p is a whole number, therefore the second member of this equa- 
tion is the development of (1 +»)'', which gives y'=(l+z)'', whence 

p 
jf=(l+2;)» =(1+2?)*"; consequently 



. ^ , m— 1 ^ m— 1 m— 2 . 
(l+«)'"=l+»w+w — -- — z'+m ^ . r i^+ 



• « • 



m being any positive fraction. 

To demonstrate this formula, for the case in which m is a negative 
fraction or whole number, it is only necessary to suppose, m'=— «i, 
in the equation (3) obtained from the equations (1) and (2), for 
when ot+ot'=0, the equation (3) reduces to yy'=l; whence 

> 

1 

But since m is negative by hypothesis, m' or — m, must be posi- 
tive, and we have 

y'=(l+^)«', hence y^ ^^^^^,, =(l+^)"^=(l+z)^ 
and consequently 

(1 +2)'*=l+m2+m — -^ — . 2r+ • • • or 

(1 +z)--'= 1 -m'x-ml — - — i^-mT- , '^ '-)?+, &c. 



I 
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Applications of the Binomud Theorem. 

340. If in the formula (aj+a)*^? 

/ a m— 1 a* m— 1 m— 2 c? \ 

«f(l+m.— +m.— ^— .j^+m.— g— .— g— -^4- . . .j 

we make i»s= — , it oecomes (x-\-aY or V«+a= 

n 

1-1 ^ , 1-1 1-2 



Ofi reducing, Vaj+o^ 

±/ 1 a 1 n-*-l fl* 1 n^-l 2n^l rf^ \ 

3n-l 
The fifth term can be found by multiplying the fourth by — - — 

a 

and by — , then changing the sign of the result, and so on, 

241. Rbkark. When the terms of a aeries go on decreasing in 
Value, the series is called a decreasing or corwerging series ; and 
when they go on increasing in value, it is called a diverging series. 

In a converging series the greater number of terms we take in 
the series, the nearer will we approximate to the true value of the 
proposed series. When the terms of the series are dltemaiehf 
positive and negattve, we can, by taking a given number of terms, 
determine the degree of approximation. 

For, let a— J+c*— d+e— /+ . . ., dec. be a decreasing series; 
5, c, d . • . being positive quantities, and let x denote the number 
represented by this series. 

The numerical value of a; is contained between any two consecu* 
tive sums of the terms of the series. For take any two consecutive 
sums, 

a— }+c^di+e— /, and a— J+c— ei+c— /+^. 
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In the first, the terms which follow —f, are g—h, + A:— Z+ . . . 
but since the series is decreasing, the partial difi*erences g—h^ 
k~-lf .... are positive numbers ; therefore, in order to obtain the 
complete value of x, a certain positive number must be added to the 
sum a— J+c— <E+e— /. Hence we have ♦ 

a— i+c— d+e— /<«. 

In the seccNod series, the terms which follow +g are — A+A:, 



— l+m .... Now, the partial differences —k+k, —l+m • . ., 
are negative ; therefore, in order to obtain the sum of the series, a 
negative quantity must be added to 

a^h+c—d+e-^f+gi 

or, in other words, it is necessary to diminish it. Consequently 

a— J+c— d+e— y+^>a?. 

Therefore, x is con^ehended between these two sums. 

The difference between these two sums is equal to g. But since 
X is comprised between them, their difference g must be greater than 
the difference between x and either of them ; hence, the error com- 
mitted by taking a certain numher of termsy a— b+c— d+e— f, for 
the value of Xyis numerically less than the following term. 

242. The binomial formula also serves to develop algebraic ex- 
pressions into series. "^ 

1 • 

Take for example, the expression , we have 

In the binomial formula, make m=— 1, «=:1, and a=— «, it be- 
comes 

(l-«)-»=l-l.(-«)-l.^^.(-2) 

-1-1 -1-2 
-1. — ~. — g— .(-2^)-... 
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or, perfi>niung the operations, and observing that each term is com* 

posed of an even number of factors affected with the sign — , 

1 
(1— «)-»=- =l+2+r»+aj3+2j^+z5+ 



• • • 



The same result will be obtained by applying the rule for divi* 
sion (Art. 55). 



1 
1st. remainder • +z 

2d +3^ 

3d +«* 

4th +«* 

+ 



l-« 



l+z+s^+s^+z^+ . . . 



• • • 



2 

Again, take the expression ji r^-, or 2(1—2)"'. 

We have 2(1 -«)-»= 

or 2(l-2)-»=2(l+3;8+62«+10«»+15«*+ ) 

To develop the expression V2z^^ which reduces to 

z\l 



V22(l-y)% we first 



find 



(•-i)*='*l(-i)4-*i^-(-l)"+- 



er W 648 



=1 — zrZ-^-^x^ — zrr;r^— . . . ; 



hence 



1 1.5 



V2;i:?-= V2^(l-^-3g.«-.^-, &e.) 



EXAMPLES. 



1. To find the value of . ■ i\«> ^^ ^^ equal (a+3)-^ in an in- 
finite seriei. 
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2. To find the value of — r— > in an infinite series. 

r+x 

s? 9^ ^ 

3. Required the square root of --5 — -j in an mfirtite series. 

4. Required the cube root of /lAv^xn ^ ^ infinite senes. 



1 / 2ar» bd" 40a* \ 



Method of Indeterminats Co-efficients. Recurring Senes 

243. Algebraists have invented another method of developing 
algebraic expressions into series, which is in general, more simple 
than those we have just considered, and more extensive in its appli- 
cations, as it can be applied to algebraic expressions of any nature 
whatever. 

Before considering this method, it will be necessary to explain 
what is meant by the term function. 

Let a=ib+c. In this equation, a, h and c, mutually depend on 
each other for their values. For, 

a=&^-c, 5=a— c, and c=a— 5. 

The quantity a is said to be & function of h and c, h a function of 
a and c, and c a function of a and b. And generally, when one 
quantiip depends on others for its value, it is said to he aJkmcUon rf 
those quardities on which it depends 

In order to give some idea of this method of development, Ve will 

a 
suppose it is required to develop the expression , y into a se- 

lies arranged according to the ascending powers of x. It is plain 

22 



M4 
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that the expression can be developed; for 



reduces to 



a{a!+l/g)~^ ; and by applying the binomial fi>nnula to it, we should 
evidently obtain a series of terms arranged according to the ascend- 
ing powers of «• We may therefore assume 

•~^=zA+Bx+Cae'+Dx^+Ex*+Fa^+ .... (1) 

the co-efficients Af B^ C, Dy . . * being functions of a, a', h% but in- 
dependent of Xy it is required to determine these co-efficients, whicb 
are called indeterminate co-efficients. 

For this purpose, multiply both members of the equation (1) by 
a^+h'x; arranging the result with reference to the powers of 
«, and transposing a, it becomes 

«= I -a+Ab' 



x+Ca! 
+BV 



aP+Ea' 



a:*+ . . . (2). 



+ CI/ 

Now if the values of A, B, C, jP, • . • were determined, the 
equation (1) would be satisfied by any value given to x ; this must 
therefore be the case also in the equation (2). 

But by supposing a;=0, this equation becomes, 

0=ila'— a; 



Whence 



a 



a 



A being equal to — , when a;=rO, this must be the value of it when 

X is any quantity whatever, since A is independent of a; by hypothe- 
sis ; therefore whatever may be the value of x, the equation (2) 
reduces to 

a^+ •••••; or, dividing by x. 



0=1 



0= 



Ba' 


x-irCa! 


if+Da' 


+AV 


■\-BV 


+Ch' 


Bd 


■VCd 


* ^Da' 


+Aft' 


JrBV 


+ CV 



a*+ 



(3). 



This equation being also satbfied by any value for a;, by making 
«=0, it becomes Ba'+Ay=0. 



i 
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AV • a V aV 

Whence B= -7-, or 5=-.— X-r=— r;i- 

a, a a a 

As this must be the value of B whatever may be that of x^ we 
will suppress the first term Baf+Al/ of the equation (3), which 
this value of B makes equal to zero^ and divide by « ; it thus be- 
comes 



0=j 



x+Ea' 



Su "Y" • • • 



Caf+Da' 
+Bb'+C6r 

Making xrsO, there results 

Whence C= 7-. or C= - ( y^ x— =— ^5-. ' 

in the same way we should find 

CI/ ai/^ V aU^ 
Whence 2?= ;— , or 2?= — ;r-x — -r== ir > and so on. 

It is easily perceived that any co-efficient is formed from that 

y 

which precedes it, by multiplying by — y\ therefore we have, 

a 

• 

244. By reflecting upon tiie preceding reasoning, we perceive, 
that the fimdamental principle of the method of indeterminate co« 
efficients, depends upon this, viz., when an equation of the form 
0=:iM+Nx+Px'+QaP+ . . . (M, N, P, Q,. . . being independent 
of x), is verified by any value of x whatever, each of the co~efficients 
must necessarily he equal to 0. 

For since these co-efficients are independent of x, when they are 
determined by any particular hypothesis made with respect to Xf 
the values must answer for any value of x whatever. Now, mak- 
ing x=Of we find ilf=0, and dividing the equation by x, it reduces 
to 

0=:N+Px+Q3l^+ . . • 



256 ALOEBRA. 

making 9=0 in this equation^ it becomes N=0, and dividing the 
equation by a;, it reduces to 0=P+Qx+ , . . and so on. Hence we 
have 

Jlf=0, JV=0, P=0, Q=0 . . . ; 

in this manner we obtain as many equations as there are co-effi- 
cients to be determined. 

This principle may be enunciated in another manner, viz. 

When an equation of the form 

a+hx+ca^+daP+ . . . =za^+Vx+da^+tts!^+ ... 

is satisfied by any value given to Xy the terms involving the same 
powers in the two members are respectively equal ; for, by trans- 
posing all the terms into the second member, the equation will take 
the form 0=Jlf+Pa;+Q{c'+ . . . , whence 

a'— a=0, y— *=0, c'— c=rO . . . ^ , 

and consequently, 

a =«, y=J, c'=c, d/z^d . . . ., 

Every equation in which the terms are arranged with reference 
to a certain letter, and which is satisfied by any value which can be 
given to this letter, is called an identical equation, in order to distin- 
guish it from a common equation, that is, an equation which can only 
be satisfied by giving particular values to this letter. 

245. The method of indeterminate co-efficients requires that we 
should know the form of the development, with reference to the ex. 
ponents of a?. The development is generally supposed to be ar- 
ranged according to the ascending powers of x, commencing with 
the power a;® ; sometimes, however, this form is not exact ; in this 
case, the calculus detects the error in the supposition. 

1 

For example, develop the expression ^^ * 

Suppose that — ■-^=A-{-Bx+CaP+Dsi^4' . . . •, 

whence, by clearing the fraction, and arranging the terms, 



-^ .'^ ■• ,i»»i >aaMpwwpi»iO.~J 
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J^+ • • • ay 



ai»+8C I a?+8J9 
-5 -C 



whence (ArU 208), 

. -.1=0, 3-4=0, 3£— AsO ..... 

Now the first equatioii, —1=0, is absurd, and indicates that the 

above form is not a suitable one for the expression ^^^ ; but 

if we put this expression under the form — X^ — ^ and suppose 
that 

it will become, after the reductions are made, 



»= i IVJ 



3il+3J? 
A 






««+3i> 



a?+.. 



which gives the equations 

8il-l=0, 8J?— il=0, 8C— 5=0 . . •, 

whence A=y, 1?=-, C=-, 2J=- . . . 

Therefore, 

11/11 1.1, \ 

3^=^=T\T+'9*+27*^+8i^+ • • V' 

1 I . 1 1 

that is, the development contains a term affected with a negative 
exponent. 



<» =-5-«^*^+-;r«*+H^*+S7«*+ • • • » 



Recurring Series. 

246. The development of algebraic fractions by the method of 
indeterminate co-efficients, gives rise to certain series, called reeitr' 
ring series* 

A recurring series is ihe development of a ratkmai fraction inveh* 
ing X, made according to a fixed 2av, and containing the ascending 
fowers of X in its d^ereni terms. 

31* 



S58 



It has been shown in Art. 243, that the development of the ex- 



^7-4^+ • . .9 IB 



which each term is formed by multiplying that which precedes it 



This property is not peculiar to the proposed fraction ; it bel<mgs 
to all rational algebraic fractions, and it consists in this, viz. : Every 
rational fr action invohnng z, may be developed into a series ofterms^ 
each of uihich is equal to the algebraic sum of the products vMch 
arise from muUipfying certain terms of a particular escpression^ by 
certain of the preceding terms of the series. 

The particular expression, from which any term of the series 

may be found, when the preceding terms are known, is called the 

scale of the series ; and that from which the co-efficient may foe 

fonned, the scale of the co-efficients. 

b' 
In the precedmg series, the scale is j-x, and the series is call* 



ed a recurring series of ihefrst order^ and 

co-efficients. 

a+bx 



is the scale of the 



Let it be required to develop — , ^, ,^ into a series. 

a-\-bx 
Assume — , . ^, , ,^ =A+Jga?+Ca;'+Z?ar*+£a?*+ . • • 

Clearing the fraction and transposing, we have, 

•b "T" . . • 




x+Ca* 


af+Da* 


x^+Ea' 


+BV 


+CV 


+DV 


+Ad 


+Bc' 


+Cc^ 



which gives the equati<ms 



Ao'— a=0, or A= 



a' 

V h 
Ba'+AV-^ h =0, or B—^—A+'^ 
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Ca'+J5y+ilc'=0, or C=-^J? — j^ 

V d 

y d 

Ea'+Dl/+Cd^O, or E^-^-rD — -C. 

a a 



Whence we perceive that the two first co-efficients are not ob- 

tained by any law ; but commencing at the third, each co-efficient 

is formed by multiplying the two which precede it respectively by 

y d , ] 

—-7 and -f viz. that which immediately precedes the requir- 

h' d 
ed co-efficient by r> that which precedes it two terms by ;-, 

and taking the algebraic sum of the products. Hence, 

\ a' a') 
is the scale of the co-efficients. 

From this law of the formation of the co-efficients, it follows that 
the third term of the series, Ca^ is equal to 



ft' _ . c 



/ 



Bx' yAx" 



d ct 

V ^ d ^ ^ 

or- — — r«,j3 X T^ • Am 

a a 

In like manner, we have for Dt? 

V d 
■7 Cd? ;- J?a?* 



a' (£ 

V c' 

or rx . Caj* r^ • -S^* 

a a 

Hence, each term of the required seiies, commencing at the 
third, is obtained by multiplying the two terms which precede, re- 
spectively by 
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and taking the sum of the products : hence, this last czpressicD is 
the 9caU of the series. 

247. Recurring series are divided into orders, and the order is 

estimated by the number of terms contained in the boiU. 

a 
Thus, the expression , ^ gives a recurring series of ^/ri< 

y 

ordeff the scale of which is — tx. 

a! 

The expression , ' ij \,^j» ^^^ &^^ ^ recurring series <f (fte 
second order, of which the scale will be 

The series obtained in the preceding Art* is of the second order. 
in general, an expression of the form 

af+I/x+&a*+ . . . k'ar' 
gives a recurrmg series of the n^^ order, the scale of which is 

Rehabk. It is here supposed that the degree of a; in the numenu 
tor is less than it is in the denominator. If it was not, it would finA 
be necessary to perform the division, arranging the quantities with 
reference to x, which would give an entire quotient, plus a fractkn 
similar to the above. 

Thus, m the expression ^_^^^^_^ ■ 



+7ar»— 8ic>+a? ) —a?— 7 



+13««— .34a:+I5. 
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Performing the division, we find the quotient to be — »— 7, plus 
the fraction 

13a?2— 34aj+15 15a=34aj+13aa 

or 



— a:3+3a:2— 5ap+2' 2— 5a?+3a:2— «» * 



CHAPTER VL 

Continued Fractions, Exponential Quantiiiss, and 

Logarithms. 

248. Having given a fraction of the form -r-j^i in which the 

' 1 49 

terms are large, and prime with respect to each other, we are una- 
ble to discover its precise value, either by inspection or by any 
mode of reduction yet explained. The manner of approximating 
to the value of such a fraction gives rise to a series of numbers, 
which taken together, form what is called a continued fraction. 

65 

249. If we take, for example, the fraction --77^ , and divide both 

14y 

its terms by the numerator 65, the value of the fraction will not 
be changed, and we shall have 



or effectkig the division, 



65 
149- 


1 
149' 




65 


65 


1 


149" 


"2+id 




65 
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19 

Now, if we neglect the fractional part — of the denominator, 

we shall obtain — for the approximate value of the given firactioo. 

But this value would be too large, since the denominator used was 
toosfliofl. 

10 

Ifi on the contrary, instead of neglectmg the part ^, we were 

to replace it by 1, the approximate value would be — , which musl 

o 

be too small, since the denominator 8 is too large. Hence 

65 1 , 65 1 
•<-^ and , .- >-r-. 



149 ^ 2 149 ^ 3 

therefore the value of the fraction is comprised between — and -^. 

If we wish a nearer approximation, it is only necessary to ope- 

19 65 

7^ as we did on the given fraction tttt 
oo ° 149 



we obtain 



hence 



19 


1 


65 


3 + 8 




19' 


65 


1 


149 


2+1 



• ** 



8+8 
19' 



8 
If now, we neglect the part — » ^^ denominator 8 will be less 

than the true denommator, and — will be larger than the number 

which ought to be added to 2 ; hence, 1 divided by 2+-;^ will be 

o 

k9s than the value of the fraction : that is, if we reject the firac- 
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tional part after the second reduction, we shall have 

65 3 



149 '^ 7 

If we wish to approximate still nearer to the value of the given 
fraction, we find 

8 1 







19 


2 + 3 

8» 




and by substituting 


this value, 


we have 






65 


1 








149 


2 


+1 
3+1 

2+ 


3 

"8 



3 
Now, if we neglect the fractional part — , after the third reduc- 

o 

tion, we see that 2 will be less than the real denonunator ; hence 

— wilt be larger than the number to be added to 3 : that is, 

1 7 
3+—=— is too large ; hence 

1 2 

» -—=-— IS too small, and 
7 7 



2 16 • 

2+—=— is too small ; therefore 

7^=r^ is too large, and hence 
lo lo 

T 

65 7 



149^16* 

Now, as the same train of reasoning may be pursued for the re« 
ductions which follow, and as all the results are independent of par« 
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ticular numbers, it follows that, if toe stop at an odd reduetum, and 
neglect the fractional part, the result will he too great ; huiifwe stop 
at an even reduction^ and neglect the fractional part, the restdt wUl 
he too small. 

Mak^'^ two more reductions, in the last example, we have, 

65 1 









149 2 +1 










3 + 1 










2+1 










2+1 










1+1 










2. 


250. 


Let 


us 


take, as a general case, 
1 

a+1 
h+1 
c+1 
d+l 


the continued fraction 



/+, &c. 

Hence wc see, that a continued fraction has for its numerator the 
unit 1, and for its denominator a whole number, plus a fraction which 
has Ifor its numerator and for its denominator a whole numlfer phs 
a fraction, and so on. 

251. The fractions 

1*1 1 



• 



a' a + 1 a+1 



h' h+l 

c, 6cc. 

are called approximating fractions, because each affords, in succes- 
sion, a nearer value of the given fraction. 

The fractions — , — , — , &c. are called integral fractions. 
When the continued fraction can be exactly expressed by a vulgar 
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fractioD|tis in thenumerical examples already given, the integral frac- 
tions — , -7-, — , &c. will terminate, and we shall obtain an ezpres- 
a c 

sion for the exact value of the given fraction by taking them all. 

252. We will now explain the manner in which any approximat- 
ing fraction may be found from those which precede it. 

1. — = — 1st. app. fraction. 

S. — - - = , . , 2d. app. traction. 

a+ I ab+1 '^'^ 

T 

3. , = .,..,. . — 3d. app. fraction. 

a -f- 1 (ab+l)c+a '^'^ 

e 

By examining the third approximating fraction, we see, that its 
numerator is formed by multiplying the numerator of the preceding 
fraction by the denominator of the third integral fraction, and add- 
ing to the product the numerator of the first approximating frac- 
tion : and that the denominator is formed by multiplying the deno- 
minator of the last fraction by the denominator of the third integral 
fraction, and adding to the product the denominator of the first ap- 
proximating fraction. 

We should infer, from analogy, that this law. of formation is ge- 

P Q R 

neral. But to prove it rigorously, let -57, ^, ^=7, be the three 

approximating fractions for which the law is already established. 
Since c is the denominator of the last integral fraction^ we have 
fh)m what has already been proved 

R _ Qc+P 
R/'^ Q'c+P' • 

^1 

Let us now add a new integral fractioii — to those already re- 

23 



4 
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duced, and suppose ^7 to express the 4th approximating fractioD. 

,JR 8 

It is plain that -=; will become -^ by simply substituting for c, 

C+-T-: hence, 

8 _ ^V'^'d)'^^ _ {Qc+P)d+Q _ Rd+Q 

Hence we see that the fourth approximating fraction is deduced 
from the two immediately preceding it, in the same way that the 
third was deduced from the first and second ; and as any fraction 
may be deduced from the two immediately preceded in a similar 
manner, we conclude, that, the numerator of the n^ approximating 
fraction is formed hy muliiphfing the numerator of the^ecedingfrac- 
lion hy the denominator of the n^^ integral fraction^ and adding to the 
product the numerator of the n^2 fraction ; and the denominator is 
formed according to the same law, from the two preceding denomina- 
tors. 

253. If we take the difierence between any two of the consecu- 
tive approximating fractions, we shall find, afler reducing them to a 
common denominator, that the difierence of their numerators will be 
equal to dbl ; and the denominator of this differenee will be the 
product of the denominators of the fractions, 

1 h 

Taking, for example, the consecutive fractions — , and 



ah+1 



we have, 



ab+l—aJf +1 



and 



ab+l a{ab+l) a{ab+l)* 
hc+1 * -1 



ab+l {ab+l)c+a (ab+l){{ab+l)c+ay 
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. P Q ^ . 

To prove this property in a general manner, let n7> "g/* »?» "• 

tiiree consecutive approximating fractions. Then 

P Q PQ'-'PQ 



But 



Q R R'Q--RQ' 



Q' R QR 

But R=Qc+P and R=:Clc+P' (Art. 235), 
Substituting these values in the last equation, we have 

Q R RQ' 

or reducing 

Q R P'Q-^PQ! 

Q! R^ RQ! • 

• P Q 

From which we see that the numerator of the difierence p;"~7y 

Q R 

h equal, with a contrary sign, to that of the difference 7^7—57. 

* 

That is, ike difference between the numerators of any two consecutive 
approximating fractions^ when reduced to a common denominator^ is 
the sam^ with a contrary sign, as that which exists between the last 
numerator and the nuTnerator of the fraction immediately following. 

But we have already seen that the difference of the numerators 
of the 1st and 2d fractions is equal to +1 ; also that the difierence 
between the numerators of the 2d and 8d fractions is equal to — 1 ; 
hence the difference between the numerators of the 3d and 4th is 
equal to +1 ; and so on for the following fractions. 

Since the odd approximating fractions are all greater than the 
true value of the continued fraction, and the even ones all less ( Art. 
249), it follows, that when a fraction of an even order is subtracted 
from one of an odd order, the difference should have a plus sign ; 
and on the contrary, it ought to have a minus sign, when one of 
an odd order is subtracted from one of an even. 
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254. It has already been shown (Art. 249), that each of the ap- 
proximating fractions corresponding to the odd numbers, exceeds the 
true vidue of the continued fraction ; while each of those corres- 
ponding to the even numbers is less than it. Hence, the difference 
between any two consecutive fractions is greater than the difference 
between either of them and the true value of the continued frac- 
tion. Therefore, stopping at the n"^ fraction, the result will be true 
to within 1 dif ided by the denommator of the n'* fraction, multipli- 
ed by the denominator of the fraction which follows. Thus, if Qf 
and R are the denominators of consecutive fractions, and we stop 
at the firaction whose denominator is Q^ the result will be true to 

within Ty-^;* But since Ofb^c^dy &c. are entire numbers, the de« 

nominator R will be greater than Q', and we shall have 

1 1 

hence, if the result be true to within -p^rrs! ^^ ^^^ certainly be true 

to within less thai^the larger quantity 

1 

that is, the approximate reiuU which is obtained^ is true to mthin 

unity dixided by the square of the denondfuUor qf the last apprwd' 

mating fraction that is em;ployed. 

829 
If we take the fraction -^j=- we have 

829 1 

=2+ 



847 ' 2+1 



1+1 

r+1 



19' 
Here we have in the quotient the whole number 2, which may 
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either be set aside and added to the fractional part after its value 
shall have been found, or we may place 1 under it for a denomina- 
tor and treat it as an approximating fraction* 

Of Exponential Quantities. 

Resolution g/ the Equation (f=b, 

255. The object of this question is, to find the exponent of the 
power to which it is necessary to raise a given number Oy in order 
to produce another given number h» 

Suppose it IS required to resolve the equation 2'= 64. By rais- 
ing 2 to its different powers, we find that 2^=64 ; hence x=:6 will 
satisfy the conditions of the equation* 

. Again, let there be the equation 3'=? 243. The solution is a?=5. 
In fact, so long as the second member 3 is a perfect power of the 
given number. g, x will be an entire number which may be obtained 
by raising a to its successive powers, commencing at the first. 

Suppose it were required to resolve the equation 2*= 6. By 
leaking a;=2, and a?=?3, we find 2^=4 and 2'= 8 : from which we 
perceive that x has a value comprised between 2 and 3. 

Suppose then, tha^ a;=2+— , in which case «'>!. 

Substituting this value in the proposed equation, it becomes, 

_L -L -L 3 

2^*"=6 or 2«x2"=6; hence 2*'=:—, 

(3 x*' 
— j =2, by changing the members, and raising both to the 

* 
af power. 

To determine a/, make successively a/=zl and 2; we find 
^— ^ =— less than 2, and f —j =—, which is greater than 2 ; 

therefore sf is comprised between 1 and 2. 

1 

Suppose a/=l+-^, in whicha!">l. 

23* 
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By substituting this value in the equation (— ) =2 



/3\ix-l. 3 /8\J- 

(_) *^=2 or yXy-=2 



/ 4 \ 3 

4 

The two hypotheses a^'==l and a?"=2, give — whioh is less than 

8 , /4v« 16 7 . 3 , . 

— , and (— ) =— =1+— which is greater than — ; therefore 

j/' is comprised between 1 and 2. 

Let a?"=lH — 377-, there will result 

/4\,+J- 3 4 /4\-L 8 

(t) ^=t '^ yx(y)'"'=T'. 

/ 9 v*"' 4 
whence (— ) =— by reducing. 

Making successively a/''==:ly 2, 8, we find for the two last hypo- 

/9\^ 81 17 ^ 1 
theses \^j =—=1+—, which is <l+-3-, and 

/9\' 729 217 1 

i-tt) ="rT7r=l+-^T7r> which is >l+-;r-: therefore a?"' is com- 

\ o / 512 012 o 

prised between 2 and 8« 

Let a/"=2+-— , the equation involvmg a?'" becomes 



1 

a 



/9\ "^^ 4 81/ 9\ :.^ 4 

\T) =T'^^64VT) ==T' 

/ 256 \ .w 9 
and consequently ^"248/ "^T' 

Operating upon this exponential equation in the same manner 
as upon the preceding equations, we shall find two entire num- 
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bers k and k+l^ between which a^ will be comprised. Making 
a*^^k+--f «^ can be determined in the same manner as a?^, and 

so on. 

Making the necessary substitutions in the equation3 

we obtaiif the value of x under the form of a continued fraction 

1 



x=2+ 



1 
1+- 



1 

^+- 1 

2+ 



Hence we find the first three approximating fractions to be* 

1 J_ 3 

and the fourth is* equal to 

3x2+1 7 ,^ 
. ■5^^2+2-^12 <^^- ^^^)' 

which is the value of the fractional part to within 

1 1 

(12)5 or -j^ (Art. 234). 

7 31 1 

Therefore ^=2+--=-— to withm -rTr> and if a greater de- 

12 12 144 

gree of exactness is required, we must take a greater number of 
integral fractions. 

EXAMPLES. 

3' = 15 x=: 2,46 to within 0,01. 

10* = 3 a? = 0,477 0,001. 

2 

5* = -r- . . . . . f a? =— 0,25 0,01. 

o 
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Theory of Logarithms. 
2$6* If we suppose a to preserve the same value in the equation 

^d y to be replaced hy all possible positive numbers, it is plain that 
gs will undergo changes corresponding to those made in y. Now, 
by the method explained in the last Article, we oan determine fi>r 
each value of y^ the corresponding value of x^ either exacily or ap« 
proximatively-. 

First suppose a>l. 

Malting in succession a? =:;0, 1, 2 , 3 , 4 , 5 , , • • &c, 

there will result y=ra*==l, a, a*, a^ a*, a', . . • &c. 

hence, every value of y greater than ttn%, is produced hy ike powr 
ers of Of the exponents of which are positive nutnhersy entire orfrac* 
tional ; and the values of j increase with x. 

Make npw (c c=0, ^1, — ^, —3, —4, ^—5, • • • &c, 

there will result y=a*=l, . — , -j, — , — , -r, . . . &c. 

a Or Or a a 

hence, every 'value of y less than unity ^ is produced hy the powers of 
a, of which the ^xpone^ts, are negative ; and the value of y dtmin^ 
ishes as the value of x increases negatively. 

Suppose q<d or equal to the proper fraction -;. 

Making x—0, 1, ^, 3, 4, . . • &c. 

/1\« 1111 

we find . . . y=l-Tr) =1» "7' V2» V3» v4» • • • **^* 

Making • • • , . a?=0, —1, ^3, —3, —4, 
we obtain . . y^f—j-} =1, a', a'^, a'', a'^ . . . &c. 

That is, in the hypothesis a<l, all numbers are formed with 
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the different powers of a, in the inverse order of that in which they, 
are formed when we suppose a>l. 

Hence, every possible positive number can be formed trith any coU" 
stant positive number whatever , by raising it to suitable powers. 

RsMABK. The number a must always be different from uniiy^ 
because all the powers of 1 are equal to !• 

257. By conceiving that a table has been formed, containing in 
one column, every entire number, and in another, the eosponents of 
the powers to which it is necessary to raise an invariable number, to 
form all these numbers, an idea will be had of a table o£ logarithms. 
Hence, 

. The logarithm of a number, is the exponent of the power to which . 
it is necessary to raise a certain invariable number, in order to pro* 
duce thefrst number. 

Any number, except 1, may be taken for the invariable number ; 
but when once chosen, it must remain the same for the formation of 
all numbers, and it is called the base of the system of logarithms* 

Whatever the base of the system may be, its logarithm is unity, 
and the logarithm of lis 0. 

For, let a be the base : then 

1st, we have a^=a, whence log a=l. 
2d, a*=l, whence log 1=0. 

The word logarithm is commonly denoted by the first three letters 
log, or simply by the first letter h 

We will now show some of the advantages of tables of logariUmis 
in making numerical calculations. 

Multiplication and Division. 

258. Let a be the base of a system of logarithms, and suppose 
the table to be calculated. Let it bo required to multiply together 
a series of numbers by means of their logarithms. Denote the num- 
bers by yf f/f j/', y • • . dsc.f and their corresponding logarithms 
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by «, 4/, a/^ a/'^ dec. Then by definitioD (Art. 257), we have 

Multiplying these equations together, member by member, and 
applying the rule for the exponents, we have 

«+«'+«?"+«"' • • • =logy+ logy'+ logy+ logy"' • . . 

= log. y^rr\ 

that is, the turn of the logarithms of any number of factors is equal 
to the logarithm of the product of those factors. 

259. Suppose it were required to divide one number by another. 
Let y and jf denote the numbers, and x and sf their logarithms. 
We have the equations 

«»=y and a*' =3^ ; 

y 



hence by division a*~''= 



y" 



y • 

or «— 0/= log y-^ log 3^= log -r, 

that is, the difference between the logarithm of the dividend and the 
logarithm of the divisor, is equal to the logarithm of the quotient. 

Consequences of these properties. A multiplication can be per- 
formed by taking the logarithms of the two factors from the tables, 
and adding them together ; this will give the logarithm of the pro* 
duct. Then finding this new logarithm in the tables, and taking 
the number which corresponds to it, we shall obtain the required pro- 
duct. Therefore, hy a simple addition^ we find the result of a mvH* 
tipHcation. 

In like manner, when one number is to be divided by another, 
subtract the logarithm of the divisor from that of the dividend, then 
£nd the number corresponding to this difference ; this will be the 
required quotient. Therefore, hy a simple sudtraction, we obtain ike 
quotient of a dioision. 
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Formation of Powers and Extraction of Roots* 

360. Let it he required to raise a number y to any power de- 

m 
noted by — . If a denotes the base of the system, and x the loga- 
rithm of y^ we shall have 

(f=y or y=a*, 

m 
whence, raising both members to the power — , 

f» m 

Therefore, log y"= — i ic= — . log y, 

that is, if the logarithm of any number he multiplied hy the exponent 
of the power to which the number is to be raised, the product will be 
equal to the logariihm of that power. 

As a particular case, take «= 1 ; there will result j». log y= 
log y"* ; an equation which is susceptible of the above enunciation. 

* 261. Suppose, in the first equation, m=l ; there will result 



— log y= log y » = log Vy , 



that is, the logarithm of any root of a number is obtained by divid- 
ing the logarithm of the number by the index ff the root. 

Consequence. To form any power of a number, take the loga- 
rithm of this number from the tables, multiply it by the exponent 
of the power ; then the number corresponding to this product will 
be the required power. 

In like manner, to extract the root of a number, divide the loga- 
rithm of the proposed number by the index of the root, then the 
number corresponding to the quotient will be the required root. 
Therefore, by a simple multiplication, we can raise a quaniity to a 
poweTf and extract its root by a simple division. 
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263* The properties just demonstrated are mdependent of any 
system of logarithms ; but the consequences which have been de- 
duced from them, that is, the use that may be made of them in nu- 
merical calculations, supposes the construction of a table, contain- 
ing all the numbers in one column, and the logarithms of these num- 
bers in another, calculated from a given hose. Now, m calculatiDg 
this table, it is necessary, in considering the equation 0*=^, to make 
y pass through all possible states of magnitude, and determine the 
value of X corresponding to each of the values of ^, by the method 
of Art. 265. 

The tables in common use, are those of which the base is 10 
and their construction is reduced to the resolution of the equation 
10'=y. Making in this equation, y successively equal to the series 
of natural numbers, 1, 2, 3, 4, 5, 6, 7 . . ., we have to resolve the 
equations 

10'=1, 10'=2, 10^=3, ld'=4 . . . 

We will moreover observe, that it is only necessary to calculate 
directly, by the method of Art. 255, the logarithms of the prime 
numbers 1, 2, 3, 5, 7, 11, 13, 17 . . . ; for as all the other entire 
numbers result from the multiplication of these factors, their loga- 
rithms may be obtained by the addition of the logarithms of the 
prime numbers (Art. 258). 

Thus, since 6 can be decomposed into 2 x 3, we have 

log 6= log 2+ log 3; 

in like manner, 24=2^x3 ; hence log 24=3 log 2+ log 3. 

Again, 360=23X3^X5; hence 

log 360=3 log 2+2 log 3+ log 5. 

It is only necessary to place the logarithms of the entire num- 
bers in the tables ; for, by the property of division (Art. 259), we 
obtain the logarithm of a fraction by subtracting the logarithm of 
the divisor from that of the dividend. 
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363. Besumiag the equaticm lO's^y, if we make 

«=0» 1» 2, 3, 4f 5, . • • n^lf n. 

we have 

y=l, 10, 100,1000, 10000,100000,.., 10"-, 10\ 
And making 

«=0, —1, —2, —3, —4, —5, • . . ^(n— 1), — n. 
we have 

_ J_ _1 1_ 1 1 1 1 

^"~^' 10' 100 ' 1000' 10000' 100000' • ' • 10»^' llF"' 

From which we see that, Ae logarithm of a whole number vnU ie^ 
come the logarithm of a corresponding decimal by changing its sign 
from plus to minus* 

264. Resume the equation a'=j^, in which we will first suppose 

a>l. 
Then, if we make y=l we shall have 

a*=l. 

If we make y<l we shall have 

1 

er-'=y or — =y<l. 

If now, y diminishes x will increase, and when y becomes 0, we 

1 
have 0"*=— =0 or a'= oo (Art. 112) ; but no finite power of a 

is infinite, hence a? = qd : and therefore, the logarithm of in a sys» 
tern of which the base is greater than unity, is an infinite number and 
negative. 

265. Again take the equation a'^y, and suppose the base a<l* 
Then making, as before, y=l, we have a^zz^h 

If we make y less than 1 we shall have 

a'=y<i. 

Now, i£we diminish y, x will increase ; for since a<l its powers 
will diminish as the exponent x increases, and when ^=0, x must 

d4 
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be infinite, for no finite power of a fraction is 0. Hence, the loga^ 
rithm of in a system of which the base is less than wdty^ is an in-- 
Jinite numberj and positive. 

Logarithmic and Exponential Series. 

266. The method of resolving the equation a'=:h, explained in 
Art. 255, is sufficient to give an idea of the construction of loga- 
rithmic tables ; but this method is very laborious when we wish to 
approzunate very near the value of x. Analysts have discovered 
much more expeditious methods for constructing new tables, or for 
verifying those already calculated. These methods consist in the 
development of logarithms into series. 

Taking again the equation a'=y, it is proposed to develop the 
logarithm of y into a series involving the powers of y, and co-effi- 
cients independent of y. 

It is evident, that the same number y will have a different loga- 
rithm in different systems ; hence the log y, will depend for its 
value, 1st. on the value of y ; and 2dly, on a, the base of the sys- 
tem of logarithms. Hence the development must contain y, or some 
quantity dependent on it, and some quantity dependent on the base a. 

To find the form of this development, we will assume 

log y=A+By+Cf+Df+, &c., 

in which A, B, C, &c. are independent of y, and dependent on the 
base a. 

Now, if we make y=0, the log y becomes infinite, and is either 
negative or positive according as the base a is greater or less than 
unity (Arts. 264 & 265). But the second member under this sup- 
position, reduces to A, a finite number : hence the development can- 
not be made under that form. 

Again, assume 

\ogy=:Ay+Bf+Cf+Dy'+, &c. 

If we make y=0, we have 

log y=± 00=0, 
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which is absurd, and hence the developjhent cannot be made under 
the last form. Hence we conclude that, ike logarithm of a immler 
cannot be developed in the powers of that number. 
Let us now place for y, 1+y, and we shall have 

log {l+y)=^Ay+Bf+Cf+Dy*+ &c (1), 

making 3/=0, the equation is reduced to log 1=0, which does not 
present any absurdity. 

In order to determine the co-efficients ^, B, C « . ., we will fol- 
low the process of Art. 243* Substituting z for y^ the equation 
becomes 

log {l+z)^Az+Bx'+C7^+Dz*+ . . . (2). 

Subtracting the equation (2) from (1), we obtain 

log(l+y)-log{l+z)=A(y--z)+B(f^t^+C{f^^)+ . . .(S). 

The second member of this equation is divisible by y^z ; we will 
see, if we can by any artifice, put the first under such a form that it 
shall also be divisible by y—z. 

We have, log (1+y)- log (!+«)= l^^gj^f =lo«(l+f^) ? 

y — * 

but since can be regarded as a single number u, we can de- 

(y — ^ \ 
1+ J, in the same manner as 

log (1 +y), which gives 

Substituting this development for log (1+y)— log (l+«) in the 
equation (8), and dividing both members by j^— 2, it becomes 

1 y-^z (y — zY 

=A+B{y+z)+C(y'+yz+i^)+ . . . 
Since this equation, like the preceding, must be verified by all 
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mlneB of p and Zf make ysztf and there will result 
A 

Whenoei clearing the fraction, and transposuig 



0=zA+2B 
—-4+ A 



+2B I +3C 



f+6E I /+ . . . 



Putting the co-efficients of the different powers of y equal to 
zeroy we ohtain the series of equations 

ii-jl=0, 8-8+^=0, 3C+2JB=0, 42?+3C=0 . . . ; 

whence 

il 25 A SC A 

The law of the series is erident ; the co-efficient of the n'^ teim 
ii equal to =fi — , according as n is eyen or odd ; hence we diall ob- 

tain for the development of log {l+y)f 

AAA 

log (i+y)=^y— g-y'+yy'— ^ . . . 

If we substitute — ^ for y^ we shall have 

log(l-y)=A(-y-^-^-^+&c.) (5). 

Hence, although the logarithm of a number cannot be devel<^>ed 
in the powers of that number, yet U may he developed in the powers 
tf a number differing from it by unity. 

By the above method of development, the co-efficients 3^ C, i>, 
Ef &c. have all been determined in functions of A ; but the rela- 
tion between A and the base of the system is yet undetermined. 

The number A is called the modulus of the system of logarithms 
in which the log {l+y\ or log (1— y), is taken. Hence, 
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Thetnoduhis rfa sysim of Jogariihms depends for its value on 
iSte hose, and if a certain function of any number he muUipUed by it^ 
the product will he the logarUhmy of that number augmented by unity, 

267. If we take the logarithm of 1 +y in a new systenii and de- 
note it by lXl+y)9 we shall have 



lXH3^)=4'(l^-?^+%.-?^+%--. &c.) (6) 

in which A' is the modulus of the new system. 

If we suppose y to have the same value as in equation (4), we 
shall have 

y{l+y):l{l+y)::A':A, 

for, since the series in the second members are the same they may 
be omitted. Therefore, 

The logarithms of the same numhery taken in two different systems^ 
are t6 each other as the moduli of those systems, 

268. If we make the modulus A'=l, the system of logarithms 
which results is called the Naperian System, This was the first 
system known, and was invented by Baron Napier, a Scotch Ma- 
themiatician. 

With thid modification the proportion above becomes 

V{l+y) :l(l+y)::l:A 
or A.l'(l+y)=l(l+y): 

Hence we see that, the Naperian logarithm of any number, mul" 
tiplied by the modulus of another system, vnU give for a product ihe 
logarithm of the same number in that system, 

269. Again, A ,\\\+y)=^\{l+y) gives 

That is, the logarithm of any number divided by the modulus of the 

sfstem, is equal to the Naperian logarithm of the same n$imber, 

24* 
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370* If we take the Naperiiin logaritbm and ttiake psszl^ equa* 
tkn (6) becomes 

a series which does not converge rapidly^ and in which it would be 
necessary to take a great number of terms for a near approxima- 
tion. In general, this series will not serve for determining the loga* 
rithms of entire numbers, since for every number greater than 2 
we should obtain a series in which the terms would go on increasing 
continually* 

The following are the principal transformations for converting the 
above series into converging series, for the purpose of obtaining the 
logarithms of entire numbers,jwhich are the only logarithms placed 
in the tables. 

First Transformation. 

Taking the Naperian logarithm in equation (6), making jf= — » 

% 

and observing that 

I'h. +— ■) =1'(1 +«)—l% it becomes 

l'(i+.)-i'.=|-^+-^-4r+ &c. (7). 

This series becomes more converging as % increases ; besides the 
first member of this equation expresses the difference between two 
c(xisecutive logarithms. 

Making af=l, 2, 3, 4, 5, &;c. we have 

1111 

,1111 

1 3-l'2=y— g-+--^+ . . . 
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** ^"^"3 18^ 81 324 + * •• 
111 1 

r6--r4=:— -— + 



4 32 ' 192 1024' 

The first series will give the logarithm of 2 ; the second series 
will give the logarithm of 3 by means of the logarithm of 2 ; the 
thirds the logarithm of 4, in functions of the logarithm of 3 . . . &c. 
The degree of approximation can be estimated, since the series are 
composed of terms alternately positive and negative (Art. 239). 

Second Transformation. 

A much more converging series is obtained in the following man- 
ner. \ 
In the series 

flc* a? aj* 

substitute —a; for x; and it becomes 

3u Sir ST 

l'(l-x)=-a:------ 

Subtracting the second series from the first, observing that 

14- a; 

r(l+a:)-l'(l-aj)=r-^--, we obtain 

, 1+a: / s? d^ x^ 3^ \ 

This series will not converge very rapidly unless a? is a very 

l+iC 

small fraction, in which case, will be greater than unity, but 

1— a? 

will difier very little from it. 

1+a? 1 

Take -z === 1 H — , % being an entire number : 

1— a: % ° 

we have (l+a;)«=(l— a?)(»+l) : whenee a?= . 
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Hence the preceding series becomes TflH — j or 

i'(.+i)-i'*=2(-^+5^j^ + ^^^+ . . .) 

This series also gives the difference between two consecutive 
logarithms, but it converges much more rapidly than the series (?)• 
Making successively 2;= 1, 2, 3, 4, 5 . . •, we find 

11 1 1 

1'3-1'2=2(— +g-g3+^-p+y-^+ . . .), 
/I 1 1 1 V 

l'5-l'4=2(-i+^+^+^ . . . . ). 



Let z= 100 ; there will result 

n01=l'100+2(^+g^+^+ . . .) ; 

whence we see, that knowing the logarithm of 100, the first term 
of the series is sufficient for obtaining that of 101 to seven places 
of decimals. 

The Naperian logarithm of 10 may be deduced from the first and 
fourth of the above equations, by simply adding the logarithm of 2 
to that of 5 (Art. 258). This number has been calculated with 
great exactness, and is 2,302585093. 

There are formulas more converging than the above, which serve 
to obtain logarithms in functions of others already known, but the 
preceding are sufficient to give an idea of the facility with which 
tables may be constructed. We may now suppose the Naperian 
logarithms of all numbers to be known. 



371. We have already observed that the base of the common 
system of logarithms is 10 (Art. 262). We will now find its 
modulus. 

l'(l+y) • Kl+y) 1 : 1 : A (Art. 267). 
If we make y=s:9f we shall have 

no : 110 : : 1 : ^. 

But the n0=2,302685093 ... and 110=1 (Art. 262); hence 

1 
A=-2"rjr-rgrrgr-== 0,454294482 the modulus of the common sys. 

tem* 

If now, we multiply the Naperian logarithms before found, by 
this modulus, we shall obtain a table of ccxnmon logarithms 
(Art. 268). 

272. All that now remains to be done is to find the base of the 
Naperian system. If we designate that base by e, we shall have 
(Art. 267), 

Fa : le : : 1 : 0,434294482. 

But re=l (Art. ^67) : hence 

1 : la : : 1 : 0,434294482, 

<Nr l€=0,434294482. 

But as we have already explained the method of calculating the 
common tables, we may use them to find the number whose loga- 
rithm is 0,434294482, which we shall find to be 2,718281828 : 
hence 

c=: 2,718281828. 

We see from the last equation but one that, the modulus of the 
canwion system is equal to the ^common logarithm of the Naperian 
base* 
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CHAPTER VII. 
General Theory of Equations, 

273. The most celebrated analysts have tried to resolve equa- 
tions of any degree whatever, but hitherto their efforts have been 
unsuccessful with respect to equations of a higher degree than 
the fourth. However, their investigations on this subject have 
conducted them to some properties common to equations of every 
degree, which they have since used, either to resolve certain 
classes of equations, or to reduce the resolution of a given equa- 
tion to that of one more simple. In this chapter it is proposed td 
make known these properties, and their use in facilitating the 
resolution of equations. 

274. The development of the properties relating to equations of 
every degree, leads to the consideration of polynomials of a par- 
ticular nature, and entirely different from those considered in the 
first chapter. These are, expressions of the form 

in which m is a positive whole number; but the co-efficients 
A, B, C, . . . T, U, denote any quantities whatever, that is, entire 
or fractional quantities, commensurable or incommensurable. Now, 
in algebraic division, as explained in Chapter I, the object was 
this, viz : given two polynomials entire, with reference to all the 
letters and particular numbers involved in them, to find a third 
polynomial of the same kind, which, multiplied by the second, would 
produce the first. 

But when we have two polynomials, 

Aa?*"+Ba?«-i + Caj«-2_|. . . . _|_Ta?+U, 
AV+BV-i+CV-24. . . . 4.T'a?+U, 

which are necessarily entire only with respect to x, and in which 
the co-efficients A, B, C . . ., A', B', C . . ., may be any quantities 
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whatever it may be proposed iofind a third poJynomialf of the same 
form and nature as the two preceding, which muUijMed Ify. the second, 
will re-produce the first. 

The process for effecting this division is analogous to that fbr 
common division ; but there is this difference, viz. : In this last, the 
first term of each partial dividend must he exactly divisible by the 
first term of the divisor ; whereas, in the new kind of division, we 
divide the first term of each partial dividend, that is, the part affect- 
ed with the highest power of the principal letter, by the first term of 
the divisor, whether the co-efficient of the corresponding partial 
quotient is entire or fractional ; and the operation is continued untH 
a quotient is obtained, which, multiplied by the divisor, unU cancel the 
last partial dividend, in which case the division is said to be exact ; 
or, until a remainder is obtained, of a degree less than that of the 
divisor, with reference to the principal letter, in which case the di- 
vision is considered impossible, since by continuing the operation, 
quotients would be obtained containing the principal letter affected 
with negative exponents, or this same letter in the denominator of 
them, which would be contrary to the nature of the question, which 
requires that the quotient should be of the same form as the pro- 
posed polynomials. 

275. To distinguish polynomials which are entire with reference 
to a letter, x for example, but the co-efficients of which are any 
quantities whatever, from ordinary polynomials, that is, from poly- 
nomials which are entire with reference to all the letters and parti- 
cular numbei-s involved in them, it has been agreed to call the first 
entire functions of x, and the second, rational and entire polynO" 
mials. 

General Properties of Equations. 

276. Every complete equation of the m'* degree, m being a po- 
fltive whole number, may, by the transposition of terms,* and by 
tihe division of both members by the co-efficient of of*, be put under 
the form 
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(ir+Par-*+Qa!-^«+ . . . +Ta?+U=0 ; 

Py Qy R • • • T| U, being co-efiicients taken in the most general al« 
gebraic sense. . 

Any expresnon, whatever the nature of it may be^ that is^ numeru 
caL or aJgebraiCf real or imaginary^ which, suhstitvied in place of x 
in the equation, renders Us first member equal to 0,is caUed a root of 
this equaUon* 

278. As every equation may be considered as the algebraic trans- 
lation of the relations which exist between the given and unknown 
quantities of a problem, we are naturally led to this principle, viz. 
EVERY EQUATION ho^ at Icost ouc root Indeed, the conditions of 
the enunciation may be incompatible, but then we must suppose 
that we shall be warned of it by some symbol of absurdity, such as 9 
formula, containing as a necessary operation, the extraction of an 
even root of a negative quantity ; yet there will still exist an ex- 
pression which, substituted for x in the equation, will satisfy it. We 
will admit this principle, which we shall have occasion to verify here- 
after for most equations. 

The following proposition may be regarded as the fundamental 
property of the theory of equations. 

First Property 
278. If B. is a root of the equation 

(he first member of it is divisible by x—a ; and reciprocally, if a 
factor of the form x— a, wUl diinde the first member of the proposed 
equation, ais a root of it. 

For, perform the division, and see what takes place when the ope- 
ration is continued until the exponent of a;, in the first teim of the 
dividend, becomes 0. 
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This operation is of the nature of that spoken of in Art. 274, 
since a, P, Q9 • • • are any quantities whateyer. 



+P 



afnr-t 



a 



+d 



0^'"+.. 



MT-^+a ar^+iJ? 


«»»-»+.. +a"»-* 


+P +Pa 


^ +Pa*^ 


+Q 


+Q«'^* 


1 

"Y" • • • 




+T 



By reflecting a litUe upon the manner in which the partial quo- 
tients are obtained, we shall first discover from analogy, and afler> 
waitls by a method employed several times (Arts. 59 & 127), a law 
^f formaUon for the co-efficients of these quotients ; and we may 
conclude, 1st* that there will be m partial quotients, 2d. that the co- 
efficient of the m^ quotient, that is of o^, must be 

a«-i+Pa'*-a+Qa*^+ . . . +T, 

T being the co-efiicient of the last term but one of the proposed 
equation. 

Hence, by multipl3ring the divisor by this quotient, and reducing 
it with the dividend, we obtain for a remainder 

a"»+P(r-»+Qa"^«4- • • • +Ta+U. 

Now, by hypothesis a is a root of the equation ; hence, ihia re» 
mainder is nothing, smce it is nothing more than the result of the sub-^ 
stitutioh of a for 07 in the equation ; therefore the division is exact* 

Reciprocally, if a?— a is an exact divisor of a?'"+P«*^*+ . . ,, the 
remainder a*"+P«"*"*+ • . • will be nothing ; therefore (Art. 276)i 
It is a root of the equation. 

279. From this it results that, in order to discover whether a bi. 
Qomial of the form x-^a is an exact divisor of a polynomial involv* 

' 25 
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iDg Xy it will be sufficient to see if the result of the substitution of a 
toT a;, is equal to 0. 

To ascertain whether a is a root of a polynomial involving Xf 
which is placed equal to 0, it will be sufficient to try the division of 
it by x—ai If it is exact, we may be certain that a is a root of the 
^nation. 

280. Remabk. By inspecting the quotient of the division in Art. 
378, we perceive the following law for the co-efficients : Each co^ 
efficient is obtained hy muUvplying that which Recedes it by the root 
a, and adding to the product thai co-efficient of the proposed equa^on 
which occupies the same rank as that which we wish to obtain in the 
quotient* 

Thus, the co-efficient of the 3d term, a'+Pa-i-Q, is equal to 
(a+P)a+Q, or to the product of the preceding co-efficient a+P, 
by the root a, augmented by the co-efficient Q of the 3d term of the 
proposed equation. 

The co-efficient of the 4th term is 

(a^+Pa+Q)a+R, or a?+Pa*+Qa+R. ;, 

This law should be remembered. 

Second Property. 

281. Every equation involving but one uhknoum quanittpf has as 
VMny roots as there are units in the exponent of its degree^ and no 
more. 

Let the proposed equation be 

aJ«+Pa^*+Qa?^-*+ . . . +Ta?+U==0. 

Since every equation has at least one root (Art. 277), if we de- 
lidte that root by a, the first member will be divisible by «— a, and 
we shall have the identical equation 

ar+Paf»'-»+ . . . :={x'-a) (a;"*-*+P'aJ^^+ ...)... (1). 

But by supposing 

a?'»-»+P'a?'»-*+ . . . =0, 

we obtain an equation which has at least one root. 
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Denote this robt by 3, we have (Art. 278), 

af^» +?'««-*+ . . , =(a?-3) {ar-'+?''af^^+ . . .). 

Substituting the 2d member for its value, in equation (1), and we 
have, 
«™+Par-*+ . . . =(a?-a) (a?—*) (a;«-« +?"«"*-«+ ...)... (2). 

Reasoning upon the polynomial 3f*''+T*'af^+ « • • as up<Mi the 
preceding polynomial, we have 

and by substitution 

' ^+Faf^^+ . . . =:(a;— a) {x-h) (x^c) (x«-«+ ...)... (8). 

Observe that for each indicated factor of the first degree wkh 
reference to a?, the degree of a; in the polynomial is diminished by 
ttnity ; therefore, after to— 2 factors of the first degree have been 
divided out, the exponent of x will be reduced to m— (m— 2), or 2 ; 
that is, we shall obtain a polynomial of the second degree with refe- 
rence to Xf which can be decomposed into the product of two factors 
of the first degree, (x^k) (a?— Z) (Art, 142)« Now, as the m— 2 
factors of the first degree have already been indicated, it follows 
that we have the identical equation, 

ixr+Far-^+ . . . =:{x-^a) (a?— 5) (ar-c) . . . {x-k) (a?-I). 

From which we see, that the first member of the proposed equa- 
turn is decomposed into m factors of the first degree. 

As there is a root corresponding to each divisor of the first de- 
gree (Art. 278), it follows that the m factors of the first degree 
«— a, a?— J, x-^c • . ., give the m roots o, 5, c . . • for the proposed 
equation. 

Hence, the equation can have no other roots than a, ^, c • • • ^, /, 
since if it had a root a^ difierent from a, 5, c ... I, it would follow 
that it would have a divisor x^a^ different from a:— a, aj— ^ 
a?— c • . • x^If which is impossible. 

Finally, everg equation of {he m^ degree has m roois^ and can 
iaoe no more. 
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282.r There are some equations m which the number of roofs w 
apparently less than the number of units in the exponent of theii 
degree* They are those in which the first member is the product 
of equal factors^ such as the iequatfon 

(«- a)*(ar- 5)3(a;- c)^(a?- d)= 0, 

which has butybur different roots, although it is of the 10th degree* 
It is evident that no quantity a, different f^om a, hf Cf dy can veri- 
fy it ; for if it had this root a, the first member would be divisible 
by x^oty which is impossible. 

But this is no reason why the proposed equation should not have 
ten roots, ybtir of which are equal to ct^ three equal to hy two equal 
lo Cy and one equal to d* 

283* Conaequenee c^ the seccmd property* 
The first memrber of every equation of the m*^ degree, having m 
divisors of the first degree^ of the form 

ap— a, x-^bf X — Cf • « • ar— -Aj^ a?— ^ • 

if we multiply these divisors together, iu>o and two, three and 
three • . •, we shall obtain as many divisors of the second, third, &c, 
degree with reference to «, as we can form different combinations of 
m quantities, taken two and two, three and three, dec. Now the 
fiumber of these combinations is expressed by 

«n— 1 TO— 2 
j».--^,m. — sp... (Art. 201). 

csond degree, m » — - — • — j— ■ divisors of the third degree, and 
80 on. 

Composition of Equations. 

284. If in the identical equation 

. sr+?ar-^+ . • . =(a7-a) (a?- J) (a?-c) . . . (a?-0# 
we perform the multiplication of four factors, we have 
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-aJd 
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+ae? 


^acd 




+5ci 


--bed 




+M 
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+CC? 




J 



=0. 



erform the multiplication of the m factors of the second 
, and compare the terms of the two members, we shall find 
the following relations between the co-efEcients P, Q, R, • • • T, XJ, 
and the roots a^ b, Cf p . . k, I, of the proposed equation, viz. 

— a— 3-.C . . . — A:— Z=P, or a+b+c+ . . . +A;+Zs=— •?; 

ab+ac+ ... +M=zQ » . 

^abc'-abd . . . — iH=R, or abc+abd •{-iklss^K ; 



dzabcd . . . A:Z<=U, or tibed , , . H==d::U» 

The double sign has been placed in thie last relation, because tho 
product — ax— ^X— c. . . X— ^ will h^plus or minus according 
as the degree of the equation is even or odd. 

Hence, 1st. The algebraic sum of the roots, taken with contrary 
signs, is equal to the coefficient of the second term ; or, the alge- 
braic sum of the roots themselves, is equal to the co-efficient of the 
second term taken with a contrary sign. 

2d. The sum of the products of the roots taken two and two, 
with their respective signs, is equal to the co-efficient of the third 
term. 

The sum of the products of the roots taken three and three with 
their signs changed, is equal to the co-efficient of the fourth term ; or 
the co<«fficient of the fourth term, taken with a contrary sign, is 
equal to the sum of the products of the roots taken three and three; 
and so on. 

' Finally, the product of all the roots, is equal to the last term ; 
that is, the product of all the roots, taken with their respective signs, 



25* 



294 ALQKBEA* 

is equal to the last term of the equation, taken with its sigo, 
foAm the equation is rf an 0»en degree^ and with a contrary sigD, 
when ike eyuaikm is ef an odd degree^ If one of the roots is eqtuL 
to 0, the absohOe term mU he Q. 

The properties demonstrated (Art. 142), with respect to eqna- 
tions of the second degree, are only particular cases of the abore. 
The last term, taken with its sign, is equal to the product of the 
roots themselves, because the equation is of an even degree. 



Remarks on the Greatest Common Divisor. 

285. It has been observed in (Art. 66.) that the greatest cooh 
moh divisor of two pol3momials, is the greatest polynomial, with 
reference to the ei^ponents and co-efficients, that will exactly di- 
Tide the proposed polynomials. 

If two polynomials be divided by their greatest common divisor, 
the quotients will be prime with respect to each other ; that is, they 
will no longer contain a common factor. 

For, let A and B be the given polynomials, D their greatest 
common divisor, A' and 6' the quotients after division. Then 

^=A' and gp=B' 
or, A=:A'xD and B=B'XD: 

now if A' and B' had a common factor ^, it would fellow that 
dx D wotdd be a divisor, common to the two polynomials, and 
greater than D, either with respect to the exponents or the co* 
efficients, which would be contrary to the definition. 

Again, since D exactly divides A and B, every factor of D will 
have a corresponding factor in both A and B. Hence, 

1st. The greatest common divisor of two polynomials contains oi 
factors f all the particular divisors common to the two polynomiAt 
ond does not contain anyi other facJtore, 
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• 986. We' will now show that the greatest commoQ divigor of 
two polynomials will divide their remainder after division. 

Let A and B be two polynomials, D their greatest common di* 
visor, and suppose A to contain the highest exponent of the letter 
with reference to which they are arranged. Then, 

. ^=:A' and ^=B'; 

or, A=A'xD and B=B'xD. 

Let us now represent the entire oart of the quotient by Q and 
the remainder by R, and we shall have 



or. 


A A'xD R 
B'^B'XD"'^' B'xD 
A'xD-B'xDxQ+R 


hence, 


A'=B'xQ+^. 



But A' is an entire quantity, hence the quantity to which it is 

equal is also entire : and since B'Q is entire, it follows, that — is 

entire ; that is, D will exactly divide R. 

We will now show that if D will exactly divide B and R that 
it will also divide A. For, having divided A by B we have 

A::^B x Q+H» and by dividing by D, we obtain 

A B . R 

^sr-^XQ-f 



But since we suppose B and R to be divisible by D, and bnow 
Q to be an entire quantity, the second part of the equality is entire ; 
hence the first part, to which it is equal, is also entire ; that is, A 
is exactly divisible by D. Hence, 

9dly. The greatest common divtsor of two polynomials is the same 
as that tDhich exists between the least polynomial and their remainder 
ajfter division. 
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These principles being established, let us suppose that it is re- 
quired to find the greatest common divisor between the two poly^ 
nomials 

^db^+Sab^-^a^+a^, and Ab^-^'^ab+a^. 

First Operation, 

^I2b^+l2ab^-^4a^+ 4a^ \\ Ab^^5ab+a^ 
1st. Rem. — 3ab^^a^b + 4a^ ^36, —3a 



2d. Rem —I9a^ + I9a^ 

or, 19a2(— i+a). 

Second Operation, 



4J>^-^5ab+a^ 



-^ab -{-d' 



-b +a 
-4b+a 



0. 



• Hence, —5+ a, or a — b, is the greatest common divisor. 

In the first operation we meet with a difficulty in dividing the 
two polynomials, because the first term of the dividend is not 
exactly divisible by the first term of the divisor. But if we 
observe that the co-efficient 4 of this last, is not a factor of all the 
terms of the pol3momial 

4ft2— 5a5H-a2, 

and that therefore, by the first principle, 4 cannot form a part of 
the greatest common divisor, we can, without affecting this com- 
mon divisor, introduce this factor into the dividend. This gives 

'-I2b^+12ab^-^4a^+4a% 

and then the division of the first two terms is possible. 

Effecting this division, the quotient is —3^, and the remainder isr 

—3a*2^a2^+4a3. 

As the exponent of 5 in this remainder is still equal to that of 
the divisor, the division may be continued, by multiplying this 
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remainder by 4, in order to render the division of the first term 
possible* 

This done, the remainder becomes --12aJ2— 40^5+1 6a^ which 
divided by 4b^^5ab+a\ gives the quotient —3a, which shoidd 
be separated from the first by a comma, having no connexion with 
It; and the remainder is — 19a^5+19«^. 

Placing this last remainder imder the form 19tf^( — 5+ a), and 
suppressing the factor I9a^, as forming no part of the common 
divisor, the question is reduced to finding the greatest common 
divisor between Ab^-^^ab+a'^, a.j\d — ft+a. 

Dividing the first of these pol3n[iomials by the second, we obtain 
an exact quotient, — 45+(z; hence — b+a^ or a— ft, is die 
greatest common divisor required. 

287. In the above example, as in all those in which the expo- 
nent of the principal letter is greater by unity in the dividend than 
in the divisor, we can abridge the operation by multiplying every 
term of the dividend by the square of the co-efficient of the first 
term of the divisor. We may easily conceive that, by this means, 
the first partial quotient obtained will contain the first power of 
this co-efficient. Multiplying the divisor by the quotient, and 
making the reductions with the dividend thus prepared, the result 
will still contain the co-efficient as a factor, and the division can 
be continued until a remainder is obtained of a lower degree than 
the divisor, with reference to the principal letter.- 

Take the same example as before, viz., '-^3P+3ab^~-'a^-;{-a^ 
and 4h^^5ab-^a^ ; and multiply the dividend by the square of 
4=16 : and we have 



First Operation* 
-48ft3+48aft2— 16^25+ 16aS 



— 12aft2— 4a^b+ieu^ 



--12ft-3a 



1st. Rem. -19a2ft+l9o3 

or, * 19tf2(-ft+a). 



id8 ALGEB&A* 

Second Operation, 

— ah+ a^\ — 4i+a 
2d. Rem. — 0. 

Remark 1. When the exponent of the principal letter in the 
dividend exceeds that of the same letter in the divisor by two, 
three, <&c., units, multiply the dividend by the third, fourth, &c., 
power of the co-efficient of the first term of the divisor. It is 
easy to see the reason of this. 

2d. It might be asked if the suppression of the factors, common 
to all the terms of one of the remainders, is absolutely necessary^ 
or whether the object is merely to render the operations more 
simple. Now, it will easily be perceived that the suppression of 
these factors is necessary; for, if the factor 19a^ was not sup- 
pressed in the preceding example, it would be necessaiy to mulr 
tiply the whole dividend by this factor, in order to render the first 
term of the dividend divisible by the first term of the divisor ; but 
then, a factor would be introduced into the dividend which was also 
contained in the divisor ; and consequently the required greatest 
common divisor would be combined with the factor 19a^, which 
should not form a part of it. 

288. For another example, it is proposed to find the greateat 
common divisor between the two polynomials, 

a*+3a3i+4a252-6aJ3+2J* and 4a2*+2ai*— 2^3, 

or simply, 2a^-{'ah—h'^^ since the factor 2h can be suppressed, 
being a factor of the second polynomial and not of the first. 

First Operation, 
8g *+24a3&+32g^&g-48g&3+l6&^ | 2gg+a^— ftg 



+20a3^+ 36^2*2— 48(z^+ 16i* 



Aa^+lOab+lW^ 



Ist. Rem. — 51aft3+29^>* 

or, — J3(51a-29ft). 
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Second Operation, 
Multiply by 2601, the square of 51. 



1 51a— 29b 



102a+109& 



5202a3+2601ai— 2601*2 

5202q2~2958g* 
1st. Rem. +5559ai— 2601*2 

5559a*-3161*g 
2d. Rem. + 560*2. 



The exponent of the letter a in the dividend, exceeding that of 
the same letter in the divisor by two units, we multiply the virhole 
dividend by the cube of 2, or 8. This done, we perform three 
consecutive divisions, and obtain for the first principal remainder, 

— 51a*3+29**. 

Suppressing h^ in this remainder, it becomes — 51a+29* for a 
new divisor, or, changing the signs, which is permitted, 51a— 29*: 
the new dividend is 2a^+ab^b^. 

Multiplying this dividend by the square of 51, or 2601, then 
effecting the division, we obtain for the second principal remain* 
dor, +560*2, which proves that the two proposed polynomials are 
prime with respect to each other, that is, they have not a common 
factor. In fact it results from the second principle (Art. 286), 
that the greatest common divisor must be a factor of the remain- 
der of each operation ; therefore it should divide the remainder 
560*2 ; but this remainder is independent of the principal letter a ; 
hence, if the two pol3momials have a common divisor, it must be 
independent of a, and will consequently be found as a factor in the 
co-efficients of the different powers of this letter, in each of the 
proposed polynomials ; but it is evident that the co-efficients of 
ibese polynomials have not a common factor. 
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289. — Remark. The rule for the greatest comnK^n divisor of 
two polynomials, may readily be extended to three or more poly* 
nomials. For, having the polynomials A, B, C, D, &c., if we 
find the greatest common divisor of A and B, and then the greatest 
common divisor of this result and C, the divisor so obtained will 
evidently be the greatest common divisor of A, B, and C ; and 
the same process may be applied to the remaining pol3momials. 

290. We shall now offer a few remarks to serve as fturther 
^ides in determining the greatest common divisor. 

Let A be a rational and entire polynomial, supposed to be 
arranged with reference to one of the letters involved in it, a, for 
example. 

If this polynomial is not absolutely prxme^ that is, if it can be de- 
composed into rational and entire factors, it may be regarded as 
the product of three principal factors, viz. 

1st. Of a monomial factor A^, common to all tl\e terms of A 
This factor is composed of the greatest common divisor of all the 
numerical co-efiicients, multiplied by the product of the literal 
factors which are common to all the terms. 

2d. Of a pol3momial factor A^, independent of a, which is com* 
mon to all the co-efficients of the different powers of a, in the 
arranged polynomial. 

3d. Of a polynomial factor A3, depending upon a, and in which 
the co-efficients of the different powers of a are {Hrime with each 
other ; so that we shall have 

A^sr A, X Aj X Aj« 

Sometimes on^ or both of the factors A^, k^^ reduce to uni^^ 
but this is the general form of rational and entire j^olynomials. It 
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fellows from this, that when there is a greatest common divisor of 
two pol3momials A and fi, we shall have 

Dj denoting the greatest monomial common factor, Dj the greatest 
polynomial factor independent of a, and D3 the greatest polynomial 
factor depending upon this letter. 

In order to ohtain J) ^^ find the monoTnud factor A, cwnmon to aU 
ike terms of A. This factor is in general composed of literal fac- 
tors, which are found hy inspecting the terms, and of a numerical 
co-efficient, obtained by finding the greatest common divisor of the 
numerical co-efficients in A. 

In the same way, find ike monomial B, common to all ike terms of 
B ; then determine the greatest factor D, common to A^ and B ^ • 

This factor D,, is set aside, as forming the first part of the re- 
quired common divisor. Tke factors A , and B , are also suppressed 
in ike proposed polynomials, and the question is reduced to finding 
the greatest common divisor of two new polynomials A' and B' 
which do not contain a common monomial factor. It is then to be 
understood that the process developed below, is to be applied to 
these two polynomials. 

291. Several circumstances may occur as regards the number 
of letters that may be contained in A' and B'. 

Ist When A* and -B' contain but one letter a. 

When A' and B' are arranged with reference to a, the coeffi- 
cients will necessarily be prime witk eack other; therefore in this 
case, we shall only have to seek for the greatest common factor de- 
pending upon 0, viz. Dg. 

In order to obtain it, we must first prepare the polynomial of the 

highest degree, so that its first term may be exactly divisible by 

the first term of the divisor. This preparation consists in midtipltf' 

ing tke wkole dividend by tke co-efficient of the first term of ike divi' 

soTf or hy a factor of tkis cO'Cfficienl, or hy a certain power of it, in 

26 
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order that we may be able to execute several operationsy without 
any new preparations (Art. 68). 

The dwision is then performed^ ccnUinmng ike operation vniHa 
remainder is obtained of a lower degree than the divisor. 

If there is a factor common to all the cO'effidents of the renudnderi 
U mtut he svppressedf as it cannot form a part of the required divi. 
8or ; after which, we operate wUh the second polynondaly and ihu 
remainder^ in the same way we did with the polynomials A' and B. 

Continue this series of operations untU a remainder is ohtained 
which wiU exactly divide the preceding remainder, this remainder 
will be the greatest conomon divisor D, of A' and B' ; and D, xl^j 
will express the greatest common divisor of A and B ; or, condnve 
the operation until a remainder is obtained independent of a, that is^ 
a numerical remainder, in which case, the two polynomials, A' and 
B' will be prime with each other. 

2d. When A' and B' contain two letters a and b. 

After having arranged the polynomials with reference to a, we 
first find the polynomial factor which is independent of a, if there 
is one. 

To do this, we determine the greatest common divisor A, of all 
the co-efficients of the different powers of a in the polynomial A'. 
This common divisor is obtained by applying the rule for finding 
the greatest common divisor of several polynomials, as well as the 
rule for the last case, since these co-efficients contain Only one let- 
ter h. In the same way we determine the greatest common divisor B^ 
of all the co^efficients ofW. Then comparing Ag and 'B^jweset 
aside their greatest common divisor D^, as forming a part of the re- 
quired greatest common divisor ; and we also suppress the facton 
Ag and B^, in A' and B'; which produces two new polynomials A" 
and B", the co-efficients of which are prime with each other, and to 
which we may consequently apply the rule for the first case. 

Care must always be taken to ascertain, in each remainder, whether 
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Ae cO'efflcients of the different powers of the letter a, do not contain a 
common factor, which must he suppressed, b& not forming a part of 
the common divisor. We have already seen that the suppression 
of these factors is absolutely necessary (Art. 68). 

We shall in this way obtain the common divisor D3 , of A" and B", 
and Dj X^a xDg, for the greatest common divisor of the polyno- 
mials A and B. 

Remark. In applying the rule for the first case to A'' emd B'^ 
we could ascertain when these two polynomials vbere prime with 
each other, from this circumstance, viz : a remainder would be ob^ 
ieaned which would he eiiher numericdi, or a function of h, hut inde* 
pendent of a. The greatest common divisor of A and B would then 
beD.xD,. 

3d. When A' and 'B' contain three letters, a, b, c. 

Afler arranging the two polynomials with reference to a, we de 
termine the greatest common divisor independent of a, which is done 
by applying to the co-efficients of the different powers of a, in both 
polynomials, the process for the second case, since these polyno- 
mial co-efficients contain but two letters, h and c. 
' The independent polynomial D, being thus obtained, and the fac- 
tor Aj and B^, which have given it, being suppressed in A' and B', 
there will result two polynomials A" and B", having their co-effi- 
cients prime with each 44her, and to which the rules for the preced- 
ing cases may be applied, and so on« 

EXAMPLES * 

1, Let there be the two polynomials 

t^d:'^c'd^--^a^c'+c\ and 4a"d:— 2ac2+2c?— 4acd. 

The second contains a monomial factor 2. Suppressing it, and 
arranging the polynomials with reference to d, we have 

(a*— (^)(P-a*(^+c*, and (2a^-2ac)i-ac«+c*. 
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It 18 first necessary to ascertain whether there is a conmiqn £ri. 
ior independent of d» 

By c(»isidcring the co-efficients t^-^n^^ and -^ci^c^+c*, of th^ 
first polynomial^ it will be seen that ^c?(^+c^ can be put under the 
finrm ^f^{c?—i?) ; hence a*— c* is a common &ctor of the coeffi- 
cients of the first polynomial. In like manner, the co-efficients of 
the second, So'— 2ac, and -^cu^+c^^ can be reduced to 2a(a— c), 
and '^i^ifi'^c) \ therefore a^c is a common fector of these co- 
efficients. 

Comparing the two factmv c?^c^ and a-^c, as this last mil di« 
Tide the first, it follows that a-^c is a common faotcar of the propos- 
ed pdynomials, and it is that part of their greatest comnioii diyisor 
whick u tndependem (f d* 

Suppressing o^— c^ in the first polynomial^ and a^-c in the second, 
we obtain the two polyncHnials cP-^c^ and 2a(2— •c', to which the c^« 
Canary process must be applied* 






[2ad— c» 



2a(i+c* 



— 4aV+c*. 



£i}>&ina^nm. After having multiplied the dividend by 4a', and 
performed two consecutive divisicms, we obtain a remainder 
— 4a*c*+«*, independent of the letter d ; hence the two polynomials 
i^'^f^f and 2<»2^c', are prime with each other. Therefore the 
greatest common divisor of the proposed polynomials ma — c. 

Again, taking the scune exampJe^ and arranging with reference 
to a, it becomes^ ai^er suppressing the factor 2 in the second poly- 
nomial, 

((P-c^a*— c*cP-f c*, and 2(Za*-.(2cd+c«)a+c'. 

It is easily perceived, that the co-efficient of the different powen 
of a in the second polynomial are prime with each other, bt the 
first polynomial, the co-efficient -^c^^+c^f of the second term, or 
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of a", becomes — c'(<P--c') ; whence cP— c* is a coimiMMi factor of 
the two co-efficients, and since it is not a factor of the second poly- 
nomial, it may be suppressed in the first, as not forming a part of 
the common divisor* 

By stippjessing this factor, and taking the second polynomial for 
a dividend and the first for a divisor^ (in order to avoid preparation), 
we have 



1st. 2daF—2cd\a+c? 



|a»-(r» 



2d 



Rem, . . — 2cd a+2dc? 

or, a—c^ 

by suppressing the common factor (--2cJ— c") ; 



2d. a^-c* 



0~ 



a— c 



a+c 



Explanation. After having performed the first division, a re- 
mainder is obtained which contains — 2cd--c*, as a factor of its 
two co-efficients ; for 2dfc^4-c^=— c(— 2c(f-- c*). This factor be- 
ing suppressed, the remainder is reduced to a— c, which will exact- 
ly divide a* — c^. 

Hence a— c is the required greatest common divisor. 

292. There is a remarkable case, in which, the greatest conunon 
divisor may be obtained more easily than by the general method ; 
it is when one of the tioo 'polynomials contains a letter which is not 
contained in the other. 

In this case, as it is evident that the greatest common divisor is 

independent of this letter, it follows that, by arranging the polyno- 

mial which contains it, with reference to this letter, the required 

common divisor vnU he the same as that which exists between the co^ 

efficients of the different powers of the principal letter and the second 

pohfnomMlf which^ by hypothesis^ is independent of it* 

26* 
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By this m^hod, we are led to detennine the greatest ootmnoa 
divisor between three or more polyncHxuabi ; but they will be enor^ 
simple than the proposed polynomials. It of\en happens, that som^ 
of the co-efficients of the arranged polynomial are monomials, or, 
that we may discover by simple inapection that they are prime with 
each other ; and, in this case, we are certain that the proposed pOs 
lynomials are prime with each other. 

Thus, in the example of Art. 291, treated by the first method, 
after having suppressed the common factor a—c^ which gives the 
results, 

d^^c^ and- ^M'^c\ 

we know immediately that these two poljmomials are prime with 
each other ; for, since the letter a is contained in the second and 
not in the first, it follows from what has just been said, that the com- 
mon divisor must divide the co-.efBcients 2(? and -^c*, which is evi^t 
dently impossible ; hence, &c. 

2. We will apply this last" principle to the two polynomials 

Shcq+SOmp+lShc+t^mpq^ 
and iadq—4:2fg'\-24ad—7fgq. 

Since q is the only letter common to the two polynomials, which, 
moreover, do not contain any common monomial factors, we can ar^ 
range them with reference to this letter, and follow the ordinary 
rule. But as ^ is found in the first polynomial and not in the second, 
if we arrange the first with reference to 3, which gives 

{^cq+l8c)b+S0mp+bmpqf 

the required greatest common divisor will be the same as that which 
exists between the second polynomial and the two co-efficients 

3«g'+18<j and 30mp+5»ipg'. 

Now the first of these co-efficients can be put under the form 
Sc(q+6), and ttie other becomes 5mp{q+Q) ; hence ^+6 is a conK< 
mon factor of these co-effieients. It will therefore be sufficient to 
ascertain whether ^+6, which is a prime divisor, is a factor of the 
second polynomial. 
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Anranging tUs polynomial with vefeven^e to f^ it beoons^^ 

{4ad--7fg)^^i2fg+24ad; 

as the second part 24acl-'i2fg is equal to 6{4ad—7fg), it foU 
lows that this polynomial is divisible by q+6, and gives the quo* 
tient Aad—7fg. Therefore jf+6 is the greatest common divisor 
of the proposed polynomials. 

293. Remark. It may be ascertained that ^+6 is an exact di» 
visor of the polynomial (4Md—7fg)q-\'24ad^42fg^ by a metho4 
derived from the property proved in Art. 261, 

Make q+%z=zO or ^ss— 6 in this polynomial ; it becomes 

(W-7/^) X -^.Q+24.ad--,A2fg, 

which reduces to ; hence q+Q is a divisor of this polynomial. 

This method may be advantageously employed in nearly all tho 
applications of the process. It consists in this, viz : after obtain-* 
ing a remainder of the first degree with reference to a, when a is 
the principal letter, make this remainder equal to 0, attd deduce the 
palue of B. from this equation. 

If this value, substituted in the remainder of the 2d degree, de-^ 
stroys it, then the remainder of the 1st degree, simplified Art. 68, 
is a common divisor. If the remainder of the 2d degree does not 
reduce to by this substitution, we may conclude th^t there is no 
common divisor depending upon the principal letter. 

Farther, having obtained a remainder of the 2d degree with 
reference to a, it is not necessary to continue the operation any 
farther. For, 

Decompose this polynomial into two factors of the 1st degree, 
which is done 'by placing it equal to 0, and resolving the resulting 
equation of the second degree. 

When each of the values of a thus obtained, substituted in the 
remainder of tbo 3d degree, destroys it, it is a proof that the remain^ 
der of the 2d degree, simplified, is a common divisor ; when only 
one of the values destroys the remainder of the 3d degree, the com* 
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mon divisor is the factor of the 1st degree with respect to a, which 
corresponds to this value. • 

Finally, when neither of these values destroys the remainder of 
the dd degree, we may conclude that there is not a common divisor 
depending upon the letter a. 

It is here supposed that the two factors of the 1st degree witl* 
reference to a, ar« rational, otherwise it would he more simple to 
perform the division of the remainder of the 3d degree hy that of 
the second, and when this last division cannot be performed exactly, 
we may be certain that there is no rational common divisor, for if 
there was one, it could only be of the first degree with respect to 
a, and should be found in the remainder of the second degree, which 
is contrary to hypothesis. 

3. Find the greatest common divisor of the two polynomials 

and 4a:*+2ar*— 18ar»+3a? — 5 

Arts. 2af»— 4ar'+a;— 1. 

4. Find the greatest common divisor of the polynomials 

20a:«-12a;«+16a?*-15ar»+14r*~15a?+4. 

and 15a?*— 9r*+47a:^— 21a? +28. 

Ans. 53?"— 3a?+4. 

5. Find the greatest common divisor of the two polynomials 

5a*A»+2a3^+ca»— 3a»J*+^ca 

and a^+b(^d'-a^l^-\-6aHd. 

Ans» a^+ab. 

Transformation of Equations. 

The transformation of an equation consists in changing its 
form without affecting the equality of its members. The object of 
a transformation, is to change an equation from one form to another 
that is inore easily resolved. 
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First Transformation. 
To make the second term disappear from an equation. 

S94* The difficulty of resolving an equation generally dimi* 
nishes with the number of terms involving the unknow^ quan- 
tity; thus, the equation «*=|?, gives immediately a?=db V^f 
whilst the complete equation si^+px+q:=Of requires preparation 
before it can be resolved. 

Now, any equation being given, it can always be transformed 
into another, in which the second term is wanting. 

For, let there be the general equation 

a;"»+Pa;"»-*+Qa?"»-»+ . • . +Ta?+U=0. 

Suppose x=u-f a/, u being unknown, and af an indeterminate quan* 
iity; by substituting u+x' for a?, we obtain 
(tt+a/)'"+P(M+iB')"^*+Q(M+a/)'*-»4- . . • . +T(t<+a?')+U=0 ; 
developing by the binomial formula, and arranging according to the 
decreasing powers of u, we have 

m— 1 



u'^+mxf 



u 



m-«l 



+»l«- 



'X 



+(»i-l)Paj' 



u 



m—3 



+ . . . +a? 



+ 



• • 



^=0. 



+U 
Since af is entirely arbitrary, we may dispose of it in such a way 

P 

that wo shall have mxf+V^O ; whence «'=— — . Substituting this 

m 

value of a/ in the last equation, we shall obtain an equation of the 
form, 

'tt"+Q'u'*-*+R'u"*-«+ . . . +T'tt+U'=0. 

in which the second term is wanting. 
If this equati(Hi was resolved, we could obtain the values of x 
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corresponding to those of u, by substituting each of the values of • 

P 

in the equation «=« +«', or «=« . 

Whence we may deduce the following general rule : 
In order to make the second term of an equation disappear, ^- 
stitutefor the unknown quantity a new unknown quantity, united with 
the co-effident of the second term, taken with a contrary sign, and di* 
vided hy the exponent of the degree of the equation. 

Let us apply the preceding rule to the equation a^+px==q* If 

P / P\^ / P \ 

we take x=u — ^, it becomes lu — —\ +p\u — o-l=S^> or, by 

performing the operations, and reducing, u^ — T^?' ^^ equation 

^/P — 

gives tf==tV^ "T'+?> consequently we obtain for the two corres* 
podding values of x, 



293. Instead of making the second term disappear, an equation 
may be required, which shall be deprived of its third, fourth, &c. 
term ; this can be obtained by placing the co-efficient of «"»"■, 
tf"*^ • • . equal to 0. For example, to make the third term disap- 
pear, we make in the above transformed equation 

m— 1 
m — - — ^a;'*+(m— l)Pa;'+Q=:0 ; 

from which we obtain two values for «', which substituted in the 
transformed equation reduces it to the form 

Beyond the third term it will be necessary to resolve equations 
of a degree superior to the second, to obtain the value of af: thus to 
oause the last term to disappear, it will be necessary to resolve tlie 
equation 
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which is nothing more than what the proposed equation becomes 
when a/ is substituted for x. 

4 

P 

It may happen that the value 0?'= which makes the second 

'^ m 

term disappear, causes also the disappearance of the third or some 

other term. For example, in order that the second and third terms 

may disappear at the same time, it is necessary that the equation 

P , 

x = should agree with 

m 

m— 1 

P . 

Now if in this last equation, we replace a:' by it becomes 

tn 

jjj 1 pa pa 

m — - — .-5-(m-l)— +Q=0, or (w~l)P^-2mQ=0; 

therefore, whenever this relation exists between the co-efficients P 
and Q, the disappearance of the second term involves that of the 
third. 

Remarks upon the preceding Transformation. Formation of 

derived Polynomials, 

296. The relation a?=M+a?', of which we have made use in the 
two preceding articles, indicates that the roots of the transformed 
equations are equal to those of the proposed, diminished or increased 
by a certain quantity. Sometimes this quantity is introduced in 
the calculus, as an indeterminate quantity, the value of which is 
afterwards fixed in such a manner as to satisfy a given condition ; 
sometimes it is a particular number of a given value, which expresses 
a constant difference between the roots of a primitive equation and 
those of another equation which we wish to form. 

In short, the transformation which consists in substitutmg u+af 
for JVi m an equation, is of very frequent use in the theory of equa- 
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tions. Now there is a very simple method of obtaining, in practice} 
the transformation which results from this substitution. 

To show this we shall invert the order of the terms in «+»', that 
is, for X substitute x +um the equation 

it becomes, by developing and arranging according to the ascending 
powers of ti, 



«"* +nw;''*"* 






-f- • • . 4" 
+Taf +T 

+U 



• • 



u+m- 



m— 1 



-0? 



fm—2 



+ (m— 1) — 5 — ^P ic""-' 
+ (m — 2) — —^x'"*- * 



+ 



• • • 



u^+ . . . tt"»=0 



If we observe how the co-efficients of the different powers of u 
are composed, we shall see that the co-efficient of u^ is nothing more 
than what the first member of the proposed equation becomes when 
X: is substituted in place of a; ; we shall hereafler denote it by X'« 

The co-efficient of u^ is formed by means of the preceding, or 
X', by multiplying each of the terms of X' by the expcMient of af 
in this term, and then diminishing this exponent by unity ; we shall 
call this co-efficient Y'. 

The co-efficient of u' is formed from Y' by multiplying each of 
the terms of Y' by the exponent of a/ in this term, dividing the pro- 
duct by 2, and then diminishing the exponent by unity. By calling 

Z' 

this co-efficient — it is evident that Z' is formed from Y' in the 

same manner that Y' is formed from X'. 

In general, the co-efficient of any term in the above transformed 
equation, is formed from the preceding one, by multiplying each of 
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its terms by the exponent of d in this term, diMidiiig.the product by 
the number of co-efficients preceding the one required^ and then di* 
minishing the exponents of a/ by unity. 

This law, by which the co-efficients X', Y', — , ^—5- are deriv- 

ed from each other, is evidently entirely similar to that which 
regulates the different terms of the formula for the binomial 
(Art. 203). 

The expressions Y', Z', V, W . . . are called derived polyno- 
mials of X', because Z' is deduced or derived from Y^ as Y' is de- 
rived from X' : V is derived from Z', as Z' is derived from Y', and 
so on. Y' is called iht first derived jpolpiomial, 71 the second^ t^c. 
Recollect that X' is what the first member of the proposed equa- 
tion becomes, when a/ is substituted for a?. 

The co-efficient of the first term of the proposed equation has 
been supposed equal to unity ; if the equation were not reduced to 
this form, the law of formation for the cq-efficients of the trans* 
formed equations would be entirely the same, and the co-efficient 
of tt"* would be equal to that of a;*^. 

297. To show the use of this law in practice, let it be required 
to make the co-efficient of the second term of the following equa- 
tion disappear. 

aj4_12af'+17ar*-9a?+7=0. 

12 

According to the rule of Art. 294, take a;=w-f-— , or «=3+«i 

which will give a transformed equation of the 4th degree, and of 
the form 

X'+Y'tt+-^»+^^=+u*=0, 

and the operation is reduced to fmding the values of 

Z' V 

X/ Y' 
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Now it fdlows firom the f receding law, that 

X' = (3)*-12.(3)»+17.(8)*-9. (3)^+7, or X' =—110; 
Y' =4.(3)'-36.(3)*+34.(3y-9, or . . . Y' = — 123; 

— =6.(3)«-36.(3y+17, or . . • . . —=-37; 

2T3=^-(^)*-^^ 273=^ 

Therefore the transformed equation becomes 

tt«- 37ir»— 123m- 110=: 0. 

^gain, transform the equation 

4a^-5ar'+7a;— 9=0 

into another, the roots of which exceed the roots of the proposed 
equation by unity 

Take«=a;+1; there will result a;=— 1+w, which gives the 
transformed equation 

Z' 

X'+Y'«+— «H4tt3=0. 

X' = 4. (-1)3- 5.(-l)«+7.(-iy-9, or X' =-25; 
r =12. (-1)^-10. (-ly +7 Y' = 29; 

2' / I ^' . 

— =12»( — 1) — 0» •••••••• "^ s=: — 1T| 

= 4 :r-^= 4 



2.8 2,3 

Therefore the transformed equation becomes 

4«?-17m«+29m-25=0. 

The following examples may serve the student for exercises : 

Make the second term vanish from the following equations. 

1st. «5— 10«*+7ar»+4a;— 9=0. 

Arts. tt«-33tt'-118«*2-152u^73=:a 

2d. 8a'+15«*+25a;— 3=0. 

. 152 ^ 
• Ans. 3tf' 5— =0. 
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Transform the equation 3a?*— 13aj^+7«^--8a:— 9=0 into another, 
the roots of which shall be less than the roots of the proposed b/ 

the fraction — . 

if 

66 102 
Ans, 3tt*— 9M'--4t<* — ^ -— =0, 

We shall frequently have occasion for the law of formation of 
derived polynomials* 

298, These polynomials have the following remarkable proper- 
ties. 

Let X or a;'"+Paf"~*+Qa!*~^ ... =0, be the proposed equation, 
and a, hf c, Z, its m roots, we shall then have (Art. 291), 

x'^+?Qf^+ • . . =(«— a) (a?— 3) (a;— c) . • . (a;— Z). 

Substituting ix/+u (or to avoid the accents), x+u in the pla<5e of 
« ; it becomes, 

(a?+u)'*+P(iC+tt)'»"*+ . . . =(a;+u— a) (x+u—h) . . • ; 

or changing the order of the terms in the second member, and re- 
garding a?— a, x-^hf . . . each as a single quantity, 

(a;+tt)"'+P(a:+tt)"*"* . • . =(w+a;— a) (u+x—b) . . . (u+x—b). 

Now, by performing the operations indicated in the two members, 
we shall, by the preceding Article, obtain for the first member, 

Z 

X+Ytt+-^+ . • . tt*5 

X being the first member of the proposed equation, and Y, Z • . • 
the derived polynomials of this member. 

With respect to the second member, it follows from Art. 294, 

1st. That the part involving u^ or the last term, is equal to the 
product (a?— a) (ar— J) . . . (a?— ^ of the factors of the proposed 
equation ; 

2d. The co-efficient of u is equal to the sum of the products of 
these m factors taken m— *1 and m— 1. * 
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3d. The co-efficient of ti? is equal to the sum of the prodnels <tf 
these flt factors taken m— 2 and m— 2 ; and so on. 

Moreover, the two members of the last equation are identical ; 
therefore^ the co-efficients of the same powers are equal. Hence 

X=(«— a) (a:— 3) (x^c) . • • (a?—/), 

which was already known. Hence also, Y, or the first derived po- 
lynomial, is equal to the sum of the products of the m factors of the 
first degree in the proposed equaUon^ taken m^l and m— 1; or 
equal to the sum of all the quotients that can he obtained hy dividing 
X hy each of the m factors of (he first degree in the proposed equa* 
Hon; that is f 

XXX X 



Y= 4- — r+ -i 



«— a x-^b x—G a?—/ 

z 

— or the seccmd derived polynomial, divided by 2, is equal to the 

sum of the products of the m fectors c^ the proposed equation taken 
m— 2 and m— 2, or equal to the sum of the quotients that can be 
obtained by dividing X by each of the factors of the second degree ; 
that is, 

Z X X X 

+ 



2 (x-^a) («-J) ^ (a?-a) (x-c) * * ' («-A:) (a?-Z) ' 
and so on. 

Second Transformation. 
To make the denominators disappear from an equation. 

299. Having given an equation, we can always transform it into 
another of which the roots will be equal to a given multiple or suh. 
multiple of those of the proposed equation. 

Take the equation 

and denote by y the unknown quantity of a new equationi of which 
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the roots are E times greater than those of the proposed equation. 

y 
If we take y=Ka?, there will result a?=-«r ; whence, substituting 

^ K 

and multiplying every term by K"*, we have 

an equation of which the co-efficients are equal to those of the pro- 
jposed equation multiplied respectively by K®, K*, K^ j^^, K*, &c. 

This transformation is principally used to make the denominators 
disappear from an equation^ when the co-efficient of the first term is 
unity* 

To fix the ideas, take the equation of the 4* degree 

if in this equation we make *= tt^> y being a new unknown and K 
an indeterminate quantity, it becomes 

Now, there may be two cases, 

1st. Where the denominators 3, d, f, h, are prime with each 
other ; in this hypothesis, as K is altogether arbitrary, take K=zhdfhy 
the product of the denominators, the equation will then become 

y*+adfh . f+cmfh^ .y+eV'd^ph^ . y+gh*dy'*f^=0, 

an equation the co-efficients of which are entire, and that of its first 
term unity. 

y 

We have besides, the equation a;3s , to determine the values 

of X corresponding to those of y, 

2d. When the denominators contain common factors, we shall 
evidently render the co-efiicients entire by taking for K the small- 
est multiple of all the denominators. But we can simplify this 

still more, by observing, that it is reduced to determining K is 

2#* 



\ 
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such a manner that K^, E', E? • • . shall contain the prime fte- 
tora which compose h^ dyf^ A, raised to powers at least equal to thoee 
which are found in the denominators. 
Thus, let the equation 

5^7 18 

i2**""l50'""0000~ ' 

Take «=-;-, it becomes 

K 

U W W 13Jfe* 
^■"T^"^ 12 ^" 150^"9000~^' 

First mjEtke A:=:9000, which is a multiple of all the other d^oo- 
minatorsy it i» clear that the co-efficients become whole numbers. 
But if we decompose 6, 12, 150 and 9000 into their factors, we 
^ find 

6=2x8, 12=2^X3, 150=2x3x6"» 9000=2'x8'x5'; 

and by simply making Ar=2 x 8 X ^9 the product of the different sim- 
ple factors, we obtain 

F=2«X3*X5^ P=23x3'x5^ ik*=2*x3*X5S 

whence we see that the values of A:, i*, P, Ar*, contain the prime 
factors of 2, 8, 5, raised to powers at least equal to those which 
enter in 6, 12, 150 and 9000. 

Hence the hypothesis A:=:2x8x& ^ sufficient to make the 
denominators disappear. Substituting this value, the equation 
becomes 

5.2.8.5 5.2^3^y 7.2'.3».53 13^2*^3^5*_^ 
^ 2137^ "*" 2^3 ^ 2.3.5^ ^ 2^3«.5' ^^' 
which reduces to 

y*-.5.63r*+5.3.5y-7.2^3^5y-13.2.3^5=0; 

or y*-25y*+875j^~1260y-1170=0. 

Hence, we perceive the necessity of taking k as small a namher 
as possible : otherwise, we should obtain a transformed equation, 
having its co-efficients very great, as may be seen by reducing 
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Jie traDsformed equation resulting from the supposition k=:900O in 
the preceding equation. 
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, 7 „ 11 25 y ' 

whence 

y»-lV+lly-76=:0; 

oj ^ 13_^ 21 , 32 „ 43 1 y 

^^'^"l2^+40^-^25-^--60r^---800-=^' ^^S^Ts' 

or JC=: — 

60 
whence 

y»_ 65y* + 1890/- 3072(y-. 9288(%+ 972000=0. 

300. The preceding transformations are those most frequently 
used ; there are others very useful, of which we shall speak as they 
present themselves ; they are too simple to he treated of separately. 

In general, the problem of the transformation of equations should 
he considered as an application of the problem of elimination be- 
tween two equations of any degree whatever, involving two un- 
known quantities. In fact, an equation being given, suppose tha 
we wish to transform it into another, of which the roots have» with 
those of the proposed equation, a determined relation. 

Denote the proposed equation by F(a;)=0,. (enunciated function 
of a; equal to zero), and the algebraic expression of the relation 
which should exist between x and the new unknown quantity y, by 
F' (a?,y)=0 ; the question is reduced to finding, by means of these 
two equations, a new equation involving y, which will be the re- 
quired equation. When the unknown quantity x is only of the first 
degree in F'(a;, y)=0, the transformed equation is easily obtained, 
but if it is raised to the second, third . . . power, we must have re- 
course to the methods of elimination. 
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Elimination. 

301. To eliminate between two equations of any degree what* 
ever, involving two unknown quantities, is to obtain, by a series ol 
operations, performed on these equations, a single equation which 
contains hut one of the unknown quantities, and which gives all the 
values of this unknown quantity that will, taken in connection with 
the corresponding values of the other unknown quantity, satisfy at 
the same time both the given equations. 

This new equation, which is a function of one of the unknown 
quantities f is called thefindt equaHon, and the values of the unknown 
quantity found from this equation, are called compatible values. 

Of all the known methods of elimination, the method of the com^ 
mon divisor, is, in general, the most expeditious ; it is the method 
which we are going to develop. 

Let F(a:, y)=0 and F'(a?, y)=0 be any two equations whatever, 
or, more simply, 

A=0, B=0. 

Suppose the final equation involving y obtained, and let us try to 
discover some property of the roots of this equation, which may 
serve to determine it. 

Let y=a be one of the compatible values of y ; it is clear, that 
since this value satisfies the two equations, at the same time as a 
certain value of x, it is such, that by substituting it in both of the 
equations, which will then contain only x, the equations will admit of 
at least one common value of x ; and to this common value there 
will necessarily be a corresponding common divisor involving «. 
Art. 279. This common divisor will be of the first, or a higher 
degree with respect to x^ according as the particular value of y=a 
corresponds to one or more values of x* 

"Reciprocally, every value of y, which, substituted in the two equa- 
tions, gives a common divisor involving x, is necessarily a compatible 
value, because it then evidently satisfies the two equations at the 
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0une time with the value or values of x found from tliis common di« 
risor when put equal to 0. 

302. We will remark, that, before tlte suhsHuaioth ike first mem 
hers of the equations cannot^ in general, have a common divisor, which 
is a function of one or both of the unknown quantities. 

In fact, let us suppose for a moment that the equations A=:0| 
B=:0, are of the form 

A'xD=0, B'xl>=0. 

D being a function of x and y. 

Making separately D=:0, we obtain a single equation involving 
two unknown quantities, which can be satisfied with an infinite num* 
her of systems of values. Moreover, every system which renders 
D equal to 0, would at the same time cause A'D, B'D to vanish, and 
would consequently satisfy the equations A=0, B=0. 

Thus, the hypothesis of a common divisor of the two pol3momial8 
A and B, containing x and y, would bring with it as a consequence 
that the proposed equations were indeterminate. Therefore, if there 
exists a common divisor, involving x and y, of the two polynomials 
A and B, the proposed equations will be indeterminate, that is, they 
may be satisfied by an infinite number of systems of values of x 
and y. Then there are no data to determine & final equation in y, 
since the number of values of yis infinite. 

If the two polynomials A and B were of the form A'xD> B'xD> 
D being a function of x only, we might conceive the equation D=:0 
resolved with reference to a?, which would give one or more values 
for this unknown. Each of these values substituted in A' X 1^=0 
and B'xD=0, at the same time with any arhitrary value of y, would 
verify these two equations, since D must be nothing, in consequence 
of the substitution of the value of a?. Therefore, in this case, the 
proposed equations would admit of definite number of values for a?, 
but of an infinite number of values for y ; then there could not exist 
a final equation m y. 

Hence, when the equations A=0, B=0, are determinate, that is, 
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when they only admit of a limited number of systems of values foit 
X and y, their first members cannot have sijunetian of these unknowfi 
quantities for a common divisor^ unless a particular substitution has 
been made for one of them. 

303. From this it is easy to deduce a process for obtaining the 
final equation involving y. 

Since the characteristic property of every compatible value of 
y is, that being substituted in the first members of the two equations, 
it gives them a common divisor involving a?, which they had not be- 
fore, (unless the equations are indeterminate, which is contrary to 
the supposition), it follows, that if to the two proposed pol3niomials, 
arranged with reference to x, we apply the process for the greatest 
common divisor, we generally shall not j&nd one ; but, by continuing 
the operation properly, we shall arrive at a remainder independent 
of a?, and which is a function of y, which, placed equal to 0, will 
give the required final equation ; for every value of y found from 
this equation, reduces to nothing the last remainder of the operation 
for finding the common divisor ; it is, then, such, that substituted in 
the preceding remainder, it will render this remainder a common di- 
visor of the first members A and B. Therefore, each of the roots 
of the equation thus formed is a compatible value of y. 

304. Admitting that the final equation may be completely re- 
solved, which would give all the compatible values, it would after- 
wards be necessary to obtain the corresponding values of a?. Now 
it is evident that it would be sufficient for this, to substitute the dif- 
ferent values of y in the remainder preceding the last, put the poly- 
nomial involving x which results from it equal to 0, and find from it 
the values of x ; for these polynomials are nothing more than the 
divisors involving a?, which become common to A and B. 

But as the final equation is generally of a degree superioj to the 
second, we cannot here explain the methods of finding the values of 
y. Indeed, our design was principally to show that, two equations 
of any degree being gtven^ we can, toUhout supposing the resolution 
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of any equationf arrive at another equation, containing only one of 
ike unknown qtumtUies which enter into the proposed eqiuUions, 

Of Equal Roots. 

305. An equation is said to contain equal roots, when its first 
member contains equal factors. When this is the case, the derived 
(Polynomial, which is the sum of the products of the m factors taken 
m— 1 andm— 1 (Art. 298), contains a factor in its different parts, 
which, is two or more times a factor of the proposed equation. 

H^nce, there mtist he a common divisor between the first member of 
the proposed equation and its first derived polynomial. 

It remains to ascertain the manner in which this common divisor 
is composed of the equal factors. 

306. Having given an equation, it is required to discover whether 
it has equal roots, and to determine tliese roots if possible. 

Let X denote the first member of the equation 

x^+Vsr'^+Qlsr-^+ . . , +Ta?+U=0, 

and suppose that it contains n factors equal to x — a, n' factors equal 
to a:— ^, n" factors equal to x—c . . ., and contains also the simple 
factors x—p, x-^q, x^r . . . ; so that we may have 

X=(j;-a)''(a;- J)«'(a;-c)"'' . . . (x^p) {x-q) (x-r) . . . 

With respect to Y, or the derived polynomial of X, we have 
seen (Art. 298), that it is the sum of the quotients obtained by divide 
ing X by each of tlie m factors of the first degree in the proposed 
equation. Now, since X contains n factors equal to x-^a, we shall 

have n partial quotients equal to ; the same reasoning applies 

x~^a 

to each of the general factors, x—b, x—c. • . . Moreover we can 

form but one quotient equal to 

XXX 

, , — — — , , , 

x—p x-^q x^r^ 
Therefore, Y is necessarily of the form 



• • 
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,^ nX . ft'X n"X X . X , X 

Y= + — T^+ + . • . + + + + 

«— a ar— x-^c x—p x^q x — r 

From this composition of the polynomial Y, it is plain that 

(aj-a)**-*, {x^hy-\ (a?-c)""-» . . . 

are factors common to all its terms ; hence the product 

(a:-a)-»x («-&)"'"' X(a?-c)»^"* . - • 

is a common divisor of Y ; moreover, it is evident that this product 
will also divide X, it is therefore a common divisor of X and Y ; and 
it is their greatest common divisor. For, the prime factors of X 
are a;— a, a?— 3, a;— c . . • and x—pf x—q, a?— r . . • ; now x — p, 
aj—jf, a— r, cannot divide Y, since some one of thafn will be want, 
ing in each of the parts of Y, while it will be a factor of all the 
other parts. 

Hence, the greatest common divisor of X and Y is 

D=(a;— a)"-i(a;-i)"'-'(a:— c)'"--» . . . ; 

that is, the greatest common divisor is composed of the product of those 
factors which enter two or more times in the proposed equaiion, each 
raised to a power less hy unity than in the given equation. 

307. From the above we deduce the following method : 

To discover whether an equation X=0 contains any equal roots, 
form Y or the derived polynomial of X ; then seek for the greatest 
common divisor between X and Y ; if one cannot be obtained, the 
equation has no equal roots, or equal factors. 

If we find a common divisor D, and it is of the first degree, or of 
the form x—h, make a?— /i=0, whence 3?=^ ; we may then conclude^ 
that the equation has two roots equal to h, and has hut one species of 
equal roots, from which it may be freed by dividing X by (a? — A)*. 

If D is of the second degree with reference to x, resohe the equa- 
tion D=0 ; there may be two cases ; the two roots will be equal, 
or they will be unequal, 1st. When we find D=(a;— A)^ the equa- 
tion has three roots equal to h, and has hut one species of equal roatSi 
from which it can be freed liy dividing X by (a?— ft)' ; 2dy when D 



BQUAL BOOTS. 325 

is of the fbrm («— A) {^^h^ the proposed equation has two roots 
equal to h, and two equal to V, from which it may be freed by divx* 
ding X by (a? -*)»(«-.*')«, or by D». 

Suppose now that D is of any degree whatever; it is necessary, 
in order to know the species of equal roots, and the number of roots 
of each species, to resolve completely the eqtuOion D=0 ; and every 
simple root of J) wiU he twice a root of the proposed equation ; every 
double root of J) vMl he three times a root of the proposed equation ; 
and so on. 



SXAMPI4B& 

1. Determine whether the equation 

contains equal roots. 
Wq have (Art. 296), for the derived polynomial 

Now, seekmg for the greatest common divisor of these polynOi. 
mials, we find D==«— 8?=0, whence x—d ; hence the proposed 
equation has two roots equal to 3. 

Dividing its first member by («-"8)*, we obtain 

1 J 

2a?+l=0 ; whence «==fc— V — 2. 

Thus the equation is completely resolved, and its roots are 

3, 3, +—V^^Bnd -y -/^ST 

2. For a second example take «•— 2a:*4-3a?— 7a!*+8«— 8=0; 
the first derived polynomial is 6«*— 8a?+0a!"— 14a;+8, 
and the common divisor «*— 2jp-f 1» or («— l)*! 
hence the proposed equation has three roots equal to 1. 

Dividing its first member by («— 1)' or by a?*— 8«^+8«— 1| th« 

quotient is 

28 
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3r+x+Z=0 ; whence x=z ; 

thus the equation is completely resolved. 
.3. For a third example, take the equation 

a.''+5a*+6a^— 6a?*— 15ar»— 3a!»+fe+4=0 ; 
the derived polynomial is 

7a«+30a;5+30a:*— 240)^— 45a?— 6a;+8 ; 
and the cmnmon divisor is 

a?*+3ar»+a:»-.3aj— 2. 

The equation *'+3a'+a;*— 3«— 2=0 cannot be resolved directlj, 
but by applying the method of equal roots to it, that is, by seeking 
for a common divisor between its first member and its derived poly- 
nomial, 4a?+9a;^+2a;— 3, we find a common divisor, x+1; which 
proves that the square of aj+1 is a factor, of a?*+3a?+a:'— 3a:— 2, 
and the cube of a?+l, a factor of the first member of the proposed 
equation. 

Dividing aJ*+3a;^+a?— 3a;— 2 by (a?4-l)^ or a?+2a;+l, we have 
a?+a?— 2, which placed equal to zero, gives the two roots «=!, 
ap=— 2, or the two factors a;— 1 and a?+2. Hence we have 

a;*+3a?+«»— 3aj-2=(a:+l/(a?-l) (aj+2). 

Therefore the first member of the proposed equation is equal to 

{x+\)\x^Vf{x+^Y ', 

or the proposed equation has three roots equal to— 1, two equal 
to +I9 CLud two equal to —2. 
Take the examples, 

1st. a:''- 7a;»+10a;'+22a!*— 43r»-35aj*+48a:+36=0, 

(a?-2)=(a;- 3)2(a;+ 1)3= 0. 

2d. a?''-3aj»+9a*— 19a;*+27a?— 33a;^+27a;-9=0, 

(«-l)'(aj»+3)«=:.0. 

308. When, in the application of the above method, we obtain 



SESOLUnON OF NTMERtCAL EQtTATIONS. 837 

an equation D=0, of a degree superior to the second, since this 
equation may itself he subjected to the method, we are of^en able 
to decompose D into its factors, and in this way to find the different 
species of equal roots contained in the equation X=0, and the num- 
ber of roots of each species. As to the simple roots of XsO, we 
begin by -freeing this equation from the equal factors contained in 
it, and the resulting equation, X'=0, will make known the simple 
roots* 



CHAPTER VIII. 



Resolution of Numerical Equations, involving one or 

more Unknown Quantities, 

309. The principles established in the preceding chapter, are ap- 
plicable to all equTitions, whether their co-efficients are numerical 
or algebraic, and these principles should be regarded as the ele- 
ments which have been employed in the resolution of equations of 
the higher degrees. 

It has been said already, that analysts have hitherto been able to 
resolve only the general equations of the third and fourth degree. 
The formulas they have obtained for the values of the unknown 
quantities are so complicated and inconvenient, when they can be 
applied, (which is not always possible), that the problem of the re- 
solution of algebraic equations, of any degree whatever, may be 
regarded as more curious than useful. Therefore, analysts have 
principally directed their researches to the resolution of numerical 
eqtuUionSy that is, to those which arise from the algebraic translation 
of a problem in which the given quantities are particular numbers ; 
and methods have been found, by means of which we can always 
determine the roots of a numerical equation of any given degree* 

It is proposed to develop these methods in this chapter. 
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To render the reasoning general, we will represent the proposed 
equation by 

Bi which FfQ * . . denote particular munbers, real, positive, or 
ttegatire. 

First Principle, 

310. When twd numbers p and q, substituted in the place of 'x.in 
a numerical equation, give two results, affected with contrary signSf 
the proposed equation contains a real rootf comprehended between these 
two numbers,. 

Let the proposed equation be 

The first number will, in general, contain both positive and 
negative terms ; denote the sum of the positive terms by A, and 
the sum of the negative terms by B, the equation will then take 
the form 

A-.B=C. 

Suppose /><^, and that p substituted for m gives a negative re- 
sult, and q a positive result. 

Since the first member becomes negative by the substitution olip^ 
and positive by the substitution of q, it follows that we have in the 
first case A<B, and in the second A>B. Now it results from the 
nature of the quantities A and B, that they both increase as x in- 
creases, since they contain only positive numbers, and positive and 
entire powers of a? ; therefore, by making a? augment by insensible 
degrees, from p to q, the quantities A and B will also increase by in- 
sensible degrees. Now since A,l^hypothesis,from being less than 
B, afterwards becomes greater than it, A must necessarily have a 
more rapid increment than B, which insensibly destroys the excess 
that B Jiad over A, and finally produces an excess of A over B. 
From this, we conceive that in the passage from A<B to A>B, 
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there must be an intermediate value for which A becomes equal ta 
B| and the value which produces this result is a root of the equa- 
tion, since it verifies A-^B=0, or the proposed equation. Hence, 
the proposition is proved. 

In the preceding demonstration, p and q have been supposed to 
be positive numbers ; but the proposition is not less true, whatever 
may be the signs with which i? and q are affected. For we will re- 
mark, in the first place, that the above reasoning applies equally to 
the case in which one of the numbers p and ^, p for example, is { 
th^t is, it could be proved, in this cajse, that there was at least one 
real root between and q* 

Let both p and q be negative^ and repr^ent them by ^ft and 

I^ in the equation 

we change x into — y, which gives the transformation 

it is evident that substituting — p' and — g' in the proposed equation, 
amounts to the same thing as substituting jp' and ^ in the tran^fojT- 
mation, for the results of these substitutions are in both cases 

(-y)«+P(-|,')-^+Q(«p')-«+ . . . T(-p')+U, 
and (~ jr')«+p(_^')'»-i+Q(-.^>)-3+ . ^ , T(-}')+U ; 

Now, sincejp and qy or — j/ and — ^', substituted in the proposed equa- 
tion, give results with contrary signs, it follows that the numbers p' 
and ^, substituted in the transformation, also give results with con- 
trary signs ; therefore, by the first part of the proposiUon, there is 
at least one real root of the transformation contained between p' 
and q' ; and in consequence of the relation x= -*y, there is at least 
one value of x comprehended between •— p' and — g^, or p and q. 
This demonstration applies to cases in which p=0 or q=:0. 

Lastly, suppose p positive and q negative or equal to — j' : by 

making x=zO m the equaticxi, the first member will reduce to its 

28* 



last term, iv;hioh is neeesearily affected with a sign contrary to that 
of jp, or to that of --^; whence we may conclude that there is a 
root •omprehended between and p, or between and — ^, and 
consequently between p and 



Second Principle. 

311. When two numbers, substituted in place of :r, in an eqaa« 
tioQ, give results affected with contrary signs, we may conclude that 
there is at least one real root comprehended between them, but we 
are not certain that there are no more, and there may be any odd 
number of roots comprised between them. We therefore enunciate 
the secfxid prindple thus. 

When an uneven number (2n+l) of the real roots of an equation^ 
are comprehended between two numbers, the results obtained by sub^ 
stituting these numbers for x, are affected with contrary signs, and if 
they comprehend an even number 2d, the results obtained by their sub* 
stUuHon are necessarily affected with the same sign. 

To make this proposition as clear as possible, denote those roots 
of the proposed equation, X=0, which are supposed to be compre- 
hended between p and q, hy a, b, c, . . ., and by Y, the product 
of the fectors of the first degree, with reference to x, correspond- 
ing both to those real roots which are not comprised between them 
and to the imaginary roots ; the signs of p and q being arbitrary. 

The first member, X, can be put under the form 

(a?— a) (X'-b) («— c) • • • xY. 

Now substitute in X, or the preceding product, p and q in place of 
a;; we shall obtain the two results 

(p^a) (p^b) (p^c) . . . XT, 

(q^a){q^b){q^c)... xY", 

T' and Y" representing what Y becomes, when we replace d? by p 
and q ; these two quantities are necessarily affected with the same 
agn, for if they were not, by the first principle Ys=0 would give at 
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least one real root comprised between p and q^ which is contrary to 
the hypothesis. 

To determine the signs of the above results more easily, divide 
the first by the second, we obtain 

(p^a) (p^h) (p^c) ...XT 

which can be written thus , 

X^— tX^^ X 



Now, since the roots a, 5, c, • . • are comprised between p and q, 
we have 

> * .1 

p iZf 0^ Cf a . • •, 

but g Oj b, Cy d . . .; 

whence we deduce 

p— a, p— ft, p— c, . . . 0, 



and ^— «> q^^f q-^Cf ... 0. 

hence, since p^a and q^a are afiected with contrary signs, as well 
aisjp— J and q~^b,p"^c and q^c . . ., the partial quotients 

p^a p—'b p-^c 



q—a* q—b' q-^c 



•, dec. 



Y' 

are all negative ; moreover ■^,/ is essentially positive, since Y' 

and Y" are affected with the same sign ; therefore the product 

p^a p^b * p^c Y' 

"2 T^Ti T^z. rX • • • v'/ > 

q — a q — o q — c x 

will be negative^ when the number of roots, a, i^, c • . •, compre- 
hieuded between p and ;, is imeven, and positive when the number ia 
even. 
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Consequently, the two results (p^a) (p—h) (p— c) . . . X F' 
and {q—a) (q—h) (q—c) , . . xY", will have contrary or the same 
Signs, according as the number of roots comprised between p and q 
is uneven or even. 

Limits of the real Roots of Eqtiaiions. 

312. The different methods for resolving numerical equations, 
consist generally in substituting particular numbers in the proposed 
equation, in order to discover if these numbers verify it, or whether 
there are roots comprised between these numbers. But by reflect- 
ing a little upon the composition of the first member, the first term, 
being positive, and affected with the highest power of a;, which is 
greater with respect to that of the inferior degree m proportion to 
the value of x, we are sensible that there are certain numbers^ 
above which it would be useless to substitute, because all of these 
numbers would give positive results. 

313. Every number which exceeds the greatest of the positive 
roots of an equation, is called a superior limit of the positive roots. 

From this definition, it follows that the limit is susceptible of an 
infinite number of values ; for when a number is found to exceed 
the greatest positive root, every number greater than this, is, for a 
still stronger reason, a superior limit. But it may be proposed to 
determine the simplest possible limit. Now we are sure of having 
one of the limits, when we obtain a number^ which^ substituted in 
place ofx renders the first member positive^ and which, at the same 
time, is such, that every greater number wUl also give a positive 
result. 

We will determine such a number. 

314. Before resolving this question, we will propose a more sim- 
ple one. viz. 

To determine a number, which, substituted in place of x in an 
equation, wUl render the first term x^gre<Uer than the arithmeHeal 
sum of all the others. 
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Suppose that all the terms of the equation are negatiye,except the 
first, so that 

af-.Par--»-.Qaj«-»— . . . -Ta?-U=0/ 
It is required to find a number for x which will render 

Let k denote the greatest co-efiicient, and substitute it in place of 
the co-efficients ; the inequality will become 

It is evident that every number substituted for x which will satisfy 
this condition, will for a stronger reason, satisfy the preceding* Now, 
dividing this inequality by aJ^, it becomes 

AAA _A_ * 

^^le'^(X!' ■'■«»'**••' '^1^'^lf^' 

k 
Makmg a?=A:, the second member becomes— > or 1 plus a seriev 

of positive fractions; then the number k will not satisfy the ine« 
quality ; but by supposing a?=jfc+l, we obtain for the second mem- 
ber the series of fractions 

K K K R K 

which, ccHisidered in an inverse order, is an increasing geometrical 

progression, the first term of which is ,. ' . , the ratio A:+l, and 

k 
tlie last term ■ ; hence the expression for the sum of all the 

terms is, (Art. 192), 
k 



; ^ , or X— — r= r ^ 

which is evidently less than unity. 



834 ALQSBftA. 

Any number >i+l> put in place of a?, will render the sum of the 

k k 
fractions — I — r + • . . still less. Therefore, 

The greatest co-efficient of the equation plus unity, or any greater 
numheTf being substituted for a?, toiU render the first term x"* greaJler 
than the arithmetical sum of all the others. 

Ordinary limit of the Positive Roots. 

315. The number obtained above may bfe considered a prime 
limit, since this number, or any greater number, rendering the first 
term superior to the sum of all the others, the results of the sub* 
stitution of these numbers for x must be constantly positive ; but 
this limit is commonly much too great, because, in general, the 
equation contains several positive terms. We will, therefore, seek 
for a limit suitable for all equations. 

Let a^"* denote the power of x, corresponding to the first nega- 
tive term which follows of*, and we will consider the most unfavour- 
able case, viz. that in which all of the succeeding terms are nega- 
tive, and afiected with the greatest of the negative co-efiicients in 
the equation. 

Let S be this co-efiicient, and try to satisfy the conditi<m 

a">Saf»-^+Sai'*-»-*+ . . . Sa:+S ; 
or, dividing both members of this inequality by af", . 

Now by supposing sxr=zS or a?= VS, the second member be- 

S 
comes -^, or 1, plus a series of positive fractions ; but by making 

«= VS+1, or (supposing, for simplicity, VS=S', whence S=S'*), 
»=S'+1, the second member becomes 
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which is a progression by quotients, ^, .^ being the first term, 

(9 +1) 

S'+l the ratio, and .^^, the last term. Hence the expres- 

sion for the sum of all these fractions is 



S'+l~l (S'+l)"-^ (S'+l)"»* 

which is evidently less than 1. 

Moreover, every number >S'+1 or VS+1, will, when substi- 

S S 
tuted for a?, render the sum of the fractions -—H — Tr+ • • • • still 

smaller, since the numerators remaining the same, the denominator 

will increase. Hence Vs+1, and any greater number, will ren- 
der the first term af^ greater than the arithmetical sum of all the 
negative terms of the equation, and will consequently give a posi- 
tive result for the first member. 

Therefore \/S+l, or unity increased hy that root of the greatest 

negative co-efficient whose index is the number of terms which precede 

the first negative term^ is a superior limit of the positive roots of the 

equation. If the co-efficient of a term is 0, the term must still he 

counted* 

Make n=l, in which case the first negative term is the second 

1 

term of the equatioii ; the limit becomes \/S+l, or S+1 ; that is, 

the greatest negative co-efficient plus unity. 

Let n=2, then either the two first terms are positive, or the 

9 

term of^^ is wanting in the equation ; the limit is th/Siry/B+ 1. 
When n=3 the limit is V^+l . . . jT | 

Find the superior limits for the positive roots in the foBowing ex- 
amples : 

a^-5aj^+37i?-3a;+39=0; Vs+1='VT+1=6; 

«»+7««-12«»-.49aj«+62a?-.18=0 ; V^+l= V49+l=8 ; 
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«•+!!««— 25«-.67=0 ; VS+1=V67+1 or 6; 

3a«-2««-lla?+4=0; VS+l=-5- +1 or 6. 



NewtorCs method for determining the smallest limit in entire 

numbers. 

316. Let X=09 be the proposed equation ; if in this equation we 
make ff^jc'+u, x' being indeterminate, we shall obtain (Art. 296)9 

Z' 

X'+Y'tt+--u^+ . . . +tt«=0. (I) 

Conceive, that after successive trials we have determined a number 

for a?, which, substituted in X', Y', -77- • • •> renders all these co-effi. 

cients positive at the same time ; this number will be greater than 
the greatest positive root of the equation X^O. 

For, the co-efficients of the equation (1) being all positive, no 
positive number can verify it ; therefore all of the real values of » 
must be negative ; but from the equation a:=a?' +«, we have u=:x—a/ ; 
and in order that the values of u corresponding to each of the values 
of X and a/ (already detennined) may be negative, it is absolutely 
necessary that the greatest positive value of x should be less than 
the value of af. 

EXAMPLE* 

a^— 5a!=-6«»-.19a;+7=:0. 

As af is indeterminate, the letter x may be retamed in the forma- 
tion of the derived polynomials, and we have 

X =«*-5aj'-6a^-19a;+7, 
Y =4c»-16a*-12a?-19, 

Z 

=60;* — 16«c— 6, 



2 
V 



2«3 



-=4a?— 5, 
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The question is, as stated above^ reduced to finding the smallest 
number which, substituted in place of x, will render all of these po- 
lynomials positive. 

It is plain that 2 and every number >2, will render the polyno- 
mial of the first degree positive. 

But 2, substituted in the polynomial of the second degree, gives a 
negative result ; and 8, or any number >3, gives a positive result* 

Now 3 and 4, substituted in the polynomial of the third degreo, 
give a negative result ; but 5 and any greater number, give a posi* 
tive result. 

Lastly, 5 substituted in X, gives a negative result, and so does 6 ; 
for the three first terms a;*— 5a?^— Ga?* are equivalent to the exf^res- 
sion a;'(a?--5)--6a!^, which is reduced to when a?=6 ; but a?=7 evi- 
dently gives a positive result. Hence 7 is a superior limit qf ike 
positive roots qf the proposed equation ; and since it has been shown 
that 6 gives a negative result, it follows that there is- at least one 
real root between 6 and 7. 

Applying this method to the equation 

aJJ— 8a^ — 8ar»— 25a;*+4a?— 39=0, 

the superior limit will be found to be 6. 

We should find 7, for the superior limit of the positive roots of 
the equation 

aJ»-.5«*-13af»+17a;»-69=0. 

This method is scarcely ever used, except in finding incommen- 
surable roots. 

317. It reipains to determine the superior limU of the negative 
roots, and the inferior lindis of the positive and negative roots. 

Hereafler we shall designate the superior limit of the positive roots 
of an equation by the letter L. 

Ist. If in the equation X=0, we make a;=— jf, which gives the 

transformed equation Y=0, it is clear that the positive roots of this 

new equation, taken with the sign — , will give the negative roots of 

29 
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the pnqposed equation ; therefore, determining, hy the known me- 
thods, the superior limit h' of the positive roots of the equation Y=Oy 
we shall have — L' for the superior limit (numerically) of the nega^ 
Hve roots of the proposed equation, 

9 

2d, If in the equation X=0, we make «= — , which gives the 

equation Y=0, it follows from the relation «= — that the greatest 

positive values of y correspond to the smallest of x ; hence, desig- 
nating the superior limit of the positive roots of the equation Y=0 

by L", we shall have ^ „ for the inferior limit of the positive roots 
of the proposed equation, 

3d, Finally, if we replace a?, in the proposed equation, by , 

and find the superior limit U" of the transformed equation Y=0, 

— YTTT will be the inferior limit (numerically) of the negative roots 

of the proposed equation, 

318. Every equation in which there are no variations in the signs j 
that is, in which aU the terms are positive, must have all of its real 
roots negative; for every positive number substituted for x will ren- 
der the first member essentially positive. 

Every complete eqtuUion, having its terms alternately positive and 
negative, must have its real roots all positive ; for every negative 
number substituted for x in the proposed equation, would render all 
the terms positive, if the equation was of an even degree, and all of 
them negative if it was of an odd degree. Hence the sum would 
not be equal to zero in either case. 

This is also true for every incomplete equation, in which there 
results, hy substituting — y for x, an equation having all of its terms 
affected with the same sign. 
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Consequences deduced from the preceding Principles. 

First, 

319. Every equflion of an odd degree, the co-efficients of which 
are real, has at least one real root affected toUh a sign contrary to 
that of its last term. 

For, let af"+P«'*~'+ • • . Ta:=hU=0, be the proposed equation ; 
and first consider the case in which the last term is negative. 

By making a;=0, the first member becomes — U. But by giving 
a value to x equal to the greatest co-efficient plus unity, or (K-f 1), 
the first term of* will become greater than the arithmetical sum of 
all the others (Art. 314), the result of this substitution will there- 
fore be positive; hence, tJiere is at least one real root comprehended 
between and K+1, which root is positive, and consequently af- 
fected with a sign contrary to that of the last term. 

Suppose now that the last term is positive. 

Making «=s=0, we obtain -f U for the result; but by putting 
— (K-f 1) in place of or, we shall obtain a negative result, since the 
first term becomes negative by this substitution ; hence the equa- 
tion has at least one real root comprehended between and 
—(K+1,) which is negative, or affected with a sign contrary to that 
of the last term. 

Second. 

320. Every equation of an even degree, involving only real co- 
efficients of which the last term is negative, has at least two real rootSf 
one positive and the other negative. For, let — U be the last term ; 
making x=zO, there results — U. Now substitute either K+1, 
or —(K+1), K being the greatest co-efficient of the equation; 
as m is an even number, the first term «* will remain positive ; 
besides, by these substitutions, it becomes greater than the sum of 
all the others ; therefore the results obtained by these substitutions 
are both positive, or affected with a sign contrary to that given by 
the hypothesis a?=0 ; hence the equation has at least two real roots, 
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one comprehended between and K+1, orpasitioe, and the othei 
between and — (K+1), or negative. 

Third. 

32 !• If cLn equation^ involving only real co-effidetiiSy conUuna 
imaginary roots, the number qfiJiese roots must he even. 

For, conceive that the first member has been divided by all the 
simple factors corresponding to the real roots ; the co-efficients of the 
quotient will be real (278) ; and the equation must also he of an even 
degree ; for if it was uneven, by placing it equal to zero, we should 
obtain an equation that would contain at least one real root, which, 
from the nature of the equation, it cannot have. 

Rexabk. 322, There is a property of the above polynomial quo* 
tient which belongs exclusively to equations containing only imagi- 
nary roots ; y\z. every such equation always remains positive for any 
reed value substituted for x. 

For, if it could become negative, since we could also obtain a posi. 
tive result, by substituting K+1 or the greatest negative co-efficient 
plus unity for x, it would follow that this pol3momial placed equal 
to zero, would have at least one real root comprehended between 
K+1 and the number which would give a negative result. 

It also follows, that the last term of this polynomial must be |)09i<- 
Uvef otherwise x=:0 would give a negative result. 

Fourth. 

923. When the last term of an equation is positive, the number of 
Us real positive roots is even ; and when it is negative this number is 
uneven. 

For, first suppose that the last term is +U, or positive. Since 
by making a?=0, there will result 4-U, and by making a?=K+l, 
the result will also be positive, it folk>ws that and K+1 give two 
results afiected with the same sign, and consequently (3 11)9 the 
number of real roots, (if any), comprehended between them, Is even. 
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When the last term is — U, then and K+1 give two results 
affected with contrary signs, and consequently comprehend either a 
mngle real root, or an odd number ofthem^ 

The reciproedl of this proposition is evident. 

. J 

■ k 

Descartes^ Rule, 

324. An equation of any degree whatever canned have a greater 
number of positive roots than there are variations in the signs ofU» 
iermsj nor a greater number of negative roots than there are perma- 
nences of these signs. 

In the equation a;— a=0, there is one variation, that is a change 
of sign in passing along the terms, and one positive root, 07= a. And 
in the equation x+b=:Of there is one permanence, and one negative 
root, a?=— J. 

If these equations be multiplied together, there will result an equa- 
tion of the second degree, 

aj*— a X — ab 
+b 

If a is less than 3, the equation will be of the first form (Art. 144) ; 
and if a>3 the equation will be of the second form: that is 



h 



a<^b gives ar'+px—q=zO and 

In either case, there is one variation, and one permanence, and 
smce in either form, one root is positive and one negative, it follows 
that there are as many positive roots as there are variations, and 
as many negative roots as there are pernianences. 

The proposition would evidently be demonstrated in a general 

manner, if it were shown that the multiplication of the first member 

by a factor «— a,corresponding to a positive root, would introduce at 

least one variation, and that the multiplication by a factor x+Of 

would introduce at least one permanence* 

29* 
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Let there be the equation 

^=fcAar-*d:Baf»-«dbCa!«^± . . . =fcTa?d:U=0, 

in which the signs succeed each other in any manner whatever ; hy 
multiplying it by a?— a, we have 



—a 



a*-"± • . . =bU 



X 

zpUa 



a:«d=B a*-*d=C 
zfAa zpBa 

The co-efficients which form the first horizontal line of this pro- 
duct, are those of the proposed equation, taken with the same sign ; 
and the co-efficients of the second line are formed from those of the 
first, multiplied by a, taken with contrary sigus, and advanced one 
rank towards the right. 

Now, so long as each co-efficient of the upper Hne is greater than 
the corresponding one in the lower, it wiJl determine the sign of the 
total co-efficient ; hence, in this case there will be, from the first 
term to that preceding the last, inclusively, the same variations and 
the same permanences as in the proposed equation ; but the last 
term zpVa having a sign contrary to that which immediately pre- 
cedes it, there must be one or more variations than in the proposed 
equation. 

When a co-efficient in the lower line is affected with a sign con- 
trary to the one corresponding to it in the upper, and is also greater 
than this last, there is a change from a permanence of sign to a 
variation ; for the sign of the term in which this happens, being the 
same as that of the inferior co-efficient, must be contrary to that of 
the preceding term, which has been supposed to be the same as that 
of its superior co-efficient. Hence, each time we descend from the 
upper to the lower line, in order to determine the sign, there is a 
variation which is not found in the proposed equation ; and if, after 
passing into the lower line, we continue in it throughout, we shall find 
for the remaining terms the same variations and the same perma- 
nences as in the proposed equation, since the co-efficients of this line 
are all afiected with signs contrary to those of the primitive co-efii- 
cients. This supposition would therefore give us one variaticn for 
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each positive root. But if we ascend from the lower to the upt>er 
line, there may be either a variation or a permanence. But even 
by supposing that this passage produces permanences in all cases, 
since the last term rpUa forms a part of the lower line, it will be 
necessary to go once more from the upper line to the lower, than 
from the lower to the upper. Hence the new equation must Juive at 
least one more variation than the proposed; and it will be the same 
for each positive root introduced into it. 

It may be demonstrated, in an analogous manner, that the multi* 
plication by a factor x+a, corresponding to a negative root, toould 
introduce one permanence more. Hence, in any equation the num. 
her of positive roots csinnot be greater than the number of vabia- 
noNS of sign, nor the number of negative roots greater than the 
number of febmanences. 

325. Consequence. When the roots of an equation are all real, 
the number of positive roots is equal to Hie number of variations^ and 
the numher of negative roots is equal to the number of permanences. 

For, let m denote the degree of the equation, n the number of 
variations of the signs, p the number of permanences ; we shall have 
m=w+l>- Moreover, let n' denote the number of positive roots, 
and p' the number of negative roots, we shall have m=n'+p'; 
whence 

or, n — n =|>'—- p. 

Now, we have just seen that n' cannot be >n, and p' cannot be >|) ; 
therefore we must have n'=^n, andjp'=p. 

Remakk. 826. When an equation wants some of its terms, we 
can often discover the presence of imaginary roots, by means of the 
above rule. 

For example, take the equation 

p and q being essentially positive ; introducing the term which is 
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wanting, by affecting it with the co-efficient =hO, it becomes 

aPztO,!c'+px+q=0. 

By considering only the superior signs we should only obtain per- 
manences, whereas the inferior sign would give two variations. 
This proves that the equation has some imaginary roots ; for if they 
were all three real, il would be necessary by virtue of the superior 
sign, that they should be all negative, and, by virtue of the inferior 
sign, that two of them should be positive and one negative, which 
arc contradictory results. 

We can conclude nothing from an equation of the form 

or*— pa?+^=0; 
for introducing the term =b0.a^, it becomes 

which contains one permanence and two variations, whether we take 
the superior or inferior sign. Therefore this equation may have its 
three roots real, viz. two positive and one negative ; or, two of its 
roots may be imaginary and one negative, since its last term is po- 
sitive (Art. 301). 

Of the Commensurable Roots of Numerical 

Equations. 

327. Every equation in which the co-efficients are whole num« 
bers, that of the first term being unity, can only have whole num. 
bers for its commensurable roots. 

For, let there be the equation 

in which P, Q . . . T, U, are whole numbers, and suppose that it 

a 
could have a cc»nmensurable fraction ^ for a root. Substitutiog 

this fraction for «, the equation becomes 
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whence^ multiplying the whole equation by ^~*, and transposing, 



a"* 



-T-=— Pa"^*— Qa"^3— . . . — TaJ-*-*-W"*-* ; 
o 

but the second member of this equation is composed of a series of 
entire numbers, whilst the first is esaentially fractional, for a anc b 
being prime with each other, a*" and h will also be prime with each 
other (Art. 118), hence this equality cannot exist ; for, an irreduci- 
ble fraction cannot be equal to a whole number. 

Therefore it is impossible for any commensurable fraction to sa« 
tisfy the equation. Now it has been shown (Art. 299), that an 
equation containing rational, but fractional co-efficients, can be 
transformed into another in which the co-efficients are whole num. 
bers, that of the first term being unity. Hence the research of the 
commensurable roots^ entire or fractional, can always be reduced to 
that of the entire roots* 

328, This being the case, take the general equation 

and let a denote any entire number, positive or negative, which will 
verify it. 

Since a is a root, we shall have the equation 

a'»+Pa"^*+ . • . +Ra3+Sa^+Ta+U=0 ... (1); 

replacing a by all the entire positive and negative numbers between 
1 and the limit +L, and between •— 1 and — L', those which verify 
the above equality will be the roots of the equation. But these 
trials being long and troublesome, we will deduce from equation (1), 
other conditions equivalent to this, and easier verified. 

Transposing all the terms except the last, and dividing by a^ the 
equation (1) becomes 

U 

— =-a'»-*-P«'»-^- . . . — Ro^-Sci— T . . . (2) ; 

now, the second member of this equation is an entire number, hence 



846 ALGEBRA. 

— must be an entire number ; therefore the entire roots of the equa- 

Hon are comprised among the divisors of the last term. 

Transposing —T in the equation (2) and dividing by a, and ma- 

U 
king |-T=T'; it becomes 

V 



.= -a"^'-Pa"»^ . • • — Ra— S • . . (3) ; 

T' 
the second member of this equation being an entire number, — 

U 
or, Ae quotient of the division of — [-T hy a, is an entire numJber* 

Transposing the term — S and dividuig by a, it becomes, by sup. 

T' 
posing — +S=S', 

S 



a 



=:-.a«-^-Pa«-^- . . . -R . . . (4), 



S' 
the second member of this equation being an entire number, — 

T' 
or, the quotient of the division of — |-S ln/a,isan entire number* 

By continuing to transpose the terms of the second member into 
the first, we shaU, after »i— 1 transformations, obtain an equation of 

Q' 

the form — =— a— P, 

a 

Then, transposing the term — P, dividing by a, and making 

Q' P' P' 

-T-+P=P', we shall find —=—1, or — +1=0, 
d a a 

This equation, which is only a transformation of the equation (1), 
is the last condition which it is requisite and necessary that the en- 
tire number a should satisfy, in order that it may be known to be a 
root. 

From the preceding conditions we may conclude that, in order 
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that an entire number a, positive or negative, may be a root of the 
proposed equation, it is necessary 

That the quotient of the last term, divided by a, slwuld he an en- 
lire number ; 

Adding to this quotient the co-efficient of a?% taken with its sign, 
the quotient of this sum divided by a, must be entire ; 

Adding the CO- efficient of sP to this quotient, the quotient of this 
new sum by a, mv^l be entire; and so on. 

Finally, adding the co-efficient of the second term, or of a;"*"*, to 
the preceding quotient, the quotient of this sum divided by tXymusl be 
entire and equal /o — 1 ; or, the result of the addition of unity, or tlie 
cO'Cficient of x™, to the preceding quotient, must be equal to 0. 

Every number which will satisfy these conditions will be a root, 
and those which do not satisfy them should be rejected. 

All the entire roots may be determined at the same time, as fol- 
lows. 

After having determined all the divisors of the last term, write 
those which are comprehended between the limits +L and ~L' upon 
the same horizontal line ; then underneath these divisors write the quo^ 
tients of the last term by each of them. 

Add the co-efficient of x^ to each of these quotients, and write the 
sums underneath the quotients which correspond to them ; then divide 
these sums by each of the divisors, and write the quotients underneath 
the corresponding sums ; taking care to reject the fractional quo- 
tients and the divisors which produce them ; and so on. 

When there are terms wanting in the proposed equation, theii 
co-efficients, which are to be regarded as equal to 0, must be taken 
into consideration. 

EXAMPLE. 

The superior limit of the positive roots of this equation is 13+1 
or 14 (Art. 315), The co-efficient 48 is not considered, smce the 
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two last tenns can be put under the form 16(a;— 3) ; hence when 
a:>3 this part is essentially positive. 

The superior limit of the negative roots is —(1+ Vis), or —8 

(Art. 317). 

Therefore, the divisors are 1, 2, 3, 4, 6, 8, 12 ; moreover, neither 
+1, nor —1, will satisfy the equation, because the co-efficient —48 
is itself greater than the sum of all the others ; we should therefore 
try only the positive divisors from 2 to 12, and the negative divisors 
from —2 to —6 inclusively. 

By observing the rule given above, we have 



12, 


8, 


6, 


- 4, 


- 6, 


-8, 


+12, 


+ 10, 


+8, 


+ 1. 


..] 




-12, 


.., 




- 1, 


••, 




- 2, 


.., 




••» 


**9 





4, 
-12, 

+ 4, 

+ 1, 
-12, 

- 8, 

- 4, 

- 1, 



2, — 2, — 8, — 4, — 6 
—24, +24, +16, +12, + 8 

— 8, +40, +32, +28, +24 

- 4, -20, .., -7,-4 

, -20, —17 



3, 
-16, 

0, 

0, 
-13, -17, —33, 



••f 






• •• 



, + 5, 
, + 4, 
. - 1, 



• • 



The first line contains the divisors, the second contains the quo- 
tients of the division of the last term —48, by each of the divisors. 
The third line contains these quotients augmented by the co-efficient 
+ 16, and the ^bur^ the quotients of these sums by each of the di- 
visors ; this second condition excludes the divisors +8, +6, and — 3. 

The fifth is the preceding line of quotients, augmented by the co- 
efficient — 13, and the sixth is the quotients of these sums by each 
of the divisors ; this third condition excludes the divisors 3, 2, —2 
and —6. 

Finally, the seventh is the third line of quotients, augmented by 
the co-efficient —1, and the eighth is the quotients of these sums by 
each of the divisors. The divisors +4 and —4 are the only ones 
which 'give —1 ; hence +4 and —4 are the only entire roots of 
the equation. 

In fact, if we divide a?*— a^— 13ic*+16a?— 48, by the product 
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(«— 4) (aj+4), or aj*— 16, the quotient will be «"— «+3, which 
placed equal to zero, gives 

therefore, the four roots are 

1 1 . ^ , 1 1 y 

4, -4, — +^V^ITi and — -— -/Tn. 



EXAMPLES. 

Ist. »*— 5a:^+25a?— 21=0. 

2d. 15x»— 19aj*+6ar*+15«*— 19a;+6=0. 

8d. 9x«+30ar*+22a:*+10r»+17a:*— 20a:+4=0. 

Of Real and Incommensurable Roots* 

' 329. When an equation has been freed from all the divisors of 
the first degree which correspond to its commensurable roots, the 
resulting equation contains the incommensurable roots of the pro- 
posed equation, either real or imaginary. 

The true form of the real incommensurable roots of an equation 
will remain unknown, so long as there is not a general method for 
x^solving equations of the higher degrees. Although this problem 
has not been resolved, yet there are methods for approximating as 
near as we please to the numerical values of these roots. 

We shall here coi)sider only the case in which the difierence be- 
tween any two roots of the proposed equation is greater than unity, 
omitting as too difficult for an elementary treatise, the cases in which 
this difference is less than unity. 

We will also suppose, in what follows, that we have obtained the 
narrowest limits +L and — L', by Newton's method (Art/316}. 

330. Each of the incommensurable roots being necessarily com- 
posed of an entire part and a part less than unOy^ we shall first deter- 
mine the entire part of each root. 

30 
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For this purpose, it is necessary to substitute, in the equation, for 
«, the series of natural numbers 0, 1, 2, 3 . • . and — 1, —2, ^3 • . ., 
comprised between +L and — L'. Since-there must be a real root 
between two numbers, which, by their substitution produce results 
affected with different signs (Art. 310), it follows ^t each pair of 
consecutive numbers gwing results affected with contrary signs^ toiU 
comprehend a realroot, and hut one, since by hypothesis the difference 
between any two of the roots is greater than unity. The entire 
part of the root will be the smallest of the two numbers substituted. 

There are two cases which may occur ; viz. by these different 
substitutions there may be as many changes of sign as there are 
units in the degree of the equation ; in which case we may con- 
clude that all the roots are reed. Or^ the number of changes of the 
sign will be less than the degree of the equation, and, in this case, 
it will have as many real roots as there are changes of sign ; the 
other roots will be imaginary. In both cases, this method makes 
known the entire part of each of the real roots. 

It now remains to determine the part which is less than u»%. 

NewtorCs Method of Approximation. 

381* In order that this method may be more easily comprehend* 
ed, we shall take the equation 

a;3_5a;_3-.o . . . (1). 

The superior limits of the positive and negative roots being +3 
and —2, we make 

ar=— 2, —1, 0, 1,2,3; 

whence 07=^2 the result is —1, 

aj=— 1 * . • • +1, 



«= 





4 
• • 


. -8, 


»= 


1 


• • 


. -7, 


«s 


2 


* • 


. -6, 


iC= 


3 


• • 


. +9. 



Newton's bisthod of apfroximation. 3§1 

As there are three changes of sign, it follows that the three roots 
of the equation are real ; viz. one positive contained between 2 and 
3^ two negative, one of which is contained between and —1, the 
other between —1 and —2. 

We shall first consider the positive value between 2 and 3. 

The required root being between 2 and 3, we will try to contract 
these limits, by taking the mean 2^, or 2,5, and substituting it in 
the equation ar*— 5a?— 3=0 ; the result pf which is +0,125. Now 
2 has already given —5 for a result, therefore the root is between 
2 and 2,5. 

We will now consider another number, between 2 and 2,5 ; but 
as, from the results given from 2 and 2,5, it is to be presumed that 
the root is nearer 2,5 than 2, suppose 07=2,4; we shall obtain 
— 1,176; whereas 2,5 has given +0,125. Therefore the root is 
between 2,4 and 2,5. 

By continuing . to take the means, we should be able to contract 
the two limits of the roots more and more. But when we have 
once obtained, as in the above case, the value of x to at least 0,1, 
we may approximate nearer in another way, and it k in this that 
Newton's method principally consists. 

In the equaticjii ar*— 5a?-- 3=0, make a?=2,4+tt. 

There will result (Art. 296), the transformation 

Z' 

X'+Y'w+---tt»+tf»=0; 

m which X' =(2,4)'- 5(2,4) - 3= - 1,176, 

Y' =3(2,4)^-5=12,28, 

— ±=3(2i4)=T,2. 

Tlie equation involving «, being of the third degree, cannot be 
resolved directly, but by transposing all the terms except Y'Uf and 
dividing both members by Y', it can be put under the form 

_ x;_ Z' 1^ 



852 MAIMUL 

This being the casei since one of the three roots of thid equatioii 
must be less than —9 ^'oni the relation x=%4+Uf the correspond* 

ing ralues of 11* and u? are leas than and ' . . Moreover, 

the inspection of the numerical values of Y' and Z\ proves that 

Z' 
^-= is <!"; therefwe the value of u oniy differing numericalljr 

X' Z' 1 

from — :^ by the quantity v/ ^+v7^^ (which most frequently 

1 \ X' 

k less than ■YTJrr)* ^ expressed by —=7 to within ,01< 



As, in this example, 

X' +1,176 lltd 



:6,0d . . .i 



*"Y' 12,28 12280 
there will result tt=0,Od, to within -r^i and consequently 

a?=2,4+0,00==2,49, to withifl 



100' 

In fact, 2,49 subeitituted in ttte first member of the proposed equa* 

tioa, gives —0,011751 ; 

whilst 2,5 gives +0,125. 

To obtain a new approximation, make dP=s2^9+u' in the pro* 
posed equation, and we have 

X"+YV+— W'+tt'^strO J 

in which X"= (2,49)»-5(2,49)-»:==-0,Oll75l, 
Y"=3(249)»-5=sl3,e00«, 

|^=8{2,49)=7,47. 



kbwton's method of approximation. 86ft 

But the equation involving u' may be written thus : 

£' Z" „ 2 
Y" %X^ ""Y" 






1 

And since one of the vahies of ti' must be less than-rrjr-, the 

1 1 

corresponding values of vi\ w", are less than j^gg^ ^qqqqqq » 

X" .1 

hence — ^7/ will represent the value of «' to within-rT-rjrr-. 



Since we have 

X'' 0,011751 11751 



Y" 13,6008 13800300 



;;=:0,0008 • • •, 



it follows that tt'=0,0008,to within - , and coiisequendy 

a:=:r2,49+0,0008=2,4908, to within ■ . 

Again, by supposing a?=: 2,4908 +ii", we could obtain a value of 

1 



47 to within 



100000000 * 



Each operation commonly gives the root to twice as many places 
of decimals as the previous operation. 

832, Generally, let j? and|}+l be two numbers between which 
one of the roots of the equation X=0 is comprised. 

Firsi determine the value of this root to vnthin — , by substituting 

a series of numbers comprised between p and p+if until two 
numbers are obtained which do not differ from each other by more 

30* 
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ThoDy calling 9! the value of « ohudned to wUknn — siq^pote 

9ss9f+u in the equation Xs=0 ; 
tMek giocM 

Z' 

X'+Tu+jvF . . . +u»^0 5 



wUck ctfn be put wider the form 

^-^■"Y' ■ 2 Y • • • "^Y'^ * 

K', T' i^' . . t being easily calpulated. (Art 330). 

X' 
Since the oum of the tenq«i which follow -^^ in the second mem- 
ber of this equation is^ con^nonly, less than -TTrfTf they can be 

X' 1 

neglected, and calculating -r: ^v to withjn ■ ^ , we add the result to 

1 
aff which gives a new value sf" approximati^ig to tDdhm of the 

exact value. 

To obtain a 3d approximation^ ^e suppose x==9s'^+tif in the prq,^ 
foeed e^fuation, telnich gives 

whence »=5-y7/-^57Y77tt'— • • • -"y''^"- 

Z" 1 

Neglecting the terms — y" ^'^ • ' • — Y^ywhicharesuppo- 

X'' 

«ed to be less than O9OOOI1 we calculate the value of — yT/* continuiDg 



^ NBWTOir's METHOD OF APPROXniATIOir. ^55 

, 1 

the operation to the yaaaa f^^^ of decimals, and add tlie result to 

1 

a?" ; this gives a third approximation a/", exact to within ^ « 

Repeat thji; ^eri^s qf operations for each of the positive roots^ 
As for the pegatiye roots, they are found in the same way as the 
positive roots, hy changing x into — a; in the proposed equatipn^ 
which then hecpmes, 

-rrx^+5a?— 3=0, or ic'--5a;+3=0 

ia which the positive root§ taken with a negative sign, are the nega« 
live roots of the proposed equation. These roots are 

|r=r-l»8342 and a? = -0,6566 

%0 within P,00Q;. 
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DAVIES' COURSE OF MATHEMATICS. 



DAVIES' ARITHMETIC— Designed for the use of Academiea 
and Schools. It is the purpose of this work to explain, in $ 
brief and clear manner, the properties of numbers, and the best 
rules for their various applications. 

KEY TO ARITHMETIC— In which all the examples are fully 
wrought out. * 

DAVIES' FIRST LESSONS in ALGEBRA— Being an lo^ 
troduction to the Science. 

KEY TO FIRST LESSONS. (In Press.) 

DAVIES' BOURDON'S ALGEBRA— Being an abridgment of 
the work of M. Bourdon, with the additions of practical 
examples. 

DAVIES' LEGENDRE'S GEOMETRY and TRIGONa 
METRY — Being an abridgment of the work of Legendre, with 
$ the addition of a treatise on Mensuration of Planes and SoUds, 
and a Table of Logarithms and Logarithmic Sines. 

DAVIES' SURVEYING— With a description and plates of, the 
Theodolite, Compass, Plane-Table and Level, — ^also, Maps of 
the Topographical Signs adopted by the Engineer DepartmcDt, 
and an explanation of the method of surveying the Public 
Lands. 

DAVIES' ANALYTICAL GEOMETRY — Embracing the 
Equations of the Point and Straight Line — of the Conic Sec- 
tions^^of the Line and Plane in Space — ^also, the discussion 
of the General Equation of the second degree, and of surfaces 
of the second order. 

DAVIES' DESCRIPTIVE GEOMETRY— With its applies- 
tion to Spherical Projections. 

DAVIES' SHADOWS and LINEAR PERSPECTIVE. 

DAVIES' DIFFERENTIAL and INTEGRAL CALCULUS 



